FORMULE I'RACTICE DE CUADRATURA, OPTIMALE PENTRU O
CLASA DE FUNCTI
de
DUWITHRE AT

B¢ considerd formula de enadraturd

n

1) | flridr = Ao s [fi + Sl + flrams) + fix)] |

Ty

+ s sLAw) + M) + fitus) 4 Rtns)] =
+ Agen g1 [fxmp_a) + F(20p-1) + flon 2544)
+ N %a_2p49)] + R[],

unde Agy, Aga o0 Az o [1E=E,f"=5 Bt

rar, iar nodurile sint in progresie aritmeticd cu rafia &, adicd x; = x, +
+ ihfr = 0{1) n).

Se pune problema determinitl parametrilor Ay g 5 {§ = 1{1)p) I
ipoteza ci formula de cuadratuti are gradul de exactitate dinainte dat,
iar in cazol in care din condifiile impuse de gradul de exactitate nu pot
fi determinafi tofi parametrii si fie satisficute condifii suplimentare legate
de o cvaloare oft mai convenabild o restolui R, [T

In aceastld lucrare se sludiszd formula de tip (1), in ipoteza ci gradul
de exactitate este unn 5i # arbitrar, pentro f aparfinind clazei de funcgii
W= (M ; x,, x,) a funciiilor definite pe intervalul [x,, x,], avind derivata
de ordinul intfi continu pe acest inlerval g derivata de ozdinol doi seg-
mentar continud gi aatisficind comditia | f*{x)] =< M.

Condifiile suplimentare impuse asupra parametrilor A%eg 5,_1;1' =
= 1(1)#]), wor fi astfel alege fncit restuol formulel 54 ia valorea minima.

n pritna parte o Inerdrii se va trata cazul ¢ind formulail) este de tip
frnchis, adich in membiul sl doilea al formulei (1) se gsesc valorile funcfied
J pe nodurile x, 8i r_ jar in-partea & dons a luerérdi se va trata caznl d
formula (1} este de tip deschis, adicd, in membrol al deilea al formnlei
(1) nu se gisesc valorile funclied [ pe nodurile x, si x,.

1. 5& considerim infepgrala

|:] » sint parametri arbit-

R

@ 5 fix)dx
1
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unde f = WiB{M, x,, x). Tmpirfim intervalul in » pirti egale prin penctele
%= %y +th (E=0(1)n). Atagfim fiechrei pirh [x-0 %] (i = 1{1)n)
o funcfie g, integrald a ecuatiei diferentiale corespunzitoars

(3 p''(z) = 1, If = 1[{1)n).
Cu aceste condifii (2} devine

[ fone = 3 E #1(x) flaldz,
'- -1

sanl aplicind fiecimi termen din membrul al doilea formula peneralizati
de integrare prin pértl, se obfine

oy § ol = gilmadfled + 5 (o) — sl fis) + 2ile) A(5,)

- oy lwalf (xe) — 1; [pala] = gl JH'[JF.] =

£H

— pulx) Fix) + 5 gl (),

Ll ]

unde p(x) este funcfia care coincide cu g (x}, gulz),. .., g.l2) in intervalele
[#p %] [, 2], .- .., [%e—y, x. 1.

Alegem funcfiile g,(: = 1(1}n) integrale ale ecuafiilor diferengiale
{4} coare si satisfacd urmitoarele condifii la lmita
pilxel = g,lx) =1,
gilxd) = gilmia) (= 11 » — 1)
—gilx) = pilm) — wm = ol{n) = sn_i(tast) —palxai) = A,
{3
pa—glti-a] — phioelreioe) = grioi{Emo 1) — phim) =
= ':i":I-—EF i 3':,-"1- i 2] ?; —m+.m{-"i-'u -5 | :] =
T ’?;—h--l[xn—ifﬂ:' T ':I:';n-—iilii-fn- :F-l-l.] -:‘im'—:e. BT = E[I:I_Qf-"
Bile) — 9laalx) = b, £ = 2p(1m — 2p.
Yinind seama de condifiile (5], (4) devine o formult de tipul {1}, unde

