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ON THE CONVERGENCE OF A SEQUENCE

Gabriella KOVACS

1. Intreduction. Our aim is to investigate the convergence
of the following seguence:

1) x.=a® , aoccursn limei, a0, belR, me1.

Observing that it may alsc be defined by the recurrence
{2) Xner = fi(xa). n=0,1.2,..., *o=beR
where f:R-R denotes the exponential function fixl=a=., it is
convenient to use proposition A or its variant B.

Some particular cases solved in a different way can be found
for example in (3] {(a=b=+2) and [4] (ae[l/e.1].beRk).

2. Preliminaries. First we give a proposition connected with
fixed points of a real continous function.

Froposition P.

(i} If the fixed point set F of a continous funection
f:la.b)~R (ack: bek or b=+®; a<b) is not empty. then 3 minF.

(ii) If the fixed point set F of a continous function
f:(a.bl=R (aelR or a=-m; beR: a<b) is not empty., then I maxF.

(1ii) If the fixed point gset F of a continouszs functieon
f:[a.bl~R(a.beR: a<b) i= not empty., then I minF and 3 maxF.

Proof .

(1) Set F={xe€la.b) |f(x)=x}ec(a.b} being bounded below, there
exista c=infFeR. In order to show that c-minF. it is enough to
verify cé&F. We have c:a and cixeFela,b), S0 c€la.b).
Consequently. f is continous at ¢ and fix)-fi{c) when x-c.
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Since c=infF, given any £ >0 there i= an alement xiEP such that
cixg=f(xg)<e+f . Letting £-0 we get X ~C and f[xE })=c. Therefore
f(®)=c when x=c. We conclude f(cl=c 1.e. ceF.

(ii} Similar with (i}.

{111} It is the consequence of (i) and (ii).

Using P we can formulate the following propositions.

Proposition A.

Sequence

(3) xo€R. =Xn+1=f(xn), n=0,1.2.... defined by means of a
continous and increasing function f:R-R converges if and only 1if

(i} fixo)=%xo (i.e. Xo€F.F denoting the fixed point set of £}

or (ii) f(Xa) e and Fx:xeF.x>Xo
or (1i1i1) f(¥e)<{¥e and F:xeF, xd{xg,
In cage (i) Xp=¥eo.
In case (ii) xp-min{xeF |x xo}.
In case (iii) Xe-max{xeF |x<xo}.

The sequence (3) is divergent if and only if

(iv}) [(Xo) %o and B :x€F.x*¥e (in this case xn-+@)

or (V) f(xoli{xo and Wx:x€F.%<{xs [(in this case x,=—o).

Proof. Since f is continous. if the sequence (3) converges,
then its limit is a fixed point for f.

(i} If f{Xo)=Xe we have x,=xo for any n=0.1.2....

(ii) In case of fixe)*s. the sequence (3) is increasing. If
in addition Ix:x€F,x>e. then the sequence (3) is bounded above
by L=min{xe€F |x>%a} whose existence results from P(i) applied to
fI[HmfﬁﬂJ. (Indeed : Xo{L: assuming Xk<L and using the mﬂnﬂton%ty
of f we obtain Xesa1=fi{xx)<f{L)=L}. Consequently the seguence (3}
converges., Denoting limxX. bv © we have xoif(xXal=¥itctl.. Since the
open interval (Xe.L) containe no fixed pointa of f, c=L is
necessary .

{ivl If fiXo)>xe and BPx:xeF.x>No. the increasing seguence
(3} is unbounded above. B0 xXn=+®. (Supposing sequence (3) bounded
above, it is convaergent to a limit ¢ which satisfies
Kolf({Xa)=mxsteo: ¢ being a fixed point of f we have a
contradiction. )

(1i11).(v) If f(xo)l<%xo. the seguence (3} i= decresasing.

Using P{ii) the proof is similar.



Proposition B (be#ing & consequence of A).

Consider the seguence (3) définﬂd by means of a continous and
increasing function f. Let d:R=R be the function dix)=f{x)-x and
D={xeR|d(x)=0}.

(1) If dixol=¥o. then ¥ =¥o.

{11} If d{¥e) *¥o and Fx:xeD.x>Xe, then xa-min{xeD |x>xo}.

{111} If dixe)>xo and B:xel,x>%o, then Xp=t=,

{iv} If d(Xol<xe and Dx:x€D,.x<{¥o. then Xp-max{xeD|x<xs}.

(v) If dixXe)l<xe and Ix:xel.x{xo. then x,=-—=,

Remark 2.1. Froposition A and B caracterize the started
values xo which make sequence (3) convergent.

Proposition A needs only the graph of the function f (as
compared to the first bisectrix) to be known {(including the fixed
points of f). Proposition B needs only the sign tabel of d to be
known (including the zeros of d).

Remark 2.2. If the function f in (3) is decreasing, then faf
ia increasing. 8¢ we can apply proposition A (or B) separately to
the partial seguences (Xan) and (Xagn+1). In this case f
having a unique fixed point ¢. the sequence (3) is convergent if
and only if Xan= ¢ and Xzn+a1= C.

