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ON THE REDUCTION AND THE EXTENSION OF (m,n)-RINGE

Maria B. POP

The concept of (m,n)-rings was introduced in 1965, by Cupona
[4] and in a speciale case (n=2) by Boccioni [l1]. Further, {m,n)-
rings were examined by Crombez [2],[4] Purdea [11], Dudek [&],
Leegon-Butson [7]. in which some familiar results for ordinary
rings (m=n=2) were generalized. Also, Bococioni [1] respectively
Crombez [3] and Leesc-Butson [7] proved that a generalization of
the Post coset theorem [9.p 218] could be obtained for (m,2)-rings,
respectively for (m,n)-rings.

In this paper we define some extensions and reduces of (m,n)-
rings and the connection between them through the change of the n-
semigroup operation of the (m,n)-ring.

1. Definitions, notations and preliminary results.

An algebra (R,+,e) is an f(m.n)-ring, m.nz2, if:

1} (R,+) is a commutative m-group:

2} (R,e)} is an n-semigroup, and,

3) the following distributive laws hold for all choices of
al...,,an,hl,..,,bmeﬂ and for all cholces of iell,.2,....n}:

{aj_l' . !rai_}_: {-b]_*l l*bn} iﬂiq-l‘ " *Jﬂn}u o {&]_l' LA nﬂj_pb;-!;.“ w8 |aﬂ}! *e

"+{a1'""Hi—l"b.-l'!,[q.;r'"r&n}q. = (1)

Clearly, an ordinary rimg is a {(2,2}-ring.
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Tn keeping the practice adopted for polyadic groups and
semigroups, breafly notational convenience will be used, as
follows:

1
AP LS SRS S TRPL P N I ;xﬁkmi X,
v =1 =Jakel

k-times

L&D
aﬂ[t I{Jl:i, PR ,Ij, MKy v a P M "'x_',f-i-l*-lf == r-x_:!}i. = {x'ljr A |.x_;|":t.|.-_|_:| o

k-timesg

Therefore the distributive laws can be written

g m
(1] {a,f'l,ﬁ by, afu). = ;: (ai™ by afiy), -
- =]
an element beR is an additive idempotent if mb=b and b is a
(=)
multiplicative idempotent if (b),=b or, to power in the D4drnte's

cenge, blll=h. If both of these conditions are satisfied, b will be
called an idempotent of R. The element b will denote the additive
gquerelement of b, so that b is the gplution of the ecuation

(n=1}b+x=h. It is easily seen that in an (m,n}-ring we have

(23 m=ﬁi+...+ﬁ;amﬂ'{bl,....Fi,...,bp}_={mi_ for
i=1,...,n and for all elements of R.

If the multiplicative gquerelement of beR exists, then we will
denote it by b.

An element OeR is called a zero of R 1if ixFr0,x8). =0 Eor
all ®poae. By €R and for all choices of iell,2,....nl. A Zero, 1if
there is, clearly is an idempotent of R. An (m.n)-ring may have at
most one zero. If R is a (2,n)-ring, then R has a zero element [7].
In this paper R* will denote the set of non-zero elements in the
im,ni-ring E.

If {ul,..,,nn_ll is a right unit in the n-semigroup (R,e}, that
is (xuf'), = x, ¥xeR , then (R,+,) is called (m,n)-ring with right

umnit.



&3

An (m,n}-ring (R,+,e), is cancellative if the eguation
(bitabf), = (bilcbB), implies aj=c; for each choice of
bye-..b ek’ and for each i=1,2,....n.
a4 pommutative cancellative (m,n) ring is called an (m,n} integral
domaim.

An (m,n}-ring (R,+,e]) is an fm,n)-division ring 1f #R*,ﬁl is
an n-group. It [R*,u] is a commutative n-group, then {R,+,=) is an
fm,n)=-field.

An element beR is a central element in the (m,n)-ring R il

(bx®), = (bxt™), =...= (b}, for all %;.....%; €R.

Leeson-Butson [7] proved that a finite (2.n)-division ring
(R,+,¢} iz am (2,n)-field if and only if there iz a non-zero
central element b in R and that a finite {m,n}-division ring E with
a4 zero element is an (m,n)-field if only if R contalns a non-zero
central element.

We recall that if (R,g) is a k=-semigroup and n={(k-1)s+l; 55Hj,
we define an n-ary operation, on R, called "long product”® denoted
by @(g) 9T #(.) unless there is the possibility of confusion, as

follows:

Pin {I]_ﬂ} - ‘F(ﬂ{- - ip {' {x]_t} ¥ le-f;:.} I B an'-tﬂl.}

It is obvious that an (m,n)-ring (R,+,e¢) can be formed as an
extension of the (p.k)-ring (R,4,¢), when m=(p-1)t+l; n=(k-l)s+l;
t,seﬂk, by defining "+" as long product '{t} and "« as LT
clearly that every (m.n) ring formed as an extension of an ordinary
ring has zero element. Leeson and Butson proved that an (m.n)-ring
B with zero, extends a (2,n}l-ring and as a corocllary, an (m,3)-
finite division ring with a zero is an (m,2)-field.

