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ON S0OME MEAN VALUE THEOREMS FOR REAL
FUNCTIONS OF VECTORIAL VARTARLE

Maria §. POP and IToana GORDUZA

Tn this paper we consider a number of generalizations in R" of
the clagsical mean value theorems for real-valued functions of one
real wvariable and some of their conseguences with geometric

interpretation.

Throughout this paper D; El;]n denotes a conex domain, <, » the
canonic scalar product of two vectors from R', | | the euclidean
norm in B* and for a,beR, [a,b]=IxEIF; x=a+t(b=a); tell,Il.

THEOREM 1 lLet Ff.g: D - R be rontinuous functions on fa.bl;
a,bep such that the gradients VW and Wy exists For all xela,bf.
Then there is at least one cela.bl such that

{(Fib)-Fla))Vgle) - (gib)-gla))Vf(c), b-at =0 {1)
PROOF. We consider the function F: [0,1] - R given by
Fit) = (Fib)-Ff(a)) ((gex) (£)—gla)) - (gib)-gla)) ({fex) () -f(a))
where x: [0,1] -~ [a.b]; x{t) = a+t({b-a) .
obviously F(0)=F(1)=0, F is a continuous functiom on [0,1] and
F'(t) exigts for all te]0,1[, hence there is at least one (el0.11[

for which F'({)=0. According to the rule of the composed functions

derivation we have
FI{Ly = (Fib)-Fla))l Ygic), b-al-(gib)-gla)) < VE(c),b-al =10

where c=a +{(b-a), and this gives the result (1].
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COROLLARY 1 (The generalization of Cauchy's mean value
theorem}. Let f,g: D - R be continucus functions on [a,b], a,bed
such that VW, W exist for each xela,.b] and <Wix), b-areld. Then
gialeg(b) and there is at least one cela.bi such that

f(b)-fla) _ (Vf(c), b-al (2
g(b)-gla) (Vglc),b-a)

This follows from the theorem 1 and Relle's theorem applied to
the function G: [0,1] - R; G=gex where x: [0,1] - [a.b]:
xl{ti=a+t(b-a). Indeed, gl{al=g(b}, therefore G{0)=G(1}) implies that
Ielo,1[; ¢'{{}=0 and that contradicts the hypothesis <W%gi(x), b-
ar=#0 Wxela.bl.

COROLLARY 2 (Lagrange's mean value theorem). Let £f: D = F he
a continuous function on [a,b]gh such that for each xegla,bi, Vix)
exIists.

Then there is at least one cela. bl such that

fib)-fla) = Vf(c), b-al (3}

This follows from the corollary 1 for gix)=<x,b-a>, because
VYa=b-a and g(b)-g{a)=lb-al 2.
Remarks 1. The results of theorem 1 do not implie
{(fib)-f(a))Vgle) = (g(b)-gla))VFfic) .

For example if £, giR*-R; flx,.x) = x+2x,; glx,x) = x,-x, then
(gib)-gla) )VE(x) » (F(b)-fla)) Vg(x) for all xeR® if awb;
2. The relation {1} can be written
(£{b)-£f(a))d({f{c),b-a) = (g(b)-gla))blglc),b-a) L

where &G(hic),b-al denotes the directional derivative of £ at ¢ on
the direction from a through b.

The gecmetrical interpretation of Corollary 23:

The continuous function ¢: [0,1] - DxR defined by

t — {(a+t{b-a), fla+ti{b-a) ran be regarded as a {(simple) path

in DxR([1]}. Because §' () exists and ¢* (C)=(b-a, (VI(x(t))}.b-a>»)=0
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for each te]0,1[, the path ¢ has a tangent at each point other than
endpoints A = ¢(0) = {a, f{a)); B=@{1l) = (b, f(b)) , with direction

!
_J[jfi_ « Corollary 2 assgerts that there iz at least one

I/ (e) ]

intermediate point (e, f{c) of the path ¢ at which the direction of
the tangent is the same as that of the chord AB, or, equivalently,
there is at least one point of the graph of f at which the normal
{Vfl{c),-1} to this is orthogonal with the chord AB.

THEOREM 2 [et f: D - R be a continuous function on [a.bleD,
such that the gradient VFf exists for all xgla,bf. Then for each
d=a+t (b-al; teB\[0,1], there is ecela,bf such that

laf (b} -bf (&) -d{£(D) -£(a)) , b= _ (yr(c), ood )-£(e) (4}
Ib-a :

PROOF. The functions f*,n: [a,b] = R

Fix) 1

f‘(x} == m H gf}f} = —Em Are EDI'IL'L!'IHDHE oI [a.-b] and
; . b-a
differentiable on Ja.b[. Because Vog(x) @« =——"= _ w0, b
7 Ge—d, b-a? v
corollary 1 there is at least one o€la,bl such that
\a=d, b-alf (b) - lb-d, b-aif|a) e WE{ec)le-d, b-al-(b-a) f{c) , b-a) ‘

la-d, b-al - ib-d, b-a} Ib-a?
By the properties of the scalar product and the colinearity of c-d

and b-a we have:
{ WE(c) , b-al le-d,b-a } = | VE(c),c-d } |b-af?

and therefore this gives ({(4}.

Remark: TIn particular, the case n = 1 gives the Rotaru's
theorem [5].

The geometrical interpretation. The theorem 2 asserts that

there is at least one intermediate point [(c,fic)), cela.bl., 50 that
the straight line {¥) in IP+1'which focuses the points A={a,fl(a)},
B=i{b,fib)} of the graph of £, the straight line "verticale", x=d,
d=a+t{b-a}l; CeBM\N[D,1] and the Langent hyperplane at (c,fic}) at Lhe
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graph of I are concurrent.

COROLLARY (The generalization of Pompeiu's theorem [3]).