3. Now we return to seguence (1){(i.e.(2)).

3.1. If a»1. f is strictly increasing. In order to apply
proposition A, we mpust consider three cases depending on the
number of fixed points belonging to f (see [Z2]). p.357).
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a) If arers€_ then f has no fixed points and according to
A{iv) ve have xap-+® for any Xo=bel.

by If a=-ei~&- then f has the unique fixed point x=e. Using
A(ii) and A{iv). for xXo=bie we obtain Xa=e while for xeo=bie we
get Xp=+o,

c) If ae(l.et” e}, then f has two fixed points: ci<ca.



Applying again proposition A, it follows that
if ¥o~b<ca, then Xp=Cci
if xo=b=cz, then Xp=Cz
if Xa=b>ca, then Xp=i+m.

Remark. These fixed points are separated by the zeros

_ dnlns 1 &
lna " Ina'
of the derivatives belonging to the functions ax*—x, xXxlna—-lnx,
Inx+lnlna—lnlnx, which result from the eguivalent equations a*=x,
xIna=1lnx, Inx+Inlna=lnlnx.
We also have ci=a<t >)=Cy=a® *a%=l=cy=-a® ral=a, S50

1 ._Jinina
l<a<c, <& y = 4 1 <oy

and now we can give some started wvalues for xe=b which in
case c) make seguence (1) convergent:

h=-dolna

1
any b<0, b=0, be(0,1), bul, bua, bue®, hus, bu—1_, o

3.2.1f a=1, then for any beR we have xi=xz=...=1 and x,-1.

3.3.If agi{0,1) then f is strictly decreasing, thus f has a
unique fixed point, denoted by c. Therefore, if seguence (Xn)
converges, then Xp=C.

It is easy to see that ce(0.1). moreaver cé&la.l):

2% =X fumo=1 30  8%X|u=a=a®-ad>0 a*-xX|xm1=a-1<0

We shall investigate separately the convergence of partial
sequences (Xan) and (Xan-1). applying proposition B to the
function (fef)(x)=a=" . This is strictly increasing, has ¢ as a
fixed point., and can also have other fixed points. We need the

table of signa for the function
dix)=a*"-x .

We know that d(c)=0. We hawve

d{x) =0ma * =x=x>0, S0 d(x)=0=a*lns=]lnx=]lna- I.n:nu ;

Since a*lna<0, it follows that Inx<0 and x<1. Consegquently., any
golution of the eguation d(x)=0 balongs to (0,1}
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We shall study the function

gix) =1na-18X op (0,1): g'(x)=XIXINE-1 . o/(s) 20 = xlnx=—L1_ on (0,1).
ar xa™ lna

The following tabel

x 0

h'Cxd=1+ 1l nx — === 0% * * %

b Ty = | ori iD-._____‘_‘_‘_.:%F._"_._.___-.E

and the relations

ﬁE [—%1 0} =lna €(—=, -g) =ac{0,; it.l
gshow us, that the eguation xXlnx=1/1nawg"' (x)=0
for 6°Ca<1l has no solutions:

for a=a°

has the unigque sclution x=1/e,
for 0{ace has two solutions £..8a verifying
0<Basl/e<Eadl.

We need the following limits:

lin () -11-{.1::-- .'! Jﬂl-—-*‘-‘, g(l) =lna<0

11‘ I’lﬂ-lhxbm 1_0Olna- 1--‘ g'i1) u-1¢0,
xa* a1 a

a) If e®a<1, then g' doesn't change its sign on the

interval (0.1}, 80 g'<0 and the function g is strictly decreasing

on (0,.1): since

lim g(x)>0
vl

and g{1)<0, it follows that there eaxists a unique c.€(0.1)
verifying gi{cas)=0<=>d(c,)=0. We conclude cy=cC.

The functions d and g have the same sign on (Ql); the
continous function d has no zeros on (—®,0jull,.+=), 80 we can
complete the following table:



Using the propeosition B, for any xo=béR we get that the
sequences (¥zn) and (Xan+i) are convergent to the limit e.
Therefore limxp=c for any xo=belk.

Remark .

We have c*l/e. Indeed, assuming cil/e it follows

4 1 i
=8 %:a8 "> (8™ "-.rl-;_

contradiction.

b) If a=e ", our conclusion is the same as in a). More exactly
now c=1/e i.e. Xa.=l/e for any xo=belk.

c) If 0<a<e®. we have

1 1
=ln-=Ina-1
gtl)-2_® -Ina-e, 6-8 _ .
] 1 i A 4
—'ﬂ' .-I‘ ._I-
a

The information related to g' lead wu= to the following

table:

f; 1

LIE

k] (] i-i
g'Cx2

- u] + 0 ~
@3 'm"‘“‘:,,f"""ﬁ"’“m Lna<0

We know that ¢ iz a fixed point of g. We'll show that
c€(Ex.Eax). It is enough for this (see the table above) to show
that g'(c)>0. First we notice that c<l/e (assuming cil/e it

follows

1 A
c=a®za *<(e™ '-mi—.

contradiction).
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Then the numerator of g'(c)l:clnclna—l=Inclna®—i=lnclnec—-1:>0,80
g'(c)>». Since c€(f..Ez)., gic)=0 and g increase on (£i1.Ea). we
get g(E.)<0. g(f=)>0. According to the last table., it follows
that g (and d) has three zeros on (0,1):
C1€(0,Ex). cE(Er.E2). c2€(E2.1).