In sequel the extension of an (m,k)-ring B relatively to fixed
slements and to an endomorphism of R is defined and also the reduce
of some order of (m,k)-ring relatively to fixed elements is

studied. These results allow congtructions of new (m,n)=-rings.
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5 Reductions and extensions of (m,n)-rings.

Definition 1. Let (R,+,e) be an (m,ni-ring, keN: kez2 so that

n=l=s{k-1}, and “l""’“s—lER fFixed elements. The algebra (R,+,*}

k

where the operation *: R® -+ R is defined by

t_ll:l {Ilk} " = [Hl.- uf-ir-xap u]_--ll ML /E, o u]..-l!-x_t':l a

ig called the reduce of order (m,k) relatively to [uL.-‘.,uﬁ_l] ot

m, k
R and is denoted by red &itﬂ,+,ﬂ i
ity

Tt iz ecasily seen that the following properties hold:
Proposition 1. If R.+.e) is an (m,n)-ring, n-I=s{k-1): seﬂf,
I,
then for all u;, ... .U, €R, not necessary distinct, red J_.r;,._;,_I{R,+.i'J
iz an (m,.k)=-ring. If (R,+,e) is an im.nt-divigion ring then Lhe
reduce is an (m,k)-division ring isomorphic with the (m,k)-reduce

{m, k)
a

relatively to aa..-a, ?heﬂi, denoted by red (R, #,2) -

Definition 2. Let (R,+,y) be an {m,k)-ring n=s(k-1)+l; seN ;

let €y, ..sCp ) Be fixed elements ot B, oeEnd (R,+,¢} and o:RY - R

the operation defined b¥

(4} (™). = Wiy @ ln) e e 2 )

The algebra (R,+,e) is called the (m,n)-ary cextension of the
im,kl-ring R relatively to the endomorphism o and to the elements
EJrJII]{'k_lERI

. m, n
Tt is denocted by ext ¢t--_|_{Rr"'i"P] r
1

i ;

Proposition #. If (R.+.e) 1is an (m, k)-ring eeEnd (R, +,9);

ﬂi,.,.,ﬁk_ieﬁ; np=s{k=1}+17 SEﬂf, g0 that the relatioh

(a) pletix),elc), .. ..elc,)), = elei alx)), Vxek
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{m, n)
holds, then the axt ‘ i (R, +, @) 15 an (m.n)-ring.
'ﬂlr :"1

Proof. Because acEnd(R,¢) by [8] the n-ary extension (R,e]) of

the k-semigroup (R,¢) relatively to a and Cpees=eCp] is an n-semni-
Jroup .

But, for all a1,;.;,an,b1,...,bmef; and for all choices of
igfl,2,...,n] we have

m
{ai!_lrp -b_-lfr Eil:lj - =
]

n
» gy (B 08, ., 0 f?:{‘bj} cat(a, ), w0t (a), o) =

» qﬂﬂil'fl-:l {al'u (ﬂ:} rar g ; “I_l{bj} r ‘i {ﬂ.ll-l..:l v oug ﬂﬂ_l{an} i 'L.-']f-l} -
-1
=
: ;h‘"” (2, @), ... o0l (b)), e (ay,), ... e (2, of " =
=1

u -
= ; (a; "vbysa). -
L 8

which proved that the distributive laws hold in (R,.+,e}.
By proposition 2 and Theorem 3 [9] result:
COROLLARY Tf (R.+.¢) is an (m.k)-division ring, n=(k-1)s+l;

ssﬂf, aeFnd (R, +, ¢}, c;,.;.,uk_JEH are fixed elements, then

(R, +,9) = ﬂ“tfiiifﬂr*f*} is an (m,n)-division ring if and only if
gcAut (R, +,¢) and the condition (5) holds.

In sequel, in the special case of {(m,n)-rings with right unit
is proved the following

THEOREM TF (uj,....u, ;/ is a right unit in the (m,n)-ring

(m, k)
(R,+.,%): (R, +,9) = red utt (R, +,W) n-l=s(k-1); k22 and



1)

(6] wiR—R; a(x) = ¢lut'xu'™),

[F ]
{7} 51: = Wiga-a {Ug_lf u,_"] H

(8} Cy= #{u:_lfufi-—l]hl}; i=1,k-1 .

then (R,+.¢) is an (m, k})-ring with the right unit Cj.Cg..-Cp_;7
acknd (R, +, ¢} and

(9)  ext ™ “]_,Pt:ed"*”{xﬁ ¥)) = (R, +, %)

