Buletinul Stiintific al Universit3t{ii Baia Mare
Seria B, MatematicI-Informaticl8. wvol VIII(1992).159- 28

SOME MAXIMUM PRINCIPLES FOR A CLASS OF
SINGULAR OPERATORS OF MIXED PARABOLIC-HYPERBOLIC TYPE

Anton 5. MURESAN

CITEVA PRINCIPII DE MAXIM PENTRU O CLASA DE OPERATORI
DE TIFP MIXT PARABOLIC-HIFERBOLIC

Rezumat .

in aceast¥ lucrare se dau citeva principii de maxim pentru o
clasi de operatori singulari de tip mixt parabolic—hyperbolic.
exprimind conditiile numai cu ajutorul coeficienfilor.

The purpose of this paper is to give some maximum principles
for a class of singular parabolic-hyperbelic type equations of
the form

IIF:[..--:.['l.i-l' in Da

(1) Lu:= =0

| Lafu} in D=

Here L, i= the parabolic operator given by

(2) Laiu):= Ugpe + A2 (¥.¥IUsx + ba(X.¥iu, + Ca(X,¥)u,
where as, ba. ca1 €C(Di), and the domain D, ip defined by

(3) Dy = {({x.y) B2 / —-a<x<{0. O0<y<b, a>d, b>0},

i.e. Dy is a rectangle bounded by the perpendicular segments
AB. BBo. BoMo. AcA, where As(—a.b), Bel(0.b). B(D,0.). A{-a.0).
The operator Lz is singular hyperbelic given by

L, (u) :=u_-h*(x) u,ﬁ%%?- u +ph'(X)u+cix, ¥Iu

in the domain Dz bounded by the segment BBa of Oy- axis and by



— EU -

two characteristica Ta, Tz of the operator La through B and Be.
respectively., which i®s with the positive x—coordonate and one
intersect in the point Cia.c).

We denote D = DyubDauBB,. and suppose that the coefficients
of the operators L, and Lz fulfill the conditions:

(5} &asx. ba., ci satisfie the Holder condition in respect to
X, again by and in respect to v;

(6) baix.y) ¢ —bot0, and ci(x.¥) ¢ 0 for any (x.y) € Di;

(7) h e C2iD,a]l N C*[0.a), or (8) h e €C[0,a]:;

{(9) hi0) = 0 and hix) h'(x) > 0 for x € (D,a];

{10) cz € C(Da\BBa). calx.¥) ¢ 0 for any (x.y) & Da:

(11} p. a € R
We have two preliminarly results:

Lemma 1. If the conditions (5). (6). (8) and

f12) hi0)=0, h'ix)>), x€{0.a}.

{13) asi(x.y)=0 for any (x.yleD, and ca(x.y)=0

for any (x, yleDa,

then there exists a Ffunction gEE‘{ﬁRBBp), guch that

(14} La(g)>0 in D1\BBo. and

Lzi{g)>0 in Da\BBs.
Proof. We consider the function g such that
{15) La(@) = Qs + balx,¥)gy + €aix.¥)g>0 in B.\BBg

and

]
(16)  L(g) =g ~h*(x) g,w-ﬂgg.*ﬂ'myu
jn  D\BB,
Let be g: [-a.a] - R. g € C*({[-a.0) v (0.a]), therefore we

congider that g is a function of a single variable x.

Then the relation (15) and (16) becomes

g lx, Vig> 0

and
g'rq X ghg

in
D,\BB,

¥When q £ 0 we can choice the function g such that gi(x) < 0 in
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[-a,0), respectively g'(x) < 0 in (0.a). and g"(x) > 0 in
[-a,0) u (D,a]. Thus, for the function g:(-a.,a] = R given by
gix) = x= — 3a]x| we have gix) < 0 in [-a.0), g'(x)=2x -3a < 0
in (0.a) and g"(x) = 2 > 0 in (-a.0) v (0.al].
Therefore, using the relations (6),(12) and the fact that gqi0 we
get that the relations (17) and (18) holds.
When q > 0 we can choice the function g: ([-a.a] - R defined

by

o~

-

[ tat-51)%ds, xe(-a,0)
gx={ 0, x0

[tnts)) *eds, xe(o,al

e

Thus. for x € |—a.0) the relation (17) become

= |
2g M (-x) B3 (-x) +c, ::,n[m-mmo.

which is obvoius fulfilled. again for x € (0.a] the relation

{18) become
2g bix) ). -E Eﬁ}h_____.
B (x) b3 (x) 70

which i=. also, obvious fulfilled.

