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ON THE CaTEWOHY UF K=GRUUFS

Idarimioara TANCU
PURMRLY | Wa Btudy Bome seneral propertiss of the satagory of
: Begroups = Ur, and u corollary on the interssction

af twWo D=SUbgEroups.

1. Introdustion: This paper i3 an attempt to aystemsize cer-

tain feots concerning objeates of the category of n=groups.

. pegroups and their homomerphlesme ure gonsidarsd not only

feom the axtsrnal, tﬁtliqriﬂil, view-puint but wlao, when
necesssry, fros tne internal one - which uesne conaidering
n~groipa an Bsta with & certuln structures and thelr homomor-
phisue =v functionw. Thence, the terms homomorphios and mor=
phism will be used interchangeably, depending on the = io-
tarnal or esxterawl - spprosch.

The symbol olyd-+B, where A gnd B are gobjects ol ths same
pategory, uruslly mesus & morphiss of thet category. wa will
uss for owtagories tn& gums notatlons as in [2), and for

operations in n-groups the notetioms of [3].

2. The gategory couslesting of n=grouph &8 objecta snd th.ir
homomorphipms 48 morphlsme will be dencted (&e iz [5] and
[ﬁ] ¥ by urg. The definition of m=group ‘l?lh by DErnte in
[8) wesumsd that ite cwrrier was noneapty. In cossidering
the category of o-groups for n”2 1t i@ convanient to ad-
it the enpty n=group. The esuply n-grodp is an initlal ob=-
ject in ur_. The category Ll has fibel objscts - the
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one-slsuent L-prodpe. For o<, Gr, hes no 2ere objects end
oo a.-u'n morpnioce.

The clavw of p=groups is e varieby (efs [41 , L9) ); thus in
gr, um;rmnl'phlumﬂ wid lnjecblve howscorphiena colncide.

Ueing the forgetful fuuctor ‘ht'ﬁ: G —hurn“ [neB.k) abnd Lte

kE+l

lars wdjoint s Gr 7= 0r, | it is ahown 1:._5,5] that in gr

K+l
spimorphiews wud surjective hosomorphiams coincide. Thence
the catsgory of rr;,!,rqul ia & perfect categury.

Tne fuct that in &an D=group the ldentity elemsnt is ususlly
Eipulng leada to the ides thet Gr, ie mot & coonex catesory

‘ﬂf. []‘1 ]r

A« Froposiclon 1. If (u,u]Eﬂr“ then
l, thers exipte w bl jective function between the L-Bub-
groupa of 4§ wnd subobjects of G ,
£. tosrs axiate & uljlnilvu Tunation betwean the gquotlient-.
groupe of ¢ mod guotlient objecta of 4. ]
Proef. Let 8°(u) bi.tﬂl get of p-subgroupe of G, 3(G) = the
clasa of aubobjecte of U, C(u) - the set of quotient=groups
of G, Qgla} = tha cimae of guotiant q»ﬁjlnt.- af l:i.
1. we prove that the functlon £33 °(G)—=3{G), f(H)=[H,i] 1s &
bijective one, whara fiH--i, L({xX)=x is the lpclusion homo=
n.urphum 1 is wn injective homomorphiss 1.s8. monsmerpalem.
If £{dy)=t{Hy) =) ,47) = [Hy,4,] there existe un lsocuorphiss
T such that il-rl.a,n!; f.e. Hx)ex, for any xeH . Aufis
surjective 1t follows thut ¥ is the identity homomorphism;
thue H mH,. Henoe T iw lnjective,
If (Uypl le & subocject of G theu p ie & soucmorpbies i.e.
lojeutive buwosorphidn, !:U—-FIH.'I. Bix)= pix} is » bljective
homomorpghism, i.s. isumorphisa, and peio¥. Toesce ( pa(U),1)e
3 [“'f“l + p{U) i w homomorphic imuge of Wi negroup, henowe
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ie wn nesuvgroup of ¢ wud tharefore [U,p] ef(p(u)). We proved
ket 1 la aleo uurJ-n-‘r-.in.
2. We prove that the function giC(0) =qie), s(64 )= [p.od, 1,
whers " " ig & cougrusnce relaticu ifu o, wod psi=~udl ,
plile cux L8 bie canoniowl nosomorphismg p im u surjective
homogorphiem 1l.e. epimoephles. . :
If gl0/g  Jualiia,) ws ':Fl'if""I:i!' = [PE.-E.-",_;E]. = fhers silats so
Lacuwarghieon I:L'r,-"...i—' :}..-",l guch that b= !npi. AB T la a bl-
Jeokive homomorphism 1t follows: é hbapl.{l::llplih]#-?
c={ Sop, M uis(Top,) (b) o= T(p,(alle ¥ (pylb)lem pyla)a
=p-(b}e=s @ 2 by thenee O/==l/cy. Hetoe & im injective.
1f |.||-l.ll] ia & quetisnt object of @, then i an espimorphlem
law: surjective hum-:r:n-urph:l_um aud tnu.nr- exiata an llnmn-ﬂ:lhlln.
.4 tfg —= U wuch that M = Fop, where p;{u,;:}—t[u,{‘ +% ) 18 the
cunonicsl homosorphism (af b s plu)s (b} ). Thim ylslds #o:
(Bolifa ) e ip.Ul and, knowing that Gfe is & quotisut = n=group
of G, it follows thwt g(Gfy )e I.lu,_u] , Benoe g is surjechive.
Gerolldary l. er ie & locel and colocael emall catagory.
Fropogition 2. or, le & category with !..w-.u,-.n and solmagss.
Progf. Texe G.He lr, wod f<Hom (G,H). We prove thet Infe
o l£{@) i) wou cotn £« [p.urg] . :
%+ prove that [f(8),1)e 3(H) and [£(G),1) 18 the imege of
f (eas (2] ). L i# an injective homomorphism i.e. monomorphiem,
fig—+H 18 & homomorphism thence f{Q) € S°(H) and, by Froposi-
tion 1, 1t follows that [£(6),1]e 8(4).
Ws prove that [t‘{-;.."_!.,,l] fulfills the conditions %o bae -u image
to f. :

