15

Bul.St.Univ.Baia Mare
Serie B, MatematicH-Informaticd,Val.VIT, Hr.l=2,15-20

DISTIIGUISHED Gi5TEL OF COSET REPFREZENTATIVES AHD
KoRnAL CONMPLENEERT OF. A SUDGRUUP OF FINITE GROUP

E. VIRAG

1. Introduction
* Buppose thet H is & subgroup of the finite grn:up- 3 eand that
B is & normel subgroup of HY in aymbols N H G /.
A normal subgroup K of 6 is & pormel complement of H in §
oyer W if @ = MK , HAEK = H.
A eyotem B of ..r‘;rig;'rl.t,.-"' cosat representetives of H in @ ie

1,

digtingulshed over ¥ if h b = HR (or every heH./ It is gvident

that the sondition B™MVBB = . iy equivalent with I'l‘l]h £ KR for
every heHa)/

In particuler cese & norsel complement of H in G over [1} is
called eimply normel complenent of H in G end & syestem af cosst rPep—
repantativen of B in O which is distinguished over {1} is w» distin=
guiphed system of coset representatives of H in G. :

_ Acgume theti K is & normel v.':;:l:nplmunt of H in @ over H end
that Nz, d1lei=n / is the set of all right coseto of N in K. Then
m:!.,.l' l<i=n / is the set of mll right cosets of H in @ and ths
system R = {;1,:?,.“,1‘1} of right coset representetives of H in
@ hes the property that KR = K.Hence W~ = WR for 'l'l-l'tﬂf. h & H, Thus

H ie distinguighed over U.Ihia proves the I'ﬂllﬂ-wi.f‘-g T

Tne cxiagtance -;:ui'. narmal t:n:rmpl_sment ;:fj H in G gver H inﬁ-}:hl

the existence of system of coset representatives of H in @ which
_ 48 tintinguished over H. )

In the particulsr vese N ={1) there sre ueny resulis which
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sasert 1iat the exisiece of distinpuished eystem B of cope repre-
sentalives n.;l'_“ H in I_‘.‘.,ur_d_ér verious copditions oo H end F implies
the existence of normal complesent of ‘H in G.I mention here the
results of papers of Rikochendlrifer [1] . Susuki L&] and (3.
Zappa (3]

The gim of this paper is to study,in the general tess N4 H < 4,
the existence of normel cooplenant of I in O over ¥ under the con—
dition of existence of system of cose! repressntelives of Il in @
hileh is ﬂ_ial.ing:uiuheﬁ over i end under verious condibtiops on H,N

end on BysteZ.

Zi Frelisinscy resulis
LA 1. Let B be & syetem of right coset rhprna-m'r.ltivam.
of the subgroup H of G end
D, R) = {Hei | @ is distinguished over B} .

p(#,R) is w Iilter in the lefiice of norcel subgroupef H
f/ i.e. if HeD(H,R) and HE =, then Ny & D(E,R) § i Hy,Hq€ D(H,R)
then Ny M & DIH,E) o/

Proof.The stetenents [ollows directly from Bhe definition af
the aystem of coset represcntativea of H in @, whizh is diatinguished
over & noroel subgroup of He .

LEnMA 2. Lot HXH be & double coset of the subgroup H of @ and
let & be & systes of right coset representatives of Hﬁ_l-ll:l: in He

Then HxH = L.; He"lza  Jdisjoints
I ak

EFronf. If Hej'xs; = Haj ey, 8;,8;€8,then :BIIE]'I']'EI-LE-_IM&
ullall;,l{ | :'1H:.marafun 8= nE.lt follown that the number of right

:auat*f Hin U #e~'ze ie |H : H Nx " 'mx| .this implies that
. . 8Ead .

ol =\_J He~lxe sdisjoints.
8¢5



1w

' | AHEQEEM 1.If N@H£G,then the following conditions ere equi-

valent: j

{I} There exlets & systam R of coset representstives of H in @
which ia distinguished over K. '

(1I)There exists & aysiem § of double coset representatives of
B in O,such that Hrxlux EHE{}F:F} for every x &T, %(H‘I}ia the
normalizer of Hx iu Gf

(IXT) There exista & system T of double comet representetives af 3
H on G,such thet anx ihx = :iH[r{:t]- far .ew-a-r;.- :uET;

Froof. Assume thet R. ia & Bysten of copet representstives g._:f
H in & which is disticguished over N.Suppose that TER ie o system

of double coset representatives of H in w.If X&T and Kel n:‘l

1:11 E h-nl

I

Hx,
then h = ¥ Yk, k 6. Hence b kx & Hx, Tt follows Ly (I)thet
nl xh € ¥R MHEx, Thas b~ Lxh € Nz . This

dmplies thmt Nx = Hﬁ‘lkh .=-]_'1,'1N:l__h,1.e. hEl‘Jﬁ_{']:ll ..F[e_nl:a{I :I‘j_npliul[m.

