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fummary. One considers the problem of mpproximating m glven
funation f on |0,1] by & epline function of fized degruvs with
variable koota. The deficiencien of this apline function are
Ereater or equal than one. The ppline approximetion L& eonstruc—
ted in such a way that it interpolates the valus of the Pumction
f and soms of its derivatives at the and right peint of the
interval [0,1], and 1% pressrves some moments of the funotion,
The particular case when the deficienay is one in all knota was
aonaidersd in [3]. A® in particular cass, the solution of our
problem will be obtained by soms generalised Oauss quadrature
formulas. The slements of the spline approximstion are given by
the cosfficients and the podes of thess gquadratures, Whsn the
spline approximition exists the error term in spline approzima-
tion formula is expressed by the error term from the QOrTaRpon -
ding guadratures,

Let ;f. y 0Be the space of polynominl apline functions of
]
degree m with the variable koots t.¥elm, D& LI P ....:.tnar. 1

and the deficlency given by the posmitiwve vector r—lrl,rz,...,rnj;
Ons considers the problem of approximating & funcilon tl:ﬂ-+1[¢,1j

by & spline function BIE.H> #g that if verifies the loterpola-
tion gonditionm
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whars H-r1+r21..,1rn. Le®, the sum of deficiencies or equivalently
the sum of multiplicities of the knote t, s ¥ =1, .
A spline functieonm = EFF_ can be written inm the form
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whers p (%] 18 & polynomial of degres m, we denote it Py ‘jI._, and

o =mim=1).. {lﬂll‘--?]]"l.l_-lr"]i"r.
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] Ueing one of the two repressntations for 8py Wi obsurve that
fha ipfearpeletion sonditiona (1) are reduced to

r5) el ) « M, 3aTiE,

which determine uniquely the polyuemial pﬂ.:rt. P it} hosordingly,
our problem is reduced to the determination uf the coafficiente o,
¥ =LA, p «0,7,~T, and the knots £, v=L,0;, from the conditions
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and on the other hand taking into account (%) and the gensralised
formala of inteagration by parts 1t results successively
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Based on the last two relations we obtain that (é) im squivalent e
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whars dlttJ:‘:ééT-—r{“+l}{tJdt. do that (T) nan be written im the

equivalant form
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Let conslder the inner produst defined by meana of the

Tunztional of
1

(11} G, ¥) w o (62 utedvit)) - wltiwitidniel,
0
Une conslders (1f 1t exista) the monic polynomial -aJH--.uH[.;g"',}
of degree H orthogonal with respsct to igpner product (I1) to all
polynomials of lowsr degres than n.

THEOREM 1, I1f r ¢"*1lig,1) then there sxlsts m unigue
spline functiss 8.6 “5"_“_, which satisfies (1} mnd (2] if and oply
if the orthogonal polymomial -opscipl. ;) uniquely exists =nd it
has o geml zerca 1, with the multipiicities r, , v=I, 0, aog © £ L
c“.'{E- ceed Lot 1, Morsover in this cane we have that t, -4, ,v wl, m,
and the cosffiolents « , , =0,m, «=0,xr =T, can be detorminatsed from

the conditions j;fa_q,;’*l"ﬂ:l. .”f:{t”"'l"J;' j=0,0-1,

Froof, When the spline approzimstion By exiate uniquely we

can defime the linear funational ;{"ﬂ by (3). Then one considers the
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monie polyoomist eg(t)=(t-t )70zt ) E...{t~tn} B, Bacausa (10)
ie satisfied we have succespively for any pelynomdal pk 'r'Dn-s].

