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GENERALTZED CONTRACTIONS IN UNIFORM SPACES

Vagile BERINDE

1. INTRODUCTTON

Banach's fixed point principle in metric spaces Was
generalized in (9], [10] to uniform spaces as follow (s=e also
[1211).

THEOREM 1. (N. Cheorghiu’s theorem}.

Let X be a Haussdorf segquentially complete uniform space with
pniformity defined by a saturated family of pseandometrics (i} jere
I being an index set. Let F: X -~ K a map with the properties

1) There exists a: T = I, g: I - R, such that

d(£(2) , E(7) s @udyy (X, y) . V¥ 1€T, ¥ X, yeX;

3) The series
E FiTe i1y -+ » Tar(4) (%, ¥)
nal

is canvergent for each iel and each X,¥VEX.
Then f has a unigue fixed poinl.

Also, the same fixed point principle was extended in [2] Lo
generalized contraction principle.

THEOREM 2.

Let (X,d) be a complete metric space and f: X - X a g-contrac-
tion with @ a (c¢)-comparison function, i.e. a map which satisfies

the following condition

d{fix),fiy)) s oldix,¥)) . Wx, yEX. (1)



e

Then ¥ has a unigue fixed point x*Eﬁ, and fﬂrxﬂl -~ x as n - = for
each x,eX (here ! stands for the n-th iterate of f).

Moreowver

d{fo{x) . x") < s{d{x_,x_,)} . neN . (2)

where sit) denote the sum of the comparison series

Y oF(e) , teR, . {3)
k=0

The purpose of this paper is to extend theorem 1 using the concepls
involved in theorem 2.
2. COMPARISON FUNCTIONS

Referring to generalized g-contractions we shall folow, both
in terminology and notation, the monograph [12] and the papers
[13]. [2]1., [3].

DEFINITION 1. A function g: R, - R, is called (c)-comparison
function if

{u) @ is monotone increasing;

{v) There exist two numbers kﬂ,h,nﬁhﬁl and a convergent series

with nonnegative real terms gak , such that
1

pHi(t) s be*(t)+a, , for kxk, , YteR, . (4)

REMARKS .

1} If g ia a (cl-comparison function then {see [2]-[5]1) the
series (3) converges for all teR. Moreover, the condition (4} is
necessary and sufficient for the convergence of this series;

2} For every comparison function we have g(t)<t, if t>0, hence
every g-contraction is a continuous mapping;

3) For glt)=at, 0ga<l, from theorem 2 we obtain the well known
Banach mapping principle;

4} There exist nonlinear compariseon functions and also,

discontinuous comparison functions, see [13], [3]-
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Thus, the study of generalized contractions, in metric or uniform
spaces, is motivated by theoretical and applicative argquments.

To obtain the main result of this paper we need the following
concept.

DEFINITION 2., We cay that a familly "i}iel' ®;: R - R 1€l,
is a (c)-comparison functions family with respeclt Lo a: I - T it

(i) g; 1s monotone increasing, for each 1€l;

{ii) For each iel, there exist a convergent series with
-
nonnegative real terms Ea,ﬁ‘" and a number be[0,1}, such that for
1
sach function t: I - R, the following condition heolds

(910000 - - Wakn) (€5) 2 DB 2Py - - "Parriyy (Eain) +
+ &y, for k:N (fixed)

LEMA 1. If (g;) ;g 15 a family of {c)-comparison functions with
respect te a: I - I, then the series

Ey * E (9o ®e - Paks (Egqn) o (6)

is convergent, for each t: I - R and every 1gl.

PROOF. We apply theorem 2 [4].

BEMARK. A family of {(c)-comparison functions with raespect to
the identical map a=1, is, in fact, a family of {c) —comparison
functions in the usual sense.

3. = CONTRACTIONS TN UNIFOEM BPACES

The main result of this paper is the [ollowing.

THEOREM 3.

Lot X he a Haussdorf sequentially complelte uniform space with
uniformity defined by a saturated family of pseudometrics f”ijiEI'
and let f: X - X be a map with the property that there exist a
function @: I - I and a family f'i}jff af (c)-comparison functions
with respect to @, such that

d(F(x),£(0) < @y ldyy (X,¥)) , Vx,yeX, VIeI . (7)
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Then F has a unigue fixed point x*, and r"{xﬂj - x AS A - =
for sdach xﬂEﬁ_

Moreaver
dylxg, x*) 5 8y(dy (X, 2,,)) « 16T . (a)
where si{t} denote the sum of the series (6).
PROOF .

gt AL . e
Let xﬂgi and {xn}, xn—i [Hﬂ], the seguence of successive
approximations. We have

dy (Xpuzr Ky} § glE(x,)  Flag)) 5 @3 (dy g (Xperr Xl }o
and
dy{ Xy s Xpua) € (g sy (Xpuar X)) S (95°055)) (G (XpuqrXg) ) s
Then, by introduction,
dy(Xpps Xpp-1) S (%P gi0)® - - "Pge2 iy ) (g gy (Kpoas Xa 3o

hence, for sach iel and each n,peN we have

p-1
' ) txnar_pfxn} % di:xmj_!xﬂ} + Z: {ﬁiwlﬂ" . -W“_biu:lj td.l“!, {x,"l,xnll | 9
1

gince (g3} g 15 @ familly of {(c}-comparison function with respect
to o it results that Exnl iz a Cauchy sequence, But X 1is a
sequentially complete uniform space. Hence (x,) is convergent.
By an other hand, the contraction condition implies, using Remark
2, the continuity of f. This means xt, the limit of the sequence
(x;}. is a fixed point of f.

To prove the unicity, assume there exists ?teﬂ, ytﬂx* an other
fixed point of f. Then

diftx';}”‘} = d_{t.f{.ﬂ'"‘"rf{}r*}} £ sasX {q_{'ﬂ".urﬂ‘__n'u‘ﬂl {d " {x'.}’.-:l:l'
which yvealds, on the basis of the convergence of (&),
{*i"’#di°"'*':HJI}{t#ﬂn} =~ ) a8 n-e,

Thus we obtain
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d,{x*,y*) =0, for each 1eI . (10)

But fdj}iel iz a saturated familv of pseudometrics, hence, for each

%,VEX, X#v, there exists iel such that
dylx,¥) » 0,

which shows that (10) is false. This contradiction implies the
unicity of x".
To obtain (8} it suffices to take p =~ = in (9). Thus, the proof is
complete.

REMARK.

1} For g;lt)=q;t, where geR,. 1€I. from theorem 3, we obtain
a result which completes the Gheorghiu's fixed point theorem [9] by
the estimation (B);

2] The same idea may by applied to other fixed polnt theorems
in uniforms spaces [71. [81, [1]. [11]. From these papers, only the
work of Heikkila and Beikkala gives the estimation of the

convergence, but in terms of the minimal solution of Lhe equation
t"'{t.:' - I'j.:];-_" f:.:l‘q:,}]l ¥

where glt)=(g;{t)}; 4. 1n the particular case a=l;.
3) If we consider the following generalized metric (K-metric)
d: XxX - K,

(%, 7) —3s (4 d,(x,5))

where K=Rf is the cone of all functions u: I - R,,

then the estimation (B8} may by written in the form {(see[&])
dix,. x*) < s{d{x,. X4},

{here t denotes (t;);; and s(t) denotes (s;(t;}) ).

4] The fixed point theorems in uniform spaces have
applications Lo probabilistic metric spaces, see [11] and also may
be applied in order to obtain existence - uniqueness results for
functional differential equations [1].
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