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ON E-n-MODULES

Licrimiocara TANCT

Summary: This paper gives some elementary resulls on n-modules
and on the category of n-modules; two consbtructions of the quotient
n-module are given. In R-n-modules, non-unigueness of the

representation of an element relative to a basis is remarked.

1. Introduction. N. Celakoski [1] introduced the notion
of R-n-module and studied some properties of projective and
injective E-n-modules.

The aim of this paper is to give some results on R-n-modules,
analogous to those concerning B-modules, that would allow further
systematic research.

2. Let B be an associative ring with neutral element
{1#0), (A,e} an abelian n-group with only one neutral element,
denoted 0. A is said te be an RE-n-module if there is defined a

mapping ¢: BxA -~ A, (r,al - ra such that:

12 = a, (rsla=r(sa), rla,,....a,), = (ra,,....ra,)..

o
{E r,)a={ra,...,r,a), , for every r, r;€R, a, a;€A, i=1,...,8,

It is easy to see that 0-a=0, and r-0=0, for every aeh, reRk;
we alsc have (-l)-a=la,a,....,a,a,0,0),, and
[(-1)+(=1)+...+{-1}]-a = a
LY - "

n-z
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A subgset BgA is said to be an n-submodule if operation from A in-
duce operations in B and B with these operations is an R-n-module.
Let X be a subset of A, XcA. A finite sum

(oo (0E 3 e e e o b XMy} TpoaXpna oo s FapeiEan 1) es + - Eg¥gly ¢

where g=1(mod n-1), IR, XX, k=1,2,...,8 , i& called a linear

combination of elements from the subset X.
The n-gubmodule generated by X is defined as

(0 = N 1BeFralA) | XcBl (where EMM] denotes the set of

n-gubmodules of A).
If XcA, X=o then

() = Al OB o via Bl as o o s Taa) JELER,

x,EX, k=1,...,8; s=1 (mod n-1}}
et = 2 = lrx | rert

Now, one can easy prove that:

Proposition 1 a) The lattire cﬁ'ﬁﬂﬂ fa) of the n-submodules of A
ig a4 complete lattice.

o) Jﬂmm; is a complete sublattice of c}gnfﬂ,l (which is the
jartice of the n-subgroups of Al.

An equivalence p on A is said to be a congruence on the R-n-

module & if:

a,pb,, a,pb;, - - - 2,pb; = (a5, 8;, ... cdg) . plbyaby, . .o Bgls
apb, reR = (ra)plrb)

We shall denote the set of all congruences oI Lthe BE-n-module
A by gﬂnﬂh] . {gml{ﬂ},;? is a complete lattice.
Theorem 1. The mapping f:fﬂﬂm,l - ﬁmfﬁ.}, fiBl=py (where pg

igs defined as follows: a,pga, = (85,8, - . .,8;,485,0), €B ) Is an

isomorphism of lattices and £1(p)=p<0>=lacalopal .

Proof a) We prove Lhat pg is a congruence con A. We have

{8y @y r-r ey B ,0), = 0B ; this shows that pg is reflexive; a,ppi,
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implies that (a8,,8;,...,8,,8,,0}), €B and, as B is an n-submodule,

(-1)+({a,,8;,...,2,,8,,0}, €B ; but

(-1) {8, 8,,....,8.8;.0), = ((&,8,...,8,8,0},....(a,.2,...

b ;ag;&_gru::l L3 {a—lr-'s;l LA IEIEFD]-iGiu}- = {ﬂilalf w & 'rl'aj_l"a_j_.l'l]:ll

which proves that agpga;. i.e. pg is symmetrical.
a1 Ppiy Aq PR implies that (a,,2,...,8;,8;,,0}, ER and

(8y,84,...,85,8,,0}, €B i then

{{ai;&z;‘.'faﬂfji::'ﬂ}!*{azia'll"'iaalaln}.i ﬂpl-lju}l EE r Whi{-'h

Means {8y, 8y, 83000008y, 8,0}, €EB, i.e. pg is transitive.

If aypgby. agpgbyr--- 3pgby then (&ypbyyooeedy.By,0), €8 .

cersl@g,b., ... b, Py, 0), € and also
{(a,, by,--..,0,:5.0}, seees g by, by,b,0),). €8 ; which means

Elmmyreanlt Do Mg e b culBpseabatwibi s rbokws Bl €

foe. (8,85, .-.,8.), Pplby by, . . b)) ..
If apgh and rer then
(ra,rb, ..., rb,TH,0}, = (ra,zb,...,zb, rb,0), = rla,b,..., b, B, 0} .8 ,
which proves that (ralpgirbl.
We now know that pp 15 a congruence on A.
b} We prove that £ is an isomorphism of lattices.
Let By,Byep (A), B #B,. This means that 3xeB;\By:
x={x,0,0,...,0), €B, = xpg0 and (x,0,0,...,0), € B, = xp, 0.

