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CORVERGENCE PROPEATTES OF SONE AFPROXINATION PROCEDURES

Toan Muntenn

1 lntraduniiﬁﬂ. The divergence phenomencn of some uaueal sppomi-
mation proceduren for resl fumetlons of 5 resl variable, auch as
the development in Fourler Lrigonometric aeries, the Lagrangs inter-
pﬂlntinﬂ.nnd the quedroture forsulss, has been made evident ever
mince the past apntury and the first thres decades of our century.
The pubsequent resenrchan paiuted.uut some drametic nauecpa af thia
uhannménﬂn: the almoat everywhere dlvergercs, the gupérﬁenag diver-
gence or the divergence on the whole dafinition iﬁterval al the
aingular functions for the conmidersd procedure, snd these aingul;r
functiona conatitute thommelves puperdenss ssts in the apece of
eontinuous functions. Te sttenuste the effect of this phenomenon
some modificetion of epproximstion procedures have Been sdveneed
:uﬁﬂigting in the formation of GEuhrn-nr integral means.

Following the lsat ides, in Sestions 1 and 4 of this note we
establiah the convergence in memsure of Fourier trigonometric seriecas
snd of some types of Legrenge interpolation. The principle of tha
condensstion of singulerities is used in Sectlon 5 to characterize
tﬁuua simple guadrature formulss which are unbeundedly divergent on

superdense sets in tha space of continuous functiona.

2. Frinoiples of the copdensation of smingulerities. A subset 3

of 8 topologicel apmee T im msid to be superdensge in T if 3 is
uncountable denae mnd residusl in T (i. #., 3 18 the complement of

a aet of firat category). From Lhe Heire s theorem it follows thet

& subaet 5 of m complete metric apace T 1im auperdense in T if
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and only if 5 io uncounteble and resldusl. Given two normed apmces
I end Y over the same field K (whieh ia R or €), denote by
1:.':,']'.]-"'r the wector spece over B of sall lifiesr mnd continaous
applicationa A: ¥ —— T endowed with the uniform norm &1 =

= sup{a(=)ll: ==X, Ixll < 1}, with sech femily «F in (%, 7)% we

sanoclate the get of ainguleritien of ot

S,_.g. T 1;:1'—_'. X 3|.1.p{||.!.[:.||]; ,qE.-J'E']J = m} "
The following two theorems contein the well-known prinelples of the
ﬂund&mlnti_mu snd of the double condenantion of asingulsrities,respec-
tively @ee 2 , Thesrems 1.1, (iv], wnd 5.2]):

2«1 THEOREM. If X is ® Bnanech speco, ¥ A9 5 normed epmce eand
Jf’n:‘.{I.r]" in s uniformly unboundgd fewily, i. 8., Bupillj._l[: u’:.ﬁ,E:
= oo, then the aet S 4 is muperdense in X.

2.2. THEDREM. Let X be s Bannch appce, T be s noraed apsce,
and T be s ssparable somplete selric space without isclate points.
Suppoas A = {j‘i: i= 1} is a femily of mephlogs it AT e ¥
Egﬂg_ﬂg;gﬁ the following properties:

oA (e (X, *)* for emeh 1= T gnd esch t&T;

a2, .'il:l"}: T o= T ia nn-nt.j.nun-u.; for each x & X gnd gach i&1;

3. there is & subget T, of T with :fu =T pnd, for sach t&
w1, sopfllag(-,t): is 1] =co.

IThen there erxists s superdense subsst I___l af X sueh that the sgt
: {1. - T m{[lilr,tjﬂ: i@1} = ool 1a superdense in T for esch xEX .