Let f: D - R be a continuous function a,bel such that b=la, 10 and
Vf exists for each xefa.bf.

Then there is at least one cegla.bl such that

{ af({b) -bf{a) ,b-a )

= ? » - l
T {VE(e), e )-F(e) (%)

THEOREM 3 Let f: D » R be a continuous function on [a . bJad,
differentiable at Ja,b{ and such that «VFfix),b-awl, Yxegla, bl (that

implie fia)affhl). Foar esach pr_—‘]ﬁ,imffa iYL }'ma'{a bj=|l'ff‘1;‘ijx;__—£a:bjj
L ¥
there I egla, bl such that

{af(b)-bfla),b-a) | B _leb-al) _ Fle)-p (6)
(£(b)-fla)) |b-af  f(b)-fl(a) \b-af (Vilc) , b-a)

PROOF. The functions f'*,g: [a,bB] - R:

* = |:. I;b‘-ﬂ } . = 1
£*{x) o= rn P Tix) 'm

Vg exlist for each xela,b[.

|
are contlnuous on [a,b] and ¥ ,

Because { Veg(x),b-a}= - (VE(x) . b-ai , 4
(Fix)-p)?

by Corollary 1 of

Theorem 1 we have (6).

COROLLABY Let f: D = R be a continuvous [function o [a.bfed
such that Fix)»0 Yxela,.b] and VE(x) exist <VE(x), b-arald, Yxela.b/l.
Then ffalf{b) and there is cgla,bl such that

(af(b) -bf(a) ,b-al _ s £le) :
f(b) -£{a) teb-a) e a7 W aF (7)

In particular, the case n=1 gives the Ivan's theorem [3].
The geometrical interpretation of theorem 3.

The relation (&) can be written

a-c,b-a} . p-£(a) fle)p :
T i 1 B TV TP T terl




25

Because {a—c,b—a}{?ftc].b—a={a*c,?f{ﬂ}>lh—a|3, from (6') we have

p-fia) L e R = %
{a+ 7(B) ~£(a) (b-a) -c, Vf(c)l-(p-fic)) =0 {6")

This shows that there is at least one point (e,fic)) of the
graph of f such that the tangent hyperplane in this point

-c, VE(e)) - (x,,-f(c)) =0 ,

the straight line which focuses the points (a,flal)), (b,fi(b)} of
the graph of f and the hyperplane X +]~H are concurrent.

In the sequel weill prove a very interesting property of the
intermediar point defined by wvalue theorem 1.

THEOREM 4 Let f,g: D - R be the functions of class c2(D), let
aell such that «Vgfx),x-a*e0 for all xeb\fal! and dgff&}dgfaJ#
;ﬂjgradefaJ‘ By theorem 1, for all xeD\fal there is at Jeast onco
point c’xE‘_.i'a,x.lf such that

(£ix)-flalVgic,) ,x-al = (gi(x) -gla) ) Vfic), x-a)
amnd
IE:_‘HI o

1
1 = = 8
Eﬁ—al 2 t4)

PROOF Let e=(ej.,e4,...,e ) be the unit vector in R'. Because
I iz a convex domain in IF. for all xeb such that x-a is ocollinesar
with €, there is the compact interval IcR such that x=u+txn; thl'
Obviously e=a+t e; |t |<|t, |; t t,>0.

The function F: I-R; F(t) = (f{a+te)-rla)){Vgla), e -
- (gla+te) -gla) )VF(a),e) is of class C2(I) and

Fl{t) = Vfia+te), e Wgla),a) - Vgla+rte), e Vfia), s

F(t) = "EH (a+te)E Wg(a),e) - EH_(a+te) E (VF(a), e

whera Hf{a+te}: Hg[a+Le] are the Hesse-matrices of f respectively
g in the point a+te and E=Tfel,..‘.e“]EJﬁﬂi]{!}-
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Because F(0)=F'(0)=0, by 1"Héspital theorem we have

Flr) F Et} 1 1
= 1im = i = W L
lim 2 ol 2];rlmjf' [E) — F{Q) (9]

But, F(t) = (fla+te)-fla))Vgla) -Vgic), e +
+ (Fla+ter-fia) ) Ngic), e - (gla+te)-gla) ) FF(a), e

and by theorem 1:

F(t) = (fla+te)-f(a))Vgla)-Vglc), e +

+ (gla+te) -g(a) )\Wf(c)-VFfia),a .

Since

14 mFl'rt} ¥ mflin-‘.+i'-‘E]| -fla) 1 m{?ﬂ'fﬁ} -?Eh‘: a4

0 2 £=a

< lim g{a+te}| -gla) 1imd V() =-VF(a) o o
£~ L

= -{Vfia),e (lim 'Fg[ﬂ}—"i’gta} éllim L‘ +

] E

+ (Wg(a), e (1im YE(S) -Vgla) oy q5p e |
E_~D E =g E

o

- 1im-¢ (tEH,(a) E (Vgla) , &) - °EH.(a)E V£(a),a) .
t~0 L o

E s
As L t_»0 we have —£ = J5-2 and thereflore
Gl t, lx-a

1imFLEY | pipde=al . prgy (10}
P x=-a lx-al

From (@) and (9) and because of the hypothesis F"{0)ed, we have
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" . . . -al 1
leJE—E! = 2 for all directions e, that is limjgi__.= _=
=0 fx-al| 2 x-a |r-al 2

Remark The theorem 4 generalizes the Popa's result [4].

ABSTRACT

In this paper, the generalization of the Cauchv's mean value
theorem for real-valued function of vectorial variable in ]? anid
gome of their oconsequences with geometric interpretation are
considered. We also prove an interesting property of Lhe

intermediar point defined in the mean value theorem 1,
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