Prool. By proposition 1, the algebraic system (R,+,g), whereo

§(x") = *{3&,uf4,1i*uf4, .vsX is an (m,k)-ring. Because
e lxcEY) = iz, uf o uf™ Gl Cpa)

- (e ut o (02w ul ™ p (ug T ueh) e
ourt o ult, i) )

and by associativity laws wWe hawve

k-1 =1 =1 3
¢ (xeg } =*[I,II: i'l-a'lalrl'l:jl:| fusﬁr--*:ul uu:h.i:lﬂi-].:l

- gl udh, Ul ea) =Wl W) = X

for all xeR, results that cf* is a right unit for (m,k}-ring

{Rr+r'] Ll
Recause the operation ¥ is distributive relatively to "+", for

all xl,xg,‘..,xm,yl,..,,ykeﬂ we have

u[i;xi} = !Hufi.i;xi,uf"':l = gt{uf'l,xi.tl;"‘} = Eu{xi:l

By hypothesis wu®® 1s a right unit in the n-semigroup (R, ¥ :
T i

then using the associativity laws we have:

ale(yE)) = ¢ul™, o3, u™) =



qF

BTUHER 16778 a0 I B

n-1 g=1_n-1 a-1 a-1 a-i
=@ (ug ¥t W LU reesneth o Ypeeth  ®

N PN Ui 0 T T (PN VR £ BT PRI T - /S i DI

a-1

= giniy) urt ey} o .l alyy)) =
-plaly) ey, ely))
This proved that aeEnd (R, +, g} .

analogous with the proof of the theorem which generalized the

zupnik's Theorem [8] is wverified that the condition ({5) is
fulfilled for 1:-1',.:*?, S - defined by (7) and (8). Therefore the

extension -ext:‘j‘ﬁk_lm,-nq] = (R,+,°) is an {(m,n}-ring.

+ Ty
But, by the definitions of the aplication a and of the operations
IlbIF and ||*l| UE_ hEvE

{xinii . ?[-11] {xj_l" ‘:-r"f:i::| 4 eEwa En_l{xn} I'r:;l ﬂ2.1:|

1 o =1 - -1 o -
=g, (00, uf e, ul . ur e ) m =T ol RO | Lo S

@ @ el in) . 5
-1 o - -1, n-1,.3 -1, m-1 &
=@ (W, (X, 0 Uy X g uFtul el el ugh .y 1 o

e WX X Xy e X WRUE L Ung) ) = ()

This proved that (R,+,¢}=(R,+.¥}.
Tn the speciale case k=2 we have the following coreollary

COROLLARY 1. If (uy,. ..,y ;) 15 @ right unit in the (m,n)-ring
(R,+,¢). then the (m,2)=reduce (,+.¢) relatively Lo Uz, ... Up_ g has
the right uwnit uw, ; and there is an endomorphism a of (R, +#,e};

alx) = *{un_i,x,uf_l} gnd the element ¢ = t{u,:f’i]} = uttl  such that

axt & trad:;_i'{l.htﬂ = (R, +,¥}
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COROLLARY 2. To every right unit fuI,,..,uﬂ_lJEﬂﬂ"j of an {(m,.n)
division ring (R,+.y) and to every number seN defined by n-I=
—s(k-1): keN: k22, there is an automorphism a€Aut(R.+.pl:

a(x) = glutlxul™) ; where (R, +,9) = redoel (R,+,9) and elements

(-1}
2= Wipm uﬁfn_” u,) and c; = @ lug™, u!:i'—nuui i=71=2,k-1 such that

(R,+,gp) is an (m k)-division ring, and its {m.n)-extension relati-

vely to @ and ©j,....Cp_; 15 The (m,n)-division ring (R, +,§). that

is
{m, im, k)
ext ™ (red 7 (R, +,9) = (R, +.9)
From corollary | and 2 and by the corollary of proposition 2
we have

COROLLARY 3. If (R.+.¢) is an (m,n)-division ring aek. then
there exist ceR; c=alll; and the mi;2)=" division ring
(R, +,9) =_red[:"“{_ﬁl+,*} with unit "a" and acAut(R,+,e) where
afx)=¢la,x,a,...al such that

(R, ""r*} - E'i‘fft'f] (R, +.%)

The present theorem and corollaries allow the construction of
generalized ring starting from a given (m,n)-ring.

Remark. The related reduces and extensions of an (m,n)-ring
were born from the modification of multiplicative operation. It is
pasily seen that same kind of change of additive operation implies,
for to preserve the distributive laws, the existence of zero

element in the given (m,n)-Ting.

ABSTRACT.

In this paper, some extensions and reduces of im,n)-rings are
defined through the change of n-semigroup operation, and the
connection between them in the case of unitary {m.n)-rings 1is

sctudies.
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