In conclusion. for the function g considerated above the
relation {(14) hold, therefore the lemma is proved.

Lemma 2 i{101. If the conditions (5). (6). (8). (91. (10}
holds and

(19) aalx.y) 30 for any (x.y})€Da,.
then there exists a function geCa (D\BBs) such that

(20) La(g)<0 in Di\BBe. La(g)<0 in Da\BBe
and

(21) Gu(k.y) 30 in Di\BBo, G (x.y}<0 in Da\BBo.

Dafinition 1. We say that the operator La has the maximum
property (M.P.) if the conditions {10)

(22) u € €*(Da \ BBo) N C€*(Da)

(23) Lafu) £ 0 in Da \ BBs

{24) u{0.¥) < 0
and



Ty - e

max u<0 if Wi
r— L=

implie that

BAX U = BAX U
a, m,

Remark 1. The relation (25) ie not necessary if cz = 0.
Wa have
Theorem 1. We suppose that the coerficients of the operators
L. and Lo matisfie the conditions (5), (6), (7)., (10), (12) and
(27) p-g-120 p+g+ 1=z 0.
If u € C3(D\BBg) N C*(D) is & solution of inegquations
f28) Lifu)<0 in D. and
(29) Lalu)<0 in Da.
for which
(30) Uy (X, 0050, Ue(0.y¥)<0 and

{31) -nll.l'iﬂ whan C;»)

and
Cynd

than wa have
{32) max u= u
)

Remarks: 2. In the conditions of the Theorem 1 the operator
Lz has the (M.P.) in Ds.

3. If ca = 0, ca = 0 the condition (31} is not
necessary .

Proof. In the conditions (5). (6), {(28) the continuous
functions w in Dy has it negative maximum on the segments AB.
BBo,. AcA. Really the function (-u) satisfie the inegquation
La{-u) 2 0 in D; and from [4] it positive maximum is attains on
the mentioned segments. Now, wa prove that for function u any
point (¥o.0) of the segment AB cannot be a negative maXimum
point. Prom (28), through past to the limit as y = +0. because of
continuity of the derivatives usx, Uy, Usx. W& get that



[33)  Usese(x.0) + A2(%x,0) Upem.0y « oli{x.0) uix,0) +
+ ba(x,0) uy(x.0) £ O,

therefore

{34) (~Upepe(%,0)) # @(x,.0) (—Up(x.0)) + c2i(x.0) (—u{x.0}) +
bi(x,0) (=u,(x,0) 2 O.

From thiz inequality. because of the relations (5], (6) in a
pogitive maximum (¥o.0) of (—u), must we have

(35) Uy (X¥a.0) > O.
Really. in the pozitive maximum point (X¥e.0) for (-—u) we have
{~Usre(X0.01) € 0, (—Ue(¥a.0) = 0, —ui{xXe.0) > 0, and how
Cy(Xa.0) € 0 and by {¥a.0) £ O, because we have the relation (34)
wa must have (—Uy(xa.0)) < 0, 1.e. (35).

But, the relation (35) is a contradiction with the condition
{30). This prove that the function u have not in Dy a negative
maximum attaing on the segment AB. It remain then that negative

= o
, i8 attains on yhe segments BBo., Ash.

e 1
_FGF the domain D=, if the Dz is attain= in a point

0 e Dz % BBy we apply Theorem 3 from [7] and 8o we get a
contradiction with the hypotesis of the Theorem 1. Therefore
mIry ey
Dz = BBo. and =0 the Theorem 1 is proved.

Analogously wa have

Theorem 2. In the conditions of the Theorem 1 for the

solution of the ineguations (28) and (29) we have the relation

max D u=max u,=max [ u
o B, B,

where the operators D. and D- are defined by

D,u=-2% 2k (x) —:ﬁ

Proof. We use the Theorem 3(7].

Remarks: On the base of Theorem 1 we can obtain some
theorems regarding the wuniqueness of the solution for certain
boundary wvalue problem for the mixed operator L in the
domain D

5. Using some results of the paper [7] we can obtain a
strong estimation for the solution u of the inequations (28) and
{29) in which appear and the values of x, u, ux on BBp and the

wvalues of ¥, Lau on Da.



e

6., For p -0, q = -2 and ca = 0 on obtain an eapecial ly case
of some operator which has be considerated by L.E. Payne and D.
Sather in 1967.
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