3. Convergence propecties of Fourigr trigonomeirde series. Denota

by T the eompoet interval [0,1] &nd consider the trigonometrie

ayatam {:h_: ks g1, where 8y T—+¢g is the function defined by

2rikL

e ltl =8 . With esch x & Lll'.TJ we masociate the Fourier

coefficionta EE = [Ij:x}. the seguence of partlsl sums

.un{ﬂ (v} = 5 uk:k{ﬂ,
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apd the Fourier trigoansoetric meries E c 8,- Clearly, if x ia »
trigonometric polynomisl, then an[l:}t—f-: For nll sufficledtly
large n, ao that it is meaturel Lo pose the following queation: for
whet functions = in LY(T), poiots t in T, and kinds of convergence
we have
(1Y s (x)(t] —= x(t) when n —s= o0 ¢

F. du Bois-Reymond {1ET¢} constructed, for eech t e T, the First
example of function in O(T) for which (1Y faila. Subsequently, more
auch exenple had been appenring, &+ N. EalmngorefT [1976) conatruc=
ted o function = & L]'["E'] such thet a {(®)(t) <= x(t) =t each
T T. Talng Thesrea 2.2, the following reault on double condenaati-
an af singulerities for Fourier trigonometric meries holds: There ks
A Buperdenss subaat X, of (T} such that for esch ¥&X, the set
{teT: H'.:pﬂBnLIJU.}l: nEH} =e8) in superdense in T (see [2], Theo-
TEm ﬁ.l‘j. Hevertheleas, some poaitive results hold: 1% For esch T e
L2{Tf|, we have 8 (x) —+x in quedretic integral mesn, i. e.,
ITlun{ﬂ{tl - x(t31%3t —» 0 n8 B —s o0 (F. Rieaz and B. Pischer,
IQUT}I _2? For each = ELE{TL we have ah{x}{t'ﬁ = x{t}) for slmost
a1l t in T (L. Carleson, 1966 ); and aleo

3.1. THEOREW (A. M. Kolmogoroff [5]). If O < p < 1, then for
gach 1-EL1{T} ¥ _havae Ilrlsn{x‘.l (tY - xit)|Pdt —= 0 A8 O —— oD |

From this we derive the Ennvur‘gmcﬁ in meesure of Fourier trigo-
nometrle ssrics:

3.2, THROREM. For ench =& LI{T]- wi have un{w} —» ' in
mansurs on T #3 0 — o0 .

Froof. We muat prove that-for esch 2> 0 one has Ju[_zﬂlrnlu.-.p 0
BS N ==k 0 , ¥hETE E-s,n = {taT: |s (x)(t) - xitllzF}  ana u
is the Lebesgur messure, Let E > 0. Prom Theora= 3.1 with 5 fixed

pe ]J0,1[, it follows that thare ia an h, & R auch that



I_"EH_I{:!'] Gt} = vt Par < egm Tor =1} . PO
Then III_,LLEF: E’-ll' < & for ell n a B, #ince
Pou{e_ ) =j EF’M{.I ; th - =t} |Pae < 0P,
vulEg i =) |w,.r.x]|.: ) - =) ¥

¥ n N
Remark theot Theorem 3,7 iag nat ®ore welid fo aultinle Pouriee -

trigonometric meries  age 6] .

4. Ponvergence properties of intarpsletion procedursa. Dehote by
T an interval in B and by T an infinite triangular matriz of
hodea in T: WE - {(t;,+..,t:}: ti {ht;. n e H}. With the
Aodea t!;,...,LE- of the n-th row in 70 i 8nd with a functlon x:
T—>K we annncinte the Lagrange interpnlation palynominal J'_n(x,:l =
= h:t[x} patialying '
(2 L. tx) LtrlI] = xft.;l'j.. i i'ﬂi'l,..-,l‘l?l end L (x) = x far

each polynomssl = ar degres £ n - 1,

The plynomial l.nf_::} i pivaen by

Lyri i 200 -I'_t.] k i

S .: i 1 i =__.__,_'n_|,-____'r Ll :|= ke i

CENCIE e SRR s o XU § [
- From [2) we deprive that, for esch polynomial Ty L(X) = x when-

B¥ET 0 ia sufficiently large, Therafore, it is natursl Lo pak:
For what matrices Pg or nodes, what functiona x ang pointa 1,

and what type of COnvergence we Move

) Ln“tl.’,x}{t} =+ x(t} s3a B —w og 7

Ch. Wéray (1296) and C. Bunge (1501) construsted the rirgt
examples of functiona in CiT), with T oompact and ®ith equidiatant
- hodes for which (4) fails st pomge pointn. P. Brdis and P. Vértesi
l:I_HU} showed that for any matriz TC of nodes in T = [-1,1] thers
is a messurable subaet E of 7T, with MLEY = 2, snd there exigts
'x & CIT) sunh that aupfl[r..“[ﬂ (t)]: ne HE = 90 for each t &E. In
[2), Theorem €.1, is proved that Tor mny watrix WG of nodes in o

