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BUMEHICAL MBTHOD PUR A CLASS OF STNGULAR INITIAL
VALUR PRUBLEMS
By
lulian Coroiam
ABSTRACT.,
i‘n-r_t.hq nuserionl integration of initiml value problems
(1.1) some axplicit single step methods of the fortm (2.1) -
(242) and (4.20)4:.21) having the order of aacuracy o{h’) for
the solution y(x) mnd O(k*) for its derivative ¥iix), mrs

presanted,

1. Introdustion

s conaider the singular Cauckr's prowlems

"+ 2y auy e tlx), §0) =g, y'(0) v (1.1
wheres AL is a real constant mapd f i:i__D_lTi
Thess types of problems and mnmlogous two-podint boundary valus
provlames avise in many physioal problems and thay ware
investigated by several sutbors: Chawla and Eattl [E_f v vain and
Jain (5], when the right-hand side of (1.1} is nenlibenr. Russal
and Shampine (6 ; have shown that the provlem (1.1) has = und que
solution 1f £c{[0,1] amé A < 7T, Everywhere in this papar we
supposs that thess conditicns are satisfisd and morsover khat .
there axist f'(x) and £%(x) over [0,1] .

In the present paper wa have derived a numerical mekhod for
the problems (1.1), whish is mnalogous to explicit Runge-Eutta
t79 methods, 1n & sinilar way 1ike in [ 4] aad [ 5].
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2= Thes tion o [y

Iet 0 = x 0 By Ky vang Iyg= 1, % a sat of points sush
that x .= %= h | n=0,1,2,+ss,8-1 and led a,.1 = L(1)4 | '»a
real numbara, 0. Ei-f_1| a - Q0. We dencte By ¥y and ;1'1 the
aproximste values of the sxact sclution yix ) and of ite
derivative y'(x ), respectively, of the problem [1,1). Wa note
thnt for each wvalus of a=a, 1, %, sssy B=]1 , tho approximstlion

T I{:H_.l}l and to ;‘{;ml} is computed as though y, and

Tp ers exactaly equal to ylx ) and ytix,) reppeotively.

Wa dafine the approximate value %o :{:,*1} and to I'EIH*IJ

in the form. A
- 25
Tae1® Yot —-I::; by, + & ;._-1 LESET b (2.1)
xz a 'l
Thei ® t—n:ll—:n 7L+ B ?-'1 six engh)iy (2.2)
with
i - “{In‘ﬂih] * f{:-nﬂih]‘li i= 1,2,3,4, {2-3]

and e, #f | i= 1,2,3,4 are real sonsiants.
If yiz) 4is the exmck sclution of {1,1) thea ws ean fake

ky= 3"(xge agh) & gl y'lxpagh) (244)
The formulas (2.1)-(2.2) mean a four stege oumerical single
step method for the problem {1.1). In order to specify the order
or accurmsy of the method (2.1)={2.2) we will expand.
Tasl® ¥hey » from {2.1), (2.2) and the axact values r{:.*ll i
'l’n11} %y Tayler sxpanaions in powers nf B . After a tedious

somputation, and rearranglog the terms we nltnin

2
L Yol =3 _....I. + 0% ,;_"_. o) Fo¢ f.i x, 2’:,: +3h E.u 11}1"1
i=1 1=2
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Y 4
+{l3'.t g LR ﬂ‘ E . n.i'.l :{3}1 ) il":u E"l"i +

B 1wz im3
4
5 3y Ad) 5 . [5}

+Eh ‘i__'z'i‘i}’n *{%h"ni—z i—h 2
+ ﬂ“?h (2.5)

-t ‘ ‘ ‘
LA (P +on ¥ o) 34 + (h oz, v o]+7m° 2. o] 8,037 4+

*nsl ial i=1 1=3

-1 4 }
: {hzxn -2_, ela,+ on’ Z uil ;{3’1 L, lil.i *

1=2 1=2 1-2

& 4 4
+ E L 2.- -"n]]l ;r“:'f f -}1"1 2._ I:"l.:’ + *15 Z- |'|‘1 !{ﬂ

(37 W'x, L ejaf + 1k 2° f 3 ojad) 349 ﬂﬂ:h‘ 2 ojaielTs

i=2 im3
# U{h ]' (2.6)
Flx ) = yu* hyy + T’; + 7”} !l ’{l”"' "(n”
+ I!E ;r"r'ﬂir 1-23%- n® 3{'&}# o) , (2.7}
3 4 '
ylag,y) = vh ¢ w20« B2 0 B P
+ﬂg- (6], ]‘ {7+ oa”y . (2.8)

Identifying the soeffieisnte of I:‘ﬂl i= 1,2,3,4 from (2.5),
(2.7) mod from (2.6),(2.8) apd aiaplifying we san find the
folloWing algebrale system for a,, o,, 9] -

D z’i*i-:—g‘ﬁ&,

1e1 el 1a1
" x +E:|:I 1
15-‘? 1% 7 Ex Tl i-E-i‘i .
x_+ _‘;!:
i 1"‘3,'15‘:_1 * } ":__1_ _...L!_Iﬂ (2.9)
im? k. el
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3 The Sruncation scror of the method

We denote by

!ﬂ. = r{:L‘HﬁI}- :ﬂ-l-]. ¥ T;* L ri{lﬂ"l‘l} - Il.l-r]

®hé trupsation error when the method (2.1)-(7.2) is applied to
problem (1.1}, After somputation from (2.5)={7.8) we find

% A + O(RT) | (3.1)