L

Rolf] =\ olalf ()

T

Pentru a fisstislicute conditiile {(3) s [3) este suficient =i loam functiile
2:(x] aub forma

. .
(¥ — %

wal#) = B g o —



palt) = = .ﬂ:"'“ — Apalx = xg) — Agolx —3y)

pafe) = 0 g y(x — ) — Ao u{x — ) — Anslx — %

geft) = 25— Ay i(x — ) — Auals — m) — duslr — ) =

— Ag 5 (x = 1)
"}'H'—"-I[I:I = |:‘-'_—:3-"|:l"_ a"!..:.l L{.I el .ﬁ'] L _"':!uI ||::I! e 't:l} s :{2. 3‘_-1: A :T-.::' e

—-"12.=|:-"F - 1’3] _ .- '-‘lia a,f.qu-1f1' oy ?f-z.t-—u:l.

Paaht = “_‘LA’ — Ao alx — x) = doaix — %] — Az sl — %) —

l'qil 3'::.1:: oy ::‘::I P .:'ig'p_zljp l{-t: o Iip. 2] o
- Azp-zp—l® — Fpl,
0
Bapal T WS 4y le = x) = Agalx — x) — Analx — %) —
— Ay slx — X)) — .0 — Aupp zpr{® — e

— _‘igﬁ_:_;}- ll:_.'t: o= :t:lhb-—l.:l —— J’l{.:l: ey :J.-j'p]

vn—zp—1{%] "x:—jﬁ]l - Al — x) - Ao dx — ) +

+ Az o{x — Tu_g) + oo + Azsog (¥ — Faozpre) 4

+ Aapu, wpoi¥ — -*-'H—H:pd_-l.} I ﬁ-l:.t: — Ha-gzp-1) T+ -’4[5 — Xnap)
n-zsl¥) = [;—_E'ﬁ'!'ffu.df - %) + Aoalr — )
1 Aol — Zecw) o0+ Agpog 2p-al® — Tazps) T

4 Aupz op-1lx — Fa_gpsr) + BT — Taoa)

P -Eﬁl-l{-"} o I:r—_E*_':I. + -ﬂ"-u. |[-"l-' =, -'1-',.} - .r.‘l...-. |_'[Jc: — ¥a-1) F
o= :‘iz,aﬂfﬁ oy In—u] AT _-'!.-e;—u, :i;p_l_{-"l-' s .x-_g_¢.+j] -
b Adgp—g, zpr(¥ — a 2p+t)

Bucsl) = S5 A lr — £) + Auils — 2]

Tul¥} = -[‘-'_2—""“ + dgilx — x,).
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Pentru rest obfinem evaloarea
™

e EAGIER NI

Din faptul cd formula de cusdraturd are gradul de exactitate egal cu
une, ferultd

4 — 11k
DY P TR

Pentru determinarea celor # coeficientl mai sint ncesare (p — 1)
relatii ce se objin punind condijis ca integrala

En
fug:w ()] dx

ae ia valparea minimi,

Avem
L] -" "
®) =31 Ju@E=31,
H_i
unde
f--‘-ﬂ g (¥} Az (£ = L(1)n).

e |
LEMA, Mimimul integralei

=+h

G(4, B = | ffz:—d#—5’|:1# (* = 0)
=

Do mulfimda fdolineamelor %I— Ax — B de gradul al doilea cu cosficien-

Ful fue 2t sgal m% st cotfictenfid A gt B arbitrari, esfe ating penfra poli-
nomul wmic Tolz) =2 — ax — [f L
b H z

Demonstrafii ale acested leme 2o ghgese in Iuerarile [1], [2].