Thie proves that pg#ps., i.e F(B)+f(B,) . and £ is injective.

Let p be a congruence on A, peghm], and B=p<0r=laeh|apll.

It is easy to prove that Be fﬂﬂl_h} and that p=py; therefore f is
surjective.

If B =B, and apgd then (a,b,b, ..., 0,0} Be B, |

{a,b;....b,B,0), B, =~ 4pﬂib . We proved that PsSPgs i.e.
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£(B,)ef{B,}) . which completes the demonstration.

This isomorphism allows us to identify pe ié’nn:m with
E=piﬂ:-Efan], and to define A,-‘E-{a+n|aeh], where a+bB=[{(a.b,.0,..
L00 |b:—:ﬂ] . AfB is an BE-n-module with the following operations:

(la,+B), (a,+B),...,(8,+8)), = (a,,8,,...,a,), +B

r{a+B) = ra+B

and is said to be the guotient B-n-module.
Theorem 2 The mapping f':g?"ﬂ.n!'ﬂ} - %’hmﬁ, f’l’BJ=p'E {whare
p'y is defined as follows aplyc« 3 b,,..., b, €8 such that

c= (a,b,...,b,).) 15 an isomorphism of lattices and
£F1(p) = p<o> = laea|apo} .
Proof a) We prove that pif is a congruence on A. We have
a={a,0,...,0), and OeB; this shows that pf is reflexive.
a,pla, implies that 3 b,,...,b, ,€F such that

a, = {a,b,,...,b,,}), i+ soelving the egquation we obtain

51*{ﬂzibn-1f - "bﬂ 1 m. . -ilbj_l 5 rlib-j_iE}lu

-3

. and making the necessary

asgociations we obtain that a, = {aa.b{...-..ﬁg_i}. , l.e. a.zpj"ga,_ ,

which proves that pd is symmetrical.

5
a,pla,, apla, implies that 3 b,...,h, ., €,...,6,,6F such that
& ={a,.b,...,Byq)., 8 = (8,6,...,6,4)., ! by replacing a; in the
first relation we obtain &, = ({8, ¢, ....Chq)e s Bysovubp, ). =

= (il (CyovesBagrBy)er BysiovsBagde = (@ by, voo i), + Where
bleB , i.e. p) is transitive. If aple, 2p4c, .. .. 2,pfc, then

Elb_:',....b:_-l. BE ... B, . B ... B, EB such that
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a:|_={c'1rb;: s rbr:-l}- . E=={E’I,bf, L r-'b:ls-‘.l.}- #ouone rap"{fn:-blnr L lbﬂﬂ-l}l ;

making the operation we obtain (a,,4,,...,48.)., =

wil fepom s il suphtcahl con il e e ey
e RAi

nin-1} terms

L B S SRR, I B T SRR T [ S . WO ORI T A e iy By B
If ap;c and reR, then db,,...,;b, _, €8 such that a:fc,b“ e rbn-:.}-

ra = rie b, ..., b ,), = {re,rh,,...,zb, ). and, as rbyeB, k=1,..,n-1
we proved that {rajpi{rcj &

We now know that pg is a congruence on A.

b} We prove that f' is an isomorphism of lattices.
Let B),B,e & (A}, B #B,. This means that IeB \B,. Let
e={a,b,0,..., 0) _; then apig:. We shall prove that 3&5,...,btdeﬁg

such that a= (o b,...,5,,), .1.8. gpﬂc: . If E.:‘l""’bn—lEE:E such
that a=:c.bl..,.,bnnlh, then c={l¢,b1,,.,,hn_lJ°, b,0,....0},  and

therefora
b-{bﬂ_ifl!llb.llEn.trlllJblr!l!rnblrFlchllleJEfE;D;---;DJ.=
L " P L —  — e ——
n-3 n-3 n-3 (n-2)7

= {thw ___wai{ﬁ;z,___,1&,___,LH,E{;01'Ej% , contradiction. This

proves that patpa i.8, FI(B)»f'(B,) and f is injective.

Let p be a congruence on A, pE'fRuﬁA] and H=p{l’]:~=!a£}.fﬂpnt, It i=s
easy Lo prove that EEJFM{A} and p=p£  Lherefore [' is surjective.