Coogepd =X (8™ L wpedp(ed) =& (8™ wpdt)ptel) = 0,

l.e. tvp im orthogonal to all polynomials of lowsr degres than n,

For the sufficiency one knows thalt any polynomiml pﬁ-ﬁ*n_l
can ba writtenm 1n thae form th}:b.:H[thltHrtt}. Herne l'.-Jl. is the
monic pelyocmial of degree N orthogonsl with reaspact to loner pro-
duct (11} to all pelyncalals of degree less than n, and g and r ars
twoe polynomiale of degres n-l1 and M-l reaspectively. dcoordibgly with
thim wa hawve ) {

£ pie)) =L ™ wpterae) )+ L™ r(e)) o (™ o)),

i the other hand when the linemr ?_:En has the definition formala {].D}

wa hava - R
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Sc that the condition (10) will be uu-r:-d wheo .af: (404140,

iﬁt‘*lij} 1=U,F=1. Thim linsar nystem with the unknnlmauil%! =1,
P «l,r ~1, has & generslized Vandermonde. Thersfors, this system has
a2 unigue saclutlion. This complates the proof of the theoram.

This theorsm ralates the soclution of our problem to the
conntruction of some generaliged Gauss-Hadan gquadraturs formuls énd
ite corrsapondlng Eunlrl.].l:'.vtﬂ Gause-Christoffel quadrature.

Tnt be the geberallgad CGauss-Hades guadrature forsmla
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where d:{i} im the above specifisd measire and %, , ¢«1, 8, are the
eeros of the monic pelypomiml . (4f it exista end it bea the jeal
sgrom 0020 Todeaen Lo 1 'ith the multipiicities r , s ¥=l,0,
reapectively), The degres of Ilﬂutn!ﬂl of this qundrnturi formula
ig Nem+m, 4.0, R{gsdr}=0, when go | Nensm® * gensralized Cause-

Christoffel guadratures formole corresponds to (Li2), oemsly
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whare do(t)-t®*13a(t), tha nodes 2 yo =1,n, are the same am in (12},
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The dagres of exactness of (11) is N+m-l. r
In (12) oae tekes glt)=t™"1.p(t), p oy, ;1 then
Hrt“l_p{t}gam{t}Jpn, or egquivalently
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The relations (14) are identical with (7} whenw .'L':" v =L,8
- "ET?TTT.ﬁﬂﬂ t, =T, ¥ =1,n0. Taking iﬂlu aocount th--l rnnnrki
w* hare the Following theorem.

THEOREW 2. If the conditionsa of Theorem 1 are satislisd

tien the elsmsnts of the spline ayproximating function by are pivan
oy K, m T . = A g v ¥ =1,n, f =ﬁ|r~r"’I'

Frh i

#hen the function £ ia completely monotomic on [U,1] and

v .o oT.h, 2+ odd posiiive integers then the measures d3(t) and
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do(t) are positive, In thip case the sristence and the unigusnsss
of the two quadrature (13} and (14) are assured [4,5,6,7) . Conaeq-
uently, the spline approximation &, sxists uniquely end & spline
approcimation formuls is obialned,

THEOREM 3. In the conditions of Theorem 1 we have for any

xe{0,1} )
" (t-2)7 ;
(15)  eglx) = flx)-wplx) = R((E=x) jaDE]) = Ri—gpauitd).
Froof. By Taylor's formula we have
‘xL I“}gli i s -
(16} fiz) = Wi : {z-11" + | (t=xm) dilb]).
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Om the otherhend from the Tepressntstion (4} and teking into account
tha relaticna [5) we have from Theorem 2
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A1) aglx) - » Uy . o 1JH{-;;tw1;*] :
Lat) 11 Yel E=l - dk =T,
Uging (16} and (1T} 1t resdlta thai
r =1
: 1 Hi "-l Lo 2ot o T d.}l B
I_rl:_l.l' - f[Il—lr{I] = J{'t-—::]i_dalllt-] - » '}.H I—;lt-l.}*] -
o] i, QT T fr d't"_ =z,

L]
= Ri{t=x} idnit}],
{,8. the firat part of (15}.
For the second part we oboerve thak
lgide) = Rig(t) a0,

Consequantly, one can write
i m

™ . (t=x)
elx) = RO(Emx) sdALE)) = R -:;;Iisdiltll

which completes the ﬁrnnr.
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