Buletinul gtiintific al Universitdtii din Baia Mare
Beria B, Matematicd-Informaticd, vol.IX(1993), 1-8

ON AN INTEGEAL EQUATION OF VOLTEERA
TYPE USING A GENERALIZED LIPSCHITZ CONDITION

Vasile BERINDE

1. Introduction

In applications of the contraction mapping principle to
concrete problems an usual way 18 to associate a fixed point
operator equation. The problem which arises is to construct a norm,
equivalent to the norms of the spaces into considerationm, with
respect to which the operator in guestion is contractive.

In this note we shall give an "existence and unigueness"
theorem for an integral eguation of Volterra Cype using tChe
generalized contraction principle [2], when generalized norms (with
values in the positive cone of a real ordered Banach space) are

congsidered.

2., A fixed point theorem in K - metric spaces

we need some definitions and results from [1] - [5], [%]
concerning generalized norms, i.e., norms which take walues in an
ahstract cone K, and comparison operators g:K = K, which enjoys
certain properties in common with the map t -+ at, 0<a<l, but 1s not
necessarily linear.

Let (E, |1+1) be a real Banach space. A set KeE is called a
cone if

(il K iz closed:;
(ii} %, YeK implies ax+byeK for all a.beR, ;
(114} E ni-K}=i®}, where 8 is Lhe null «lement of E.



The cone induces a reflexive, transitive and antisimetrical
order relation in E, by
X sy if and only if v - x € K,
related to the linear structure by the properties
u = v implies u+z £ v+z, for each z e E
and
u £ v implies tu £ tv, for each tek, ,
that is, " £ " is a linear order relation.

The space E endowad with this order relation iz called an
ordered Banach space, while K is termed as its positive cone,

We say that the norm of E is monotone 1f x,veE, & 2 x £ v
implies 1= = Ivl.
The cone K 15 called normal if there exists &0 such that, from
x,¥ €eE, x,vy#B@ and x|l =1yl = 1 it results |x+vl > 5.
Eecall that if the norm of E is monotone, then K is a normal cone
[6].
Throughout this paper K will be the positive cone in a real ordered
Banach space (E, | <]} with monotone norm.
Definition 1.

An operator g: K - K i5 a comparison operator if

(1) 9 15 monotone increasing ;
{(ii) {g"ith}nEH converges to @, for all tek.
Example 1.

Let E = R, the real axis, with the usual norm. In this case

K=1R and a typical comparison function is ¢: R, - R, .,

pit) = at , 0<a<l , teR

+

Definition 2.

An operator ¢: K - K is called (c} - comparison operator if g
is monotone increasing and fulfils the following convergence
condition

(0} There aexist two numbers kg, a, 0<m<l, and a convergent

series with nonnegative real terms g a,



el (t) < mo*(t) + a,, for kxk,. Ytek

Remark.
Every (¢} - comparison operator is a comparison operator
since, 1f ¢ 15 a (c) - comparison operator, then (see [1], [2]} the

series z: g*(t) converges for all tek and, consequently, the
=]l

E gk L)

converges in E, hence condition (ii) in definition 1 is satisfied.
The function g from example 1 is a (c) - comparison function.
Definition 3.
Let X be a nonemppty set A mappling
d: X x X - K is said to be a K-metric on X if
(1} dix, v} 2z 8 , for all =,veX and dix,y)=8 = x=vr

(idi} dix, v} diy,.x) , for all x,veX ;

{1i1} dix,v} = dix,.z}) + d{z,y} , for all x,yv.,zeX.

The obtained entity: the nonempty set X with a K-metric d is called
E-metric space, denoted as usually (X,d).
Definition 4.

Let {(X,d) be a K-metric space and g: K = K a comparison
operator. A mapping I': X - X is called g-contraction if there exist
a comparison operator g: K = K such that

di{f(x), L(y})) = ¢ (dix,¥)} . for all x,veX
Example 2.

Let K = l_l_ and let g be as in example 1. Then a L—metric
gpace is an usuwal metric space, while condition (2) becomes the
wallknown contraction condition.

Remark.

In a K-metric space the concepts as [undamental seguence,
convergent seguence and complete K-metric space are defined in
gimilar manner to the usual metric spaces.



As shown by example 2, the following result iz a generalization of
the contraction mapping principle [2], [3].

THEQOREM 1.