&
.ﬁq—i v ol 4+ 0a") (3.2)
whars
P P R 3 (6) 4,4
dg " t1n+1 1Bo ., 8y il+ L [ 1=30 L Eﬁ .“n i}‘ [(3.3)
i=2 1.2;4
x_+fx
i ey l—g—ntl L 3 E-{uih s, Zepad), )
;n+1 e T 1=2
are {016 ,.ﬁ ofa]) - 4z 518 > o 8] (3.5)
Sl im2 1=2

4. Ihe gffective usw of the method

When the probles (1.1} is solved mmesrically with the
-ihui (2.1)=(2.2) wae must khsw the scostants aga8y,8f g
1= 1(1)4 and whe sust somputs kyp i= U1) 4 at every step.
But

ky, = 4 r{xnruih} * ff: h} = Ay .+ L, (4.1)

aad we do not know the axact solution Fix). To yemove this we
will veplmes 1k, im (2,1)-(2.2) with Ei,'ln 1(1)4, whare

ii = & Eui AP 1(1)4 (4.2)

and ini are the approximate values of y .= y(x_sa h)
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dafined ms Loy
Y, = { y. - 2 3 »
Fag = ¥ * 40 ¥ ’n—lJ"' i) ;-1 11 Ej . {4.7})

Hare 'lij are real eonstante. For Fnl and E.'l' i= 10104

we got
?n]. = rﬂ - II].' El- ﬁ-]ﬂf I'nl L k'l. A 2 {"--.-]
Fno® Ya* ‘?L Vo1 (At ) - 4 aplisay) IE] *
3 .
+ 2= ayt1 = ad) 2l 4oty . (445)

2

Equating the ocosffleisnt of &" %0 zerc we get

LT 1,'1'— Ayllen,)- ngllem,)

: (446)

{l.r + £,
3 -
;ﬂ-rui- r n {I-IE]' :r[:” a?{lmzl ;r{“+ o(n®) (4.7
Ey= AT, +f o = Myt ah uequ] ¥ oy - (4,8)

»
Ih & similar way we a‘ltn;u
» ' )
7osm Tant M2 arfe b a (1eadiylt ) 10000%) 4
3

)
B = by 4 wh(n 00 4 s :7—,::—"4‘— 7i4)e 0a®) f4.10)
Fag = Ty + O(B7) : ' (4.11)
-E‘ = l‘.. + ﬂ{lﬁ} {"-1-12'}

For the ecaffiesianta ®i] we Bave

h"- %n}{l#-n.j} - Ijl-.l-l-l-}} I_{il?ar - .{11-13:'
& {l-uE]' Ay o+ £ o
u.;i:r;lj “E‘_.‘,_ _“!"""“""i"} T:'l* -r']
ll
LT .zhl (“EL + (A= —:Fh] r; + _-I? + tllﬂj : (4.15)




]
(4.16)
) = "'i!lpm::|

‘ - _—,J-—-—'——
42" 12 a la,-n, '

n
4

P (8.~ a, 7.) . (#elT)
43712 aghlag-a,) ° LB B

1 T 1 2
By ——— Fﬂ.{lﬂ]{l:f.‘ -yl -

- Wk gt £50)- Wyalhzge rﬂ!-] (4.18)

shers £, = r-{:nu!u} - r'h:n_J. £hy= r“t:‘}. and

(mg+l) x 2
B, - —t [ (A%- ;E‘— ]rn-zt-ﬁ:- ;z— - ﬁ‘—} IIJ;

2k 2f £
l'- E{ni-l}[—ni:-l-r+!h-ﬁ- }*_!...ﬂ..*__ﬂ. 3 (4.19)

[ -
x27a AN = &} Ja

A = 1-. E|| BEE H-1
; Thus w8 Dare

THBOREM 4,1

e mumerical method defined By
&
x -1
b S +—-j-—h;'+lzi s, (x +am) E (4.20)
mel B X n s TR i
[ , ) = ¥

i
I;;l - i;‘-]a yot Z,, of ( x +a.h) E, (4.21)
n+l w o laew !
for ths prodlem (1.1) with oy,a;,0] sstisfying the mystem (2.9)
and i‘i given Wy [(d.d), (4.8), (4.10), (4.12) provide aproximate
ralusa ko yiz) of order four apd for !'I{I'-]I of opdar thras,
Troof
Using the relaktions (4.4),04.8), (4.10),(4.12) in {4.20) nnd
{4.21) we havs
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Fl
4
2
Tasl =¥y * ;::fh hyp+ jEj-iirlﬁnil}tl * Ufhsl_; (4.23)
) 1=1
x 2 l!“
Yoot (52207 ie w2 ez eagn) kps o) (4.24)

and taking mesount uS- (2.1}, (2.2)

Tat™ Yuer? o(R’) , ¥p o= i, ¢ o0nt) . (4,2%)
Bow, If ey, 8] , &, , 1=1(1)4 satiafies (2.3) then from (3.1),
(3.2) we owinin

Yael™ Fixg 40+ ota®), Foe1= ¥z s )0e o(h”)

1":1-1-1':"{’:Iﬂrll‘i 2 ﬂ{hﬁ}, r;-l-l‘ r'h'nﬂ} b ﬂ{h"’}

Thans ralations prove the statemant.

BRMARE 4.1,

The mathod (2,1)=(2.2) and respeotively (4.20)-(4.21) san
s applisd for salving ouserieally the singular Boundary wvalue
proklama of the typs

"+ & 5wy ¢ £(x), ylO)= m, y(1)=k, (4.26)
if wa use the “Shodlfng method” [5] . This method ia & teehnique

whieh sijusts the initial data =0 that the problem (4.76) wesomes
ar initial valus problem of the typs (1.1),
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