Conform lemed, integrala I [ — 4(1)2#) ia valosres minimd n cazul
in care g (¢ = 4(1)2H) coincide pe intervalul corespumzdtor [z,-., %]
= d4[1)2H)} cu polinomul care se abate ¢el mal pufn de la zero pe acest
mterval. Pentru aceasta trebuie si avem

Ty + 2[.:'L_|'| + .|'i|,|;~| + ‘un + d!l—l,ﬂ—ﬂ: +-"IE-|:—=..=I:—t =

= I Aty = s



Fo+ 2o+ da s+ ool 4+ Agig ] = {?% (# = Z(1)g)

=1

%+§du_gm—]{¥u_z Foxaet) + Awn, ao gt =

=__1F£:E:&gr+uiﬁﬁ“+““ﬂu i = (3(1)p)

B a2 =3
4 i BT
E’ - ?;:-flit..z. ti—t{ ¥z + 2 ,) = —% (‘H—;h_-!] =+

® 2

.;FLEQﬂfwme

relafii ce ¢ mai scriu sub forma
it
2 E Asyos, apr b Augg giq = ' : )ik
; 4 —
Ed!b-i, i = {4 — 1k
= ?wh

i=1
g[‘lk—ﬂ}ﬂm_z,u_t+ (2 — 2) Apig 51 = :
: SBZ 0 +8,

L 1 -
2k = 3) duga, =

Tin aceste relatii obfinem

ESh 13%
(9] -"!I:I.J=EB| -I{I..'I=E-&'J |{4.|ﬁ=-..=-4'5ﬂ._g.gp_|=.ﬂ.

Se observi el pentro walorile (9) ale parametrilor Az g 5 8i inte-
gralele Tooyp, Fay_s, ... ian valoaren minimi. '
Utilizind walotrile (9), pentru integralele I(f — 1{1}#) ohfitem

7, 2 g
TR

L
somsaeny e
I, = = 11881 + 1788 V178 L,
IIBLG

(1) =2
THE
i

-Ir"—d.irs—..,.,= ﬁ_a—ﬁl
Ty == Iy Tpo =Ju I,=1I,

Inlocuind valorile {10) in (8) rezalta
T, I, L F) % (n —E}L=[mm + !m‘fﬁ'e'a_ﬂm
18608
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Trrin tirmmare

| o (2B 788 ITRS | w L
() Ruif] (UL TSI 4 oy,
poatre @& o 1,
Tented # oo 1 se obline [ormula
(12 | Sixide = Zh DAz + flaad + fzans) + flza)] +

+ LMl + e & oo S (2] + RULAL

unile
(13) R £l = =2 0w,

Ddim cele demonstrate mind sus resultd teorems

TROREMA 1. Formule de cwadraturd de tipul (7)), avind gradul de exasti-
fale agal o whw, penlre care cvaluarea restwlud (7)) are cea mal micd valoare
gl

L™

(14) S-ﬁix}d’i =?:_$'[ﬂxu] + flr) A flxar) + 5] +

I

-L%: [Ax) 4+ Ax) = flxea) + fixe_a] +

+ A[fx) + Axed + - - + Flza—d)] + RS

o evaluaren restuled datd de (17 ), penlrn p o= 7, 51 formula (12 ) cx evaluarea
Festulng dald de (T3} denivi & = 1.
2. In continuare vom trata formula (1) de tip deschis, adicd de forma

=
(15) { e = s [fln) + flea-0)]

= Aa s[flgg) -+ M) 1+ Axaa) |- F{%a_ed] +

s i g o

+ Agp—a, 21 [N Xep_e} | Amapa) 4 fBa—gpsr]) - Mxa_gpq2}] 4
+ B[ flay) + Flogpaa) + oo + fl%e-zg) ] + K [f]
unde [ & WE(M; 1, x).
Procedind analog ca in prima parte, obtinem

(16) B = Mg |e{x)|dx,
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unde funcfia coincide pe intervalul [z, x,] (=1, {1)n)
cu functiile

E# = 't'n:':
pika) = Lo L
Pal#) = EE — Ay (2 — x)