Since on {(o,1) the functions d and g have the same sign and the
continous function d hasn't any zero on (-2, 0]Jull.®@), we get the
following table:

A
Ty f1 [ o 1«0l
-
=0 - - - e + + =+ E_tEEEI
AlEIle & & * B- — - B &+ 2 B -~ —

Applying proposition B, for xo=b&(—®,c) we get Xg.=ca: and
for ¥Mog=heElc.+m) we gat Hzgn=C=.
In both cases limMan#c, thus 1limx, does not exist.
It can be noticed that for Xs=be(—-m,c) (because ofx;=a*?>a“=g} we
have Xan+i*ca., while for xg€(c.+®} (bacause of X;<C) we have

Han+1"0q .
If ®%p=b=c, then obviously X,=xz=...=Cc, 80 limx,=cC.
Our final conclusion:
e
Cages depanding o7 a and b Bahaviour of (¥n)
el eda belRk X
a=gl g b>e Hgr 0
bia Xn e
b>cx o
l1{adal e b=ca Xri* Ca
b og Mt C1
a=1 beRk Xn=1-1
a—e{all beR K=
a=e—e belk Xn=l/e
beic, +m) Xan=Cz, Xzn+r=*Ca
0< a< a—e b=c K=
hE{-ﬂ‘. 1.'-'} ¥zn=™Ci. MXamsi"Cox
Sr———r——

Remark 3.1. The sequence (1) 12 convergent for any
%o=beR if and only if aele S 1].



Remark 3.2. The seguence

X, =a* , a occurs n trmes, a>0, nxl

which follows from (1) when xo=b=a. is convergent if and only
if
Y
acle ™, e *].

L
Finally we propose for discussion the case a=b=a" with %30,

4, In order to study other reccurent sequences, there can be
formulated different wversions of proposition A (and of its
variant B, as well),

Proposition Al. Let f:[a.+=)-R {a€l) be a continous and
increasing function. Let F={xe&l[a,+=) |fix)=x}.

Consider the seguence Xo€la.+®), Xp.e1=fixn). n=0,1.2...

(1) If f(%Xo)=%Xa. then Xi1=Xa=...="Xas and ¥.=xao

(ii) If fixo)>Xe and Ix:xXeF.X>%a. then xn—min{xEF|x>xn}.

{1ii) If fiXe) %o and F:xeF,.x>¥o. then X.=+o,

(iv) If fi(XeliXe and Fx:xeF.x(%s, then Xp-max{xeF |x{xa}.

(vl If fixo)li{xe and Fx:x€F,x{xs. then the meqguence

(¥nlnzo can not be defined.
Proposition A2. Let f:(-=.b)-R (beR) be a continous and
increasing function. Let F-{xe&(—=,b) |fix}=x}.
Consider the seguence Xe€i(—®.b)., Xpnes1=fi{xXn), n=0,1.2...
(i) If f{Xo)=Xo then Xi=Xa=...=Xo and Xn-=Xo.
{(ii) If f(Xa) *¥e and (3Ix:xE€F.x>xp or f(x)=b when xsb),
then Xp=min {x€F |x>xo} u {b}.
(iii} If fiXe)>Xs and Wx:xeF.x>%s and fixmw+b when xab, then
the seguence (Xn)lmnzoc can not be defined.

(iv) If fiXal<Xe and Fx:xeF.x{xo. then Xn=max{xeF |x(xa}.

(v) If fixo)li{xe and Fx:xe€F,. ¥ xa, then Hp=—mo.

Proposition A3, Let f:(a.bl-R (a.bel) be a continous and
increasing function. Let F={xe(a,b] |f(x)=x}.

Consider the sequence Xo€la,b]l, ¥paa=fi{Xg), n=0,1.2....

(i) If fiXe)=%Xo then Xi=xXa=...=Xpo and Xn=Xo.

(i1} If f(xo) >0 and Fx:xEF. X>Xo.then Xp-min{xeF|x>xo}.

{iii) If fi¥o)>¥o and Wx:xeF.x>%o. then the sequence

{(¥n)lnze can not be defined.



(iv) If fixol<xe and (Ix:xeF.x{xpo or f(x)=a when xwa).
then X,-max {a}l u (x€F |x<{xo}. h

() If fi(Xa)<Xo and Wx:xeF,.x<{xp and f(x)~a when xwa,
then the saguance (¥a)nze can not be defined.
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