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ON THE APPROXTMATION OF THREEVARTATE B-CONTINUODS
FUNCTTONS USING BERNSTEIN STANCU TYPE OPERATORS

Dan BARBOAD

Abstract: A constructive proof for a uniform approximation theorem

of a three variate B-continuous function is presented.

l. Introduction.

Let us denote _'L:Jr = [0, 1]x[0,1]x[0,.1] and 1-“‘[1;,|]I-{f|f:I:,i = R}

1.1. Definition [9]: The operator &3: FE13] -~ F{I,), defined by
(1.1} A (f;M,M') = f{x,y2) - £(x'.¥.2) - fx,¥",2) - fix,v,z2"} +

+ flx.v'.2"}) + E(x",v,2"} + fix",¥".2') - E(x",¥'.2'}), i called
foperator) threevariate difference of teF{13} aon [M,M'] where
Mi{x,¥,2) and M'(x',v'2") €l,.

Tt is easy Lo see Lhal ﬁ3 is a linear operator.

1.2, Definition [9]: The function fEF#IJ} iz rcalled B-continuous ohn

H{x,y,:]EIj if:z

(1.2) lim A,(f:M, M) =0
M=y

If f is B-continuous in every point of Iﬁ then f is called
E-continuous on T4. We denote by Chﬁljl = {tEF{I3}|f‘B—uuntinunu5
o1 13] and C¢13] = ifeF:13}|f—cnntinuuu5 on Ijl.

1.3. Lemma: Tf feC, (I}, the function geF(I,)} defined by

(L.3) gix',.v'.2') = f{x",v.=&5] ¥+ fix,¥v";z2}) +ix,v.2"}) - E{x,v¥",2")~-
- fi{x",v',z'} - fix',¥'.2 ) + fi{x',.v'.2) 1ic continuous on I,.



@

Froof: Let Htx,y,zﬁeIﬂ fixed and M[x‘,y'a'}ET3 variable.

It is easy to see that gi{x,v.z) = f{x,v.,2) and glx,v.2)-
-gi{x',¥",&") = A4{f; M,M'}. From this relations we have

lim [gix.y.2) - gix',3".27}] = lim A (f; M. M) =0
NM WM

and therefore g is continuous aon every point M{x,v,.z)} of I
1.4. Definition [9]: The function feF[I3J is called B=bounded on Iy

1T we hawve:

(1.4) |A{E:0,0) | s K, (V)M MEeI, where K»0.

B direct conseguence ol lemma 1.3 is

1.5, Lemma: If feﬂb[IEJ, then £ is B-bounded on 13.
#. Fundamental polyvnomials of Bernstein Stancu type.

In this section we will present some concepts and results from
[31, (41, [5], [13] which will be used in our paper.

We denote bv aHLﬁ] the factorial power of p order and &
parameter of a, i.e. alP:dl - ala-8)(a-28)...(a-(p-115).
2.1 Definition: If a=c(m)20, B=R(n}z0, y=y(l)z0 we denote by

Wy jlx.ad, Wy sly,B), Wy (2, 4) the polynomials:

| 14, -a] — ) [, -al
(2.1} Wni{x-'} -('ﬂ_‘llllx &l {1-x)
i .1," l[l'.--l]

M) 4Bl {1 -y -3, -B]
(2.2} Wy y(v. B -‘j}}. 1{[::.-1:1:'

1 H gle=vl [q_g) [-ky]
(2.3} W_Ili_-{gr'r}l n(k} 1[1.‘1"]

The polynomials (2.1}, (2.2} and (2.3) are called fundamental
polvynomials of Bernstein Stancu type.
The properties of the polvnomials (2.1), (2.2}, {2.3) are contained
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2.2, Lemma [3], [5]: The fundamental polynomials ol Bernstein
Btancn tyvpe satisfies the inegualities:

5
B
[,

. . 2 m? ik
(2.4) POk D B (i-mx)?W, ;(x, @)W, ;(v.B) W, ;(z.¥) < Y oLy ()
. il 0 1 . 3 : 1
(2.5) o2 (F-ny)*W, ;(x.a) W, ;(¥.B) W, y[z'.'r! SW{ +@}

[

E
i
[=]

(2.86) (k-12z)3W, ,(x, &) W, (y.B)W, . (z,¥) < 1_"’{%”}

4{1+y}

m v 1

P T ?:; E E (1-mo)? (F-ny) W, (2, a) W, ;(y. BIW, (2,v) <

mn 1
* Te(i+a) (1+P) {_ bt

i
(2.8} E E E (1-mox)? (k=-12) W, ;(x, 2} W, (¥, PIW, (2. 7) <

mi i
- 1ﬁ{1+u}{1+ﬂ{ e

1
(2.9) E E E (F-my) 2 (k-12) 2N, s (x. o) W, (v, BY W (2, ¥) =

nl
TR (e B ()

3 n

1
{(2.10) E E Z_‘,o (i-mx)? (F-ny)? (k-12)2W, (x. &) W, (v, BIW, (2, k) <

mnl L =
: Ed[l+=:li1+|3]{1+*r]" o) +ﬁ” )
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3. The uniform approximation of the threevariate B-continuous

lunctions

Let fgF(I,). We dencte by P.E"'”f, Pn[?'”f, P,E"”f the parametric

extensions of the univariate Bernstein Stancu type operators,

defined bv:

&
S [x.a] : = % _-_l'-_l
(3.1} (P F) (x, ¥, 2) ; W, (x, a) f{m ¥, 2)