1. Qbvioualy .fllLi-—"‘fEE:'.l.. fl{ﬂ-f{ll i & hmmu. 1
Burjective ona, &ad f-infl.

2, If (U,ples(H) wnd there exiats £,16~U such thut fw pof,
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then, knowing that £, ie en epimorphisn (right ioveraiuls),

1t followa that is= Ip-n{ fEufil} and th-r-fnl'!..{ﬂ_'ﬂ].ﬂd’ [u.p’l.
Fhus Imf= [:_ﬂl.}],i.j ;

we prove thut [p,G/& Jew(d) and [pei/g) 45 the coimege of £,
P is & purjective homemorpnism 1.9, uj.li.mnr..l‘ﬂ.m in l:lrﬂi
(G/%s * )e ((3) and, by Propesition 1, we have [p,0/f le QLO},

We prove that Lp,uf:_] Fulfills the n-.'r_miltlﬂna to be & colmage
to f. :

1. There exists au lscmorphisn [ (becauss "L% ie & q-nn_-.
grusnce relation on G) such that f={iof)oy.

2, Take Yeiof. 1f Lp',u'] € ulu) and there axiate £y:U'H
sugh thet f-tjn pt then, knowing thet ¥ ie & monomorphism
(left inversible), it follows thut pe( ¥ “‘ofslojr snd there-
fore [p,nu].r[,,z..ur]. )

Thue the proof is cowmplete,

Fropesitien J. ury ia & catsgory with pullbucks,

m. Pukn i_'nl,n‘,i, {Gz;i_l Y (o0) e l]:'n. Wa prove thet for
Oy peir gt mor phieme '"'1‘ Howm Eul.ﬂ}, oy & Enu[uz,n] thers
wxint (P, py,py) such thet the diugran

Gz ———— [} ig commutetive.
Let |‘:41 % 0,, B) €Gr, be the direct product of G und Gy, .
noted 0] ® ) defined by

liiliht_}itﬂzrhalrl ””‘:"ﬂ.'hh]'}a - “:“:L"EE‘” "E‘n}u_'

(By)Byerseahy) ) mnd take Pal(s,h) e of @ 03 |o (m)no%(n))
which, it is sasy to prove, is wn p-subgroup of ﬂ?r ﬁd;.
we introducs BprE—Gy, pplisdi)mas puaP—0,, palle.a))=h.
They are the restriciions to F of the cenonical tranaicrme-—

tiona and they are howomorphlams.



13 |

We prove that the such deficed (F, . p-&} is pullbeck of the
peir ﬁl' 5‘2"

Indesd, for way (g.h) € F we have: (= ;0 pylllEsn) ) oty (g)m

= o0, (h)a{ o 0p.)((g,h)) thenne the firet condition ie ful-
filled, .
Tuke r?:urh mnl twe homomoryphisics pi ! ]E"'—..-L+]_. F'-; J.P'-'-pﬂz
- eush bhat o plp ol g0 po. Then, for any ® e P we have
ek h (x})= gl pg(x)), whence (piiad, poix)) € Pe Thus we
are able to define tke fuvction ¢ B'—F, T'(x)= {Fi’[:].
bEr (x)) which lwakemoemorphism of n=groups. We prove that

By = h'nf'_ aud B2 « f0 T, Por auy xcP'we have (P07 )(x)e
pallpg (g (x)))= 3] (x) and (pyo P)(x)= Bollp] (2]
g (2))) = pg (x).

Wa asill have to prove thast- T is unique.

1#t 73 P°—F be & homomorphism such that py = f:ln'f‘ “and
P£ = B0 4. Thut means; for wny xeP', py (x)= By ¥7(x})
and B (x) = htf‘{IH- Then, if we nete 3'(x) = (g,h) we
hnl.pl" (x) = £¢ 'P‘i:{”' h and thence ¥{x)= {Pi'{l}l,f_.é'[:}'_l- .
e (g,h)= T(x). Thus T= 3", Ll.0. T is unique,

'l-h.t.pmui' 18 now 'wmp].“-;. (P Byr 'F:.E,'l is the pullbsck of tha
pair ol Mg

Jorsllery 2. If ofs Gy—=d, @gi 0y are injective homomor=-
phiems of n=groups then there exigts the ioterssclion of Bub=
objects of Gy Loy.ey) o Loge ee,] wed (84,10 65, 2] =
=[P,o] § where otm ol j0 Bymo opy

The gorollury proves thet interassction of fwo m-subgroups &,
g of wn n=group G ie wlso wn o=subgroup of G which is iso-
morphic to F.

Proposition 4. or, 18 & category with generators aod iree ob-

n
Jecte. or, 18 wlés w co.crets cwtsgory wnd the functor



= Huﬂh [E“. = ) i & raithiul functor. (eee [le.

m¢Enaitinn Ze W, e & cateagory with pushoutn,

The pusbout of l.pulr of homomorphieae nili Hom [u.ulj.

ol € Hos qu.dal 18 lecmorphie %o an n—subgroup of  the Ires
product of the n- Toups U, wnd G, deliued e (5],
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