Tet (X,d) be a complete K-metric space, where K is5 a normal
cone and f: X - X & g-coantracltion where g 15 a (o)-comparlison

e rd o,
Then
1} F, = rx*}, where £y = lxeX 7 Fix) = xi;
2) The sequence (xp}, . » X, = Lixy ,J , nzl, converges to x”,

for every .mﬂr_-‘.i'f:

3} We have

a{xﬂ,x*J = sildixp, Xpat/,

where sit) denote the sum ol the series (1);

4) Tr, in addition, ¢ is subadditive and Lhere exist pek, p#o
and a mapping g: X - X, g0 that

diffx), gifx)) s n , ltor all XeX,
we flave
div,. X'} s g+ sg) + side,, x.,)).

where ¥y, = go{x,).

Remark.
when K=R, and @ is an in example 1, from theorem 1 we obtain

the contraction mapping principle [9], [10].
3. Integral equations of Vollterra Type
et us consider the following Volterra eguation

uix,v) = A His, t,ulg, ) )de dt + hix.¥v), [(x.y)eD,

ot
ot

where AeR,D = [0,a]lx(0,b], HeC(Dx R), heC{D) . Let X be the space

cCiD), endowed with the usual nDorm.
We denote by K the cone of the positive functions from X and we

detine a mapping [, : X - R, 0¥ Jul, = |u|, for sach ueX.

1t is obvious that §-l, is a generalized norm on X, that is



{i) lul, = 8 for each uex and lul, = 0 if and only if
u =@, the null function:

{ii) laul . = |1|-Vul,, for each uex and any AcR:

{1ii} lu + v, <lul, + Ivl,, for each u,vek.
BY other hand, K is the positive cone of X endowed with the
Cebigev's norm, which is monotone, hence K is= a normal COne.
The partial order induced by K on X is given by
Uusveulx,v) £ vix, v}, Yix,v)eD.

If we consider the mapping T : X - X, defined by

L

¥
T ulx,y) = A J'H{S; t,uls, t))ds dt + hix,¥), (x,y)eD,
[

=

we conclude that every solution of equation (3) iz a fixed point of
T and vice versa. Thus we obtain the following result regarding the
existance and unicity of the solutions of equation (3).
THEOREM 2.
Assume that
fil H e CfD x R and hecip);
fii) There exists g funetion g: D x R, - R,, integrable
with respect to the first argument and monotone increasing with
respect to the second argument, i.e, gi{-, -, u) is integrable on D
for fizxed uweR, and
Uusva-=gix.v.u) = gix,v.v)., Vix.v)eD,
such thar
JH(x,¥,u) - Hix,¥.v]| = gix.y, fu-vf{}, for each
(x,.¥! €D, u,v R, ;
f1ii) If 9: K - K is defined by

X ¥
? ux,y) = A [ [ g(s,t,uls, t))ds dt,
a g

then there exist a number a, O<a<l, and a convergent series of

nonnegative terms .Z; a, . such that



P=i(r) < mpXir) + a,, for every reK, kzk.|fixed)

Urnrder Lhese assumptions the eguation (1) has a unigue solution @,
whickh may be obtained by the successive approximation method,
starting from an arbitrarv edement UyEX.

The sequence ot succesive approXximations, [”p:pEH' is given bv

u,(x,¥) = i His, t,u, (&, t))ds dt + hix, y),

-:"'—..1;,
i:"'-—-._'t

and w«e have Lhe tol lowing estimation
fu, - ul, = s{llu, - u,.l.).

Froot.
From condilion (4) we deduce that @ Is moncotone increasing and

from (111} 1t results that ¢ 1s a {(e}-comparison operator.

From {591 we obtain

ITu - Tvl, = |Tuix,¥) - Tvix, ¥ | =

| His, e, uls, £)) - Hig, &, vis, t)) | desdt | =

.-_||——..‘_'\-q_-

=[,:LJ|'

x
s &l [ [ | His tiuts, 60) - Hs, t,v(s, ) | ds dt s
4l

a

¥

< (4| _{IQ‘(E,I:. luis, £} - vis, ) |dds dt = ¢ (Ju - vi.},
a4 O

that 15, T 1s a g-contraction.
Now tTheorem | completes the prool.

Eemark.
It His,t,uls,t)} = Gig,t)-t{uils.t}), we obkLain a Volterra

integral equation with devialing argument.
For fit} = t, equation (3) i3 just the Volterra integral egquation

in the two dimensional Ccase.
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