(3.2) (XM (x,y, 2) DL FIEY B £ix. 2L, 2)
i

£
(3.3) (BFUH (my.D = T Wtz flxy, )
k=0

4.1. Definition. The boolean sum of the parametric extensions

(3.1}, (3.2), (3.3) denoted by BIu%Vf - plea@plvPigplerl g

defined bv:

{3 L4 Ir‘.ﬂ‘r.-'fﬂ - P.{Ii al _I_P.ﬂb": 1] +P§Ef-r] _F!!:Ia x] Pnl-.:l"a-“ _P.[I.rﬂl Fj[l-'!'] __PHL'I":F] P.I[:rﬂ e
+ P!!:Frﬂ]PI!fa Bl P_I[‘I Tl

The operator (3.4} associated +to the function fet'(I,) the

pseudopolynomial in Marchaud sense [8] defined by:

(3.5) (E%hMH (x5, 2) = ;W.,iix:uiwm_f{}nﬂi W, o (Z,7) | ffi%.mzl*
&0

. f{x.-ﬂ:.z} +f{x,}r,—§:~fc%,ﬁ,z}—fi%.y,§m~f{x.%.§>

i 7 k
+f{?-%,7:- |
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The main result of this note is:
3.2. Theorem: If:

.l!..nl fE'Eh{Ig:I
idl a=& (M0 (mw), B=f{n)-0 (n-=), y=y(I)-0 (I-=)

then the row | Baali™Fl, . 1en - with the general term given in (3.5)

is convergent teo ¥, uniformly on IJ.
Proof. We consider the approximation formula

(3.6) f£a=Bulk" reriMN 1
and we will show that Rr::;_"l"” - 0 , uniformly on I,.

From (3.%) and from the identity

m fa ] i

fE ; ; W, (x,e) W, (¥, B)W, (2,9} =1 proved in [13], we obtain:

1] L] qa

(3.7) | flx, v, 2) - (Bl A (x,v.2) | 5

s; g g; Wy ilx. ;) W, ;(yv.B) W, (27) -

. i 1 x
A, (f: (xy.2). (=, L. 5)) |

Let {V)e0. Because feC,(I,) ., in the points of I; in which we have:

(3.8} |x—§:i < 8§, 1}-"—-:-';;| < &, |z—-%| <& the ineguality

; d, k LI
|ﬁ3{fr {xl.}'rl z}! f I3 nl 1::'}' < E 15 1'.]__1.I|.=!'.|.

B
m
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We denote by:

8, - the sum of the terms from (3.7) in which the inegualities
(3.8) are wvalid

ﬂg = the sum of the terms from (3.7) in which only the first two
inegualities (3.B) are walid

5, - the sum of the terms from (3.7) in which only the Lirst and
the third inequalities (3.8) are wvalid

54 - the sum of the terms from (3.7) in which only the second and
the third inegualities (3.8) are walid

55 - the sum of the terms from (3.7} in which only the [irst
inegquality (3.8) is walid

8e = the sum of the terms from (3.7} in which only the second
inequality (3.8) is wvalid

8q - the sum of the terms from (3.7} in which only the third
ineguality (3.8) is valid

8¢ - the sum from the terms from (3.7} in which the three

inegualities (3.8) are not walid

Using the sums S5,(i=1,8) . we can write the inequality {3.7} under
the form:

- |
(3.9) | fix,y. 2} - (BISHY £) (x,p.2) | < ?:3,
=1

In 8; we have 1x—1—':.r|{ﬁ, |jr—-§|{-ﬁ, Iz-%|{ﬁ and from here it results

| &3 (EF; (2. y.2).( "i“_%}}l{_g . We obtain the ineguality:

i
m

m o

I
£
(3.10)  §<= g g Dﬂu.ifﬂhﬁl Wi (v BY Wy xlz,y) = 2



)

In 8, we have |z-—.§| z 8 ., from whiech we obtain:

(k-12) - (k-1x)% o
2 z &7 12&2 1
& 4 7 k Ak-1z)2, N R
Ay ey oz (502 50 ) s SR AL (Fr (xy 2 (2, LK)
Using the lemma 1.5, the function f is B-bounded on IJ'
We denote by: j."-': Hr.l,? { |A, (£ (x.5. 2}, [i -1 -j—:}}|
X, N, 2 BTy
|.'I='l|:|;ﬂ'|'r j=ulnf hmi lz_%llaf 1x_:_i|{ﬁf I-IE"II'-_..;,I%|'i:.ﬁ } . LI-EiI'.I.Q Lhe

ineguality (1.10), we obtain:

. 4 1
482 (1+y) {Tﬂr:l

3.11} &5 ¢

Taking account of the relation lim y(I) =0 ., from (3.11}) we
Ty

obhtaimn:

&
3.12 5 —
( ) &< <

Similarly we can prove the inegualilies Si{_s.{j=jrﬁj

We conclude that for (¥) g»0, the inequality:

|£{x,¥.2) - {B,f""ﬂ ) (x,¥,z) |<e, (V) (x,¥,2)€l, hold. This

inegquality shows that RM%:%Y r£-0 and the theorem is proved.
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3.3 Remarks

1) For a=p=¥=0 we obtain the result of [9].

ii) From the lemma 1.5 it results that the B-boundarvy condition
from [9] is not necessary.

ili} The result of the theorem 3.2 is true on every compact of

B?
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