there is = superdense submet i, of 2{T) such that the Bt



{T.ET.- uu;:-ﬂT-"{!r:l[,t'.'I: rnf=|'i'1_| = <r:l!i in superdenae dn T fag ganh w

in X-a H-:‘a-ll.'r:l.rpr., if T = L 1.1] ECT {I'-L.: is Lhg aarjuenen ol

i) rl.JlIn =N

orthogonel polynominlem with respect to A weight wr T ———=g _f:i. .,
v is o nonnegetive function in. LY {T) with Ir:- wit]dt }.1:.}, and

the nodea on the n-th row of TWE are the zeras r.!11 & e L t: af
the polynominl &) , them the Tnllowing positive result holda:

4.1, THROREM (P. Erdde and P, Turdn [31). If  wit}z ., > o ;.l.g
all  teT, then for gach TE€C(T) wg '|1=_|1.re-. I"n':” i E. L?{TL
Lilis IT[LHLI}{H - rtt]izﬂl —— 0 mf N — oo, _ '

From this snd other almilsr theorews we derive the convergenna in

mesaure of some interpolation prossdures.
4.2. THEOREK. 1f -:t]:;p-l}_-;,- O for all te T, then for esch =
in [T} we have L ix} = x in gensure on T ps n'—s oo,
Proof. Let & >0 and E>0Q. Put B {tET'- |Lntr'}!.ﬂ - x(t}|zo}

and apply Theerem £.1 to abiein an n. &N such that ITan{:l'L ey <

o x{t}ﬁzdt{w? for all ngn . Then J“{EE.n-"LF‘ far nll ngn_ since

FpEe ) 4 EE | B, (222 - xl;r.";lfdtij.Tan[ﬂ (t)-xitd] 2ar c;e-:s'ri;_l
i, T

4.3, THECREM. If wit)=(1-t}*(1+t)® Lo the Jmcobi weight with -es
=F|=%_-g_r_ﬂ=||3=%, Bnd the n+? podes on the n-th row of W& gre
the zeros of the polynomis] {l—t.?jlmﬁ“'t“{t}, then for esgh = & €(T)
®E _have I.m_?Lr'i —* x in memgura on T &8 n —w oD L

Froof, A. K. Verme and P. Vértesi [9] proved that, if p =0 and

x & C(T), then IT|1:.mE,er1..m - .tLt:Il':'I:I-t‘?}_l"'rEdt —= 0 88 n ——oo,
Taing thia for n fixed p=>0 and remarking that - p2y =172 1"
Tor all 1t & T, the argument in the proof of Theorem 4.7 spplies. 0
4.4. THEOR®M. Juppose that w(t] = (1-t)¥(1+t)? mhere o=p > 0,
20 O<o &3 and P = -«. Then for emch &% 0, & <1, andessh x .
in ©(T) we have Lylx) —»x in mensurg on [-1 «€,1 -£], spd op -

[-1,1 =£], reapeetivel N — o
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Ezgsf. R. Aakey [1] showed that, if 0 < p < igﬂ-:—’%. then
'ITILH{?]‘I:'G'.I = r{lﬁlpf_l—t]ﬂ I:htjllaﬂt. —3* {0 88 n —= oo,

Denote by w_ & positive numher with wit] = w, for sll e
[—l #E,Y ~E] when o = == U,. or for 211 te[ -1,1 -1  when
Q< qﬁ.gﬁ il P' # o~ O, regpectively. Then use the cited reanlt
af Aakey for m fired p  and spply the snoe ergument as in the pranf
of Theoren 4.2, B

Other reaults concerning the I.'!I:I-'I'.I".Ti'.'l""l:ﬂl.'.i'!'E' in mgggures of tha
interpoletion procedurea on every compacl intervel in . B  rcen be
derived from the recent menn convergence thecrems on the whale real

axis obteined in [4].