:Fi{'t] == I_:_’_._:-_'u—m: — -"IIU.'ll:,-t = .Tl_ll' — .c".]. 3':.?; = -t::}

guls) =T — Ayalx — m) — dus(x — ) — Aaalx — )

pupa(¥) =25 gy i — w) — Aga(x — %) — Aaaslr— K — .=

=

— Agz gp-1{% — 2zp-1)

= a"!-ﬂ.-—i,aj-..ﬂ:.t? == ::f:u—:z.:l == a’lzll:-—u. :,u—l.{x — F'-'-.’e;l---l:l

fapi1k) = L ;Iﬁ]l — doafx = x)) — Ay alz — xg) — Asalx — &) — ... —

[1?} = J‘lip 5 In J|:-1: — -'1'-.'1'-—1} st -’-lzp-—z ip—Jl:_I’ = 1'-1;—1:' — Iﬂ[-‘i-'—-"ﬁp]

Fapar () =£f'_;_.:b'l':' ~ Adprft — 2) — Ao alz — 23 — Agolr — x5 = 0 —

— Agp_aup_alx = Koy a) — Agp—z 2p—1{zr — Zzp_1) —
T H_|:;::: e -':l-!ﬂ_p:l — ;F':?F :I:.E;I-'-l |_':|

Peaptl) = EH g — 2} | Anal — T + daslr— o)+

4 oot AgplgmpaE = Mpeapra) + Aug i — Tumnn) +

A Rhlx— xgup) - B (* — Xy—_sp—1)

Papl) = & _!I‘]I + Ay 1br — maa) © Azalr — Faoy) + Azalx — Feal +

+ .0+ Am—z..-_t—ﬂli' - Hpoapoz) + Aupoz ol — Tn—zpit) T+

+ Bz — %)

Pri—8 | x) = I:I;—_Ef"':!:+ Ay, ilx = Xe-] T Au sy — xe-g) +

+ Ay olx — Hua) +.-- + Aup_z 21t — Fnogpqa) + Azp—z, u_p—:[#'—-fn—u_p+:]
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pails) w h_i_:-;ll + Aoz — Facd] + Az al® — Fuoa) + Az al¥ — 2a )
paeld) = E oIy e — xe) Ay el — )

Pa—1{%) = E':"f—']l + Ag1{x — 51

s ]
pfx) ==

Analog se deduce @ urmittoaren teoremd
TEOREMA 2. Formula de cuadraturd de tipul (15 ), avind gradul de exac-
fitafe epal cw unw, peniri care evaluarea vestului (16) are cea mad micd va-

loare esbe

5 flede =22 [fln) 4 flen-)] + 5 Dlea) +flsa) + flsaa) + flos) +

HE} + -km?‘a:l 'l".ﬂx!i} Foavn .ﬂt'rn 4}] o HnLﬂ:
e

(19) IR < R pentrup > 1
=

(20)  flmdn = Zfl) + flrad] + LA + oo+ el + RS
L

oy
&l — B

(21) R, [f]] = ==& M.

pentru p = 1.
Observapia 7. Formula (20) este datd i in [2].

{bserpaiia 2. Formuplele de tipul (1) an avantajol, fatd de formulele studiate
in lucrarile [3], [4], [3], [6], c& nomiml coeficientilor diferifi este mai mic
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FRAUTICAL FORMUTA (FF DPTIMAL QUATIRATURE FOR A CLASS OF FUNCTIONS

(Bummuary

Cmadratiaee Fetmuala of the type (1) aod [15) whete f = WM ; x,, x4} are coastructed
with the ammpided thal the degres of exactilnde eguals 1 and afbittaty . for which,
the evnlnatinn of the sest (7)) respoctivaly (16) take the nlndmum valoe,

The formala {14} iz obtadoed with the evaloation [11)] of the rest far p 2= 1 and the
fvrmala (1% with the evalostion of the rest {13) for p = | respectively the formula (158}
with the evalpalion (19 of the ezt for P = 1 aod the formuls {200 with svalaation of the
resk (20), far p = 1.
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