Buppose that T = {31.'&2,-.-.::“1} is & system of double cose repre-

xhe h~lRh MV ER . Therefore H°

sentetivea of H ip G,such thet H N :EII:Lti Enﬂﬂhi}f 1= 1~-.,5;:| -
It he Ny(ux, jthen h“_’h.xih = ixyy f.8. NNUxgh = Nxg Tt follows
that Hh']'::ih = Hx;h = Hx,.Henge ri‘r'l.II]‘E H. This implies that '
he Hn:?mi.ﬂrﬁarafare Heiix)EH A :Illh'..i. The inverae inelusion
follows from (1I).Thus (II) implies (2II) . ;
Assume that T = [:1.12,....::‘} is glaystem of double coset
repregentatives of H in G, such that ﬂn:;]‘m-i = H{H:ijf lgiem Fo
Lat Ei be & system of right coaet Fuprnuentat.iv:' of H n:;lmi =

- Hﬂm:i] in H and we consider the seta li = {lIllili | 'iE'Hi.} Fil=

Sism /.Then & 'NEh = NR; for every h@H and it follows by Leams

. m
2,thet BX;H = HR, =UH!i.1:ini /disjoint/. Mherefore U B, is a
et - 5§ S, : i=1

m
pystem of right coset pepresentatives of H in 4 &nd h"’ll{MlL’vh =

m m
- “{1‘!'1 “i]r 1.9, 1"'31 R, 1is distinguished over W. $hua (TrT) implies (1),
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COBULLARY 1./ Lenma 1. and i..-&uuun.. 2. of (B]/ If H is n subgroup
of proup u,1£1an the following conditions are equivelent:

{iy There miata. 6 distig ighed system of coset representatives
of ¥ in G. :

(i} There exiets & system T of double cose representativea of
H in G,such thet HN X" LHx E-!.‘.E{n,:ff_-r every €T / E.l,":_!in the
cantralizer of x in Gfs

[111] There exists a 2yotem T ol doulle cosel representatives of

H in @,such thet WA X 'Hx = Cp(=)far every XE&T.

18 ChEBE i mbelisn

: TIECHEM 2. Aseume thet HAH=2,i/H is sbelien and thet ihers
egists & systen R of r..n-tt representatives of A in O which ls dlstin-
guisted over .Ph-

(1) If tiere exiats & pria p,euch that |H:N) is divieible TY¥ P,
but JGiH|is riot divisible by p,thend hes @ porssl subgroup K,such
that IG:Klis divisicle by pe '

(21}If |oeHl snd [HiH] ere relatively prime, then there exists &
normel m:mplnﬁmt af H-ig G over Ha

Jreof. Let t: 0 —+H/H be the trenafer of G in He If h&H,then
there sxists & sukest { X ,X;, ..., 3¢} of R and neh / 1<i<r /,

t(n) -H.({.E;:ih'?i:;l) : gﬂni =0l

and ni ip mipnimal such that

guch that

:ih“ilf‘éﬂ 7 1eter 7. [u]

-n- a
It fallows that Hx, = Hh 1lihn1.511ma R is distinguiehed over H,it

- 111 =[L Ili -
results thet B x;h '€ NE. Therefors Hh L2n i= mx,due.

-1

NEgh . %4

2K h . Thus

trh] =N hlh:Hl
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it p| 1¥| mnd pi|GiH) , then there sxiste a p-slement
n,& H-N . It follows that t(h ) = Wh 1G:H| # W . Hence the kernsl
K of t 18 a proper normal subgroup of 0 and p| |Gt x|, Therefora (I}

hnldm. : :
If |G:1H] and H:N are relatively prime and h€H, then t(h)=

« 1'% w Af nd only Af hEN. I8 follons Shat Af K i She
kernel of &, then HNK = Nand (G} = A/N. Henoe G = HE, Hpy K=
= N, 1,8, K i n narmal complement of H in © over N, Therefore {(II)
ig trus. ; 3

COROLIARY 2, If HEH=£a, H/N _ ig nbslian, supposs that there
im s oyetem T ﬂi:' double coset representatives such that Hn:'IH; -
= N.(¥x) for avery =x€ET.

-[ﬂ If p is a prime sush that p||H:H| and pi |m;|=£i_, then G
has a norsnl subgroup K sush that pl 131K} «

(11) If |0:H| and [H:®} are relatively prime, thes G has normal
complemeant of H over H,

Proof. The atutemsnts follows direstly from the Theorem 1 and
 thaosem 2, ;

. CUROLILARY 3. Supposs that N& H<G (NAH) mnod that there l.'ltl.l-tl
a ayakem ﬂ.f coget representatives of H in G which is distinguished
over N/ or there exists a aystem T of double ﬂﬂﬂll- rapresantatives
of H in G such that Mpyx"'Hx = Ny(Nx) for every x T /,

If H/N 18 solvable, |[GtH| and |[H:N| are relatively prime,
then G has a proper norsal subgroup K such that G = HE, NgH LT

Bpoof. Since H/W is solvable (NAH), it follows that there is a
proper pormal subgroup N, of H such that N N, and H.fll is abelian.
It im olear that |[3:H| and IH:HI} are relatively prime. Hence, by
Theorem 2 / by Corollary 2/ and Lemma 1, there exists a normal
complament K of H in G aver Hyvl.e. O = HK, I'E-ll = HnK.

PORCLIARY £. If H 18 a Sylow subgroup of 0 and thers exlets
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a aystem of comst reprasentatives of H in § which ia distinguished
over & proper normal subgroup N of Hf or there exiata a oystem T
of doubls cosat reprepsntatives of H in G such that H[\x'lﬂx =

- l“{lxl for svery =x& T/, then G has & proper normal subgroup E
such that 0 = HE, NEHpQK.

Proof, Bince H is & Jylow subgroup gf & aad ¥ is m proper
normal subgroup of H, there exists a proper normal PubgZroup Hl of
H such that WCH, and Hfﬁl is mielinn. It is olear bthat WB:Hl and
|H: W] srs relatively prime. Hence by Corocllary 3 thare exiate B
normal complemant X of H dn 0 over Ny, L.s. B = HE and Hg HOE.

1
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