5+ Divergence properties of aimple gqumdrature formulas. Denote by

T 8 compect interval in B, by (A pesy = strictly incressing
o
sequence of natursl numbers, by TG = {[t.:.*..,t.:n}-z 8% t.:! £ ...r,t.nn
£b, n& E} a matrix of nodes, b 'E-:{(nl .:m“::h Lok, ia
§ 1y Dy aree=fy )t o & K,

'E.{].,...,n‘i_',. ne H} A metrix of coefficients, and by 70 T —+ [
o function with finite variatios. Frequently, the function v is

: 1
Elven by wit) = L wialds, where w is a weight on T, and thea
coefficlents :; are given by the "interpolatory Formalaa®

{5}' c: E L r{tj.f,ri:[t]dt., where .E.i are defined in Sectiom 4.

By » guadpsture forgyls messcisted with the sbove data we mesn the
squality :
(&) Ir (D av(L) = Q. (x) + B (x), xc(T), where q_(x]= En;:{trilL
¥hen the coefficients ei are defined by (%), then for all
polynomial x we have B (x) = 0 whenever n ia sufficiently
Iarge. Therefore, as in Sections 3 and 4 we put the problem: deter-
mine the avquencea {rnh}nﬂw the matriees TIE ond % , the fune-
tions v mnd the clesses of runctiona = in 2(7) awsh that



ﬂn{::} -2 1 an .n = of . [T T = [-111], m aind V(L) = t  fap

i i i
all t& T, tnnzﬂ & e,

J. Quapenmki {lg:‘-ﬁj proved that there isa & function x & O(T) aueh

are given by (5) for i 11}.11.-“._*_11},

thet R (%) <% 0 ma A —* =0 . More precise, He Erman [ 1977)
abowed. that. =(1)} = [t| is such & funetion. Recsll the well-knswn

charseterizetisn of convergent quedrsture foraulag:
5.1, THEOREM (3. Pdlys [8]). We have R(x) —= 0 for sny x in

'”F‘ s
|)ne'u is
bounded, snd R _(x} —» 0 for sny polynomisl x 5__ n —% oy ,

Introduced by P. J. Devia [1951), the simple quadrature formulas

| i i
are of the form (&), with e, " e =and "o, iﬁ{l,,..,nﬂ!,

C{T) g8 n— ocpo Ir gnd only LT the sequence

where (c;)iey 18 8 sequence in K, and [ti:';i.er-r’ t;&T, ia

sgpgquence whoae terss sre sutuslly distinct.

342« THELHREM I:uea- 17,]]: If %: T —== K is & nonconstant Euntil—
nuous function with finite yeriation, then for the aimple guadratureg

foreu

(7) IT elt)dvit) = (x) + B (x), x=C(T), where qn{:t'_! S ilcl:iti},

thers exiate op x & C(T) puch that R (x ) <0 g8 n —wec .,
We aay that (7} is unboundedly divergent on s subset ¥ of ciT)
ir H‘l.'l.p{1l:]n{‘.'|'}1: na Nl = oo 'for esch x &7,
3+3. THBOREM. The formula (7) M@w
in cr) Af end only if pic | = eo . Moreover, the last equality
implies the unbounded divergence of I:'T‘] on s euperdense set jp ©O[T).

Proof. Remark that Q  is e linear and contimucus functional em

1l¢i|| b

(T} sand that
(&) fla,ll =
If (7]} is unboundedly divergent at s point = & O{T), then from

Qx| & fa l-fxll =ne (B) we derive ﬁ ezl = sup{ag s ne i =

= &9 . tonvarsasly, if E|ei'| : T’rnrn Theorem 2,1 and [B} it
i=1



Fallowa that the set 3 = {I-E £{T}: sup{|q (x}}1 ne ki +=9} ia
superdense in ©(T)]. Since 3 ¥ ¥, there 18 an ¥ at whieh (7] im
unboundedly divergent. B

Sed. cﬁEGLLAHYf Suppoas that the hypothesga of Thgarem h.2 are
patigfisd ani that nﬂLxJ = 0 for_sll polypomisl =% @8 §n =% o3.

Then (7] is unbeundedly divergunt on s superdense set in eir).
Froof. If Hn{tj =—= [ for ell polynonial » ma n —= OO, from

Pheorems 5.1 snd 5.7 we derive jﬁlﬂil = @o , a5 that Theosrem 5.3
i=1

appliea. B
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