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S0OME HERMITE-BIREHOFF SPLINE INTERPOLATION
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0. Summary. It is copsidered an interpolating Hermite-Birkhoff
problem of a given function by polynomial spline of degree
Zm+l. The spline interpolaticon is construsted such +Lhat i1t
interpolatez Lhe derivatives of function up to the order m at
the knots of a uniform partition and the values of function at
this =snds=s.

Following particular results cbtained in [2£,3] the even-degres
case was Lreabed in [113.

Construction, existence, and unigueness are giwven for tLhe
spling interpolation function.

1. Statement of the problem Lest £ be a uniform parti-
Ltion of the interval [(a.,bl, 1. Lhe knots are given by x£=n+kh,
k=0,n+l, h=Cbk-al. Cn+12.
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Em+1
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Eﬂh} the =pace of polynomial =plines of
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Thersefore = = rém+1{bh] if and only if = &= g [a,b] and its
restriction to any subinterval [Ek'xh+1] iz a polynomial of degree
Zm+1 .

Let consider the problem of approximating a functieon £

cn [a,b)l] by a spline funcltion = Cﬂhj such Lhat
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2. Two-point Hermite-interpolating polynomial. There

exizts explicit formula for the Hermite interpolating polynomial
of degres p+g+l which matchezs g and its first p derivatives at the
node o, and also g and its first g derivatives at the node o

[4]. Mamely, it has expressicon
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where the fundamental Hermite interpolating polynomials are given

by
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Lemma 3. Following relationz are zatlisfied
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The three lemma=z are immediately obLained ax particular
cases of the fundamental Hermite interpolating polynomials.

Proposition 4. For polynomials=s Am iftj and Em jﬂtb W

have following formul as
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Froof. The first group of relations is

into account. that a;u}

For the second
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Using theze expressions the second group

relations is cbtained.

cbtained 4Laking
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group of relations we have zuccessively

> A BE)v] -

gl
5 e efs e

= {—L:-H[m;y] [‘Em-jﬂ]: j=0,m, p=0,m-j.

m+pa+1

of recurrence



42

Froposition 5. The fundamental Hermite interpolating
1 :
pol ynomials Am l.ttt:- ard Em J.'::t:- satisfy
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On the other hand, indentifving the coefficients of L
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in the two developments of {1-L2 = C1-t2 we have

in the right side that is 1 and in the left side is given by
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Hence it is obtained the =second formula of CH),
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The Formulas For Em"‘;”cm —— A;’“l“cm are similarly

calcul ated.

3, Existence and unigueness of =zpline interpolation., Lst

= ™ sfixi}. k=0,n+l , be conzidered as unknown parameters,
excepting X erﬁj' and iy foh+13. On each subinterval

X 03 Ly there exists uniguely the Her mi L& interpalating

polyrnomi al of degres 2m+l which matche=z £  and 5k+l.and the first

k

m derivatives of f at , an-d LN The =pline interpelaiicn

function S, on xk‘“k+1] is conzidered to coincide with this

polynomial. It remainz Lo determine the parameters = k=l ,n, from
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the continuity conditions
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Theorem 6. The conzidered Hermite-Birkhoff spline inter-—

polation problem has a unique selution =_eF [ﬁ 2 if and only if

2m+1

Cid mis an even pozitive integer and n is any positive
integer, or

Cii3d mis an odd positive integer and n is an even positive

integer.

Proof. When xﬂl}i’“i+i] using lemma F it re=ults that
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and bazed on the continuity conditions €103 the linear algebraic

systam follows
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for k=I,n, with =n=fu. and =n+1=fn+i'

An esquivalent form of this system is cobtainsd when pro-
position § is considered:
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for k=1,n.
For even m the determinant of this linsar system is
different from zerc and so it has a unique solution. Therefore, in

this caze = = rém+1cann unigquely existis,

When m is an odd positive integer and n is even Lhe
solution of the linear algebraic system is giwven by

5k+1.=kf1+ bk - k=l R,...,n=%1,

and

T B T hk '

this finlizhed the proof of thecorem.

E=n.n=t:.. ..
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