Wow if B gB, and apilc- then 3b,,...,b_,EBcB, such that

a={c.by, ....by,), d.0. apjc so {B)cf(B).
We have proved that £' is an isomorphism of lattics and
£ lip)=pco>.
The isomorphism defined in theorem 2 allows us to identify
pe o (A) with B = pcO>e &y (A): then A/B={a+(n-1)B|aeAl, where
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H+tn—1}ﬂvi[a,hl....,hn_l}n}bieﬁr i=1,...,n-1}. A/B is an R-n-module

with the following operations:

({a,+(n-11B), (a,+{n-11B), ..., (a,+(n-1)8)), = {&a;,...,a8,),+(n-1)B

r{a+(n-1)B) = ra+(n-1)A8

This second construction of the gquotient n-module brings us to the
notion introduced by Celakoski in [1].

The isomorphism theorems for BE-n-modules can be obtained from
the isomorphism theorems for universal algebras by identifying the
congruences of an n-module with its n-submodules.

4. We shall denote the category of R-n-modules by Hﬂdﬂn, In
this category [0} is a zero object; therefore HﬂﬂEn is a cabegory
with zero morphisms (VA,BeModp, ., Opp:d - B, Oaplal=0g, Vaehl.

Theorem 3 The category HﬂdRH is with kernels and cokernels.

Proof Let f: A = B be a homomorphism in Mody,, N=faed|f(a)=0],
i:N = A, if{a)=a, ¥YaeN; p: B = B/f(A), pibl= b+f(A). Then ker
f=[N,i] and Coker f=[p, BSf(A)].

Proposition 2 (see [1]). Let A.B be R-n-modules and f: A = 8
a homomorphism. The fellowing sentences are equivalent:

al f is an Injective homomorphism

b} £ is a mopmomorphism in Modp,

o) For any R-n-module A' and any homomorphism a: A' - A, leg=(Q

implies o=@

d) Ker f=fgl

Proposition 3 (see [1]). Let A.B be R-n-modules and f: A - B
4 homomorphism. The following sentences are eguivalent:

a) F is a surjective homomorphism

b) f is an epimorphism in Modpg,

o) For any R-n-module B' and any homomorphism §: B = B', Bef=0

implies B=0

d) Coker F=[0}

Corollary Mody, is a perfect category.

Theorem 4 Hﬂ'dﬂﬂ is an exact category.
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Proof a}) We prove that Modg, iz a normal and conormal
category. Let A,B be R-n-modules and F: A = B a monomorphism in
Modg, . Then [A,f]=ker p, where p: B = Bff(A) is the homomorphism
defined by pibi=b+f{A}.

If f: A = B is an epimorphism in HudﬂnJ then [f,B]=Coker i,
where i: ker f - A is the homomorphism defined by ital=a.

b} Mody, is a category with Ekernels and cokernels (see
theorem 3).

¢) Finally we prove that every morphism f{rom Modg, can be
decomposged in a product of a monomorphism and an epimorphism.

Let f: A - B be a morphism in Modp.; then g: A = fI(A},
glal=f{a}) is an epimorphism, and i: f(A) = B, i{b)=b is a
monomorphism and f=ie=g.

4. Remark. If we define linear independence in R-n-modules in
the same way as in usual R-modules, thig brings us to the analogous
notions of basis and free R-n-modules. Unfortunately, further
results cannot be obtained because of the non-uniqueness of the
coordinates of an element relative to the basis of the E=n-module.
Though the following result holds:

Propogition 4. A is a free R-n-module if and only 1f X is a

free R-module (where the binary operation in A = (A, %) 1s defined

as in [1}]: a%b= (a,b,0,...,0).)
Proof. Let BgA be a basis of A. Then Wieh E.l:l,...;bkeﬂ.

r{.,....r€R such that x = r,b, T rb+. ..+, ; therefore

PR SR 125 Y% ¥ - WU . PPN ) B -9 1O . PRI ) PO IRIE 7 VL PR Ry
- {I]_-bj_l Iz:h:rv'*f:n-bk!ai-*'ru}.
if ksn, or x = (...(5by, Ehy, .. by, I P - WO . N PR L S

if krn.

Anyway, X is a linear combination of elements from B.

1f by, ...,b €B, s2li{mod n-1) and {(...{(rby, ..., Igbyl., s gy = 0



t.hen :Ja$__.$rab_==u which implies f(as B is a free set in-E] that

rl-..,=rH=U. This proves that B is also free in A.

The converse assertion is proved in an analogoue wav.
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