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A METHOD OF DECOMPOSING A FPOLYGON IN TRIANGLES

Ioana EELINA and Remus SELIHL

In this paper we gphall present a method for decomposing a
polygon in triangles, an algorithm for this method and some of its

applications.

Wa shall begin with some definitions.

Lat P=[P|,P].....P"] ba a polygon with the vertices P, i-fTﬁ
and the sides [P.P, 1. i=1,n where P_ =P . We say the vertices P, and
p. , are congecutive verticea(P, and P, are consecutive wvertices,
P"”=Pﬁand the pides [P P 1 and [P F .1 are consecutive sides
{([p_ P 1 and [P P ] are congecutive sides).

paefinition 1. we call "normal decomposition” of the polygon P
a set of triangles M={T,.T,....,T,} S0 that:

al) the wvertices of the triangles in M are wvertices of P.

bl) any two trianglesg in M have disjoint interiors:
intT, N intT, = @, i+F, i, G b TR,

©1) the union of the triangular surfaces in M ia the

polygonal surface FP:

0 intT,; = 1ntF
a1
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An Exampleﬂﬂf normal decomposition is described in Figure 1.
T
P

%

1
M={F PP, PPP,6 PPP, PPP]} is a normal

d;;n;pﬂsitiun Enr P.
Figure 1.

Definition 2. We call a "border triangle®" for the polygon P
a triangle that has the vertices consecutive vertices of the
polygon.

It is obvious that a border triangle is a triangle with two
gides consecutive sides of the polygon.

For axample, in Figure 1, the triangles P.P.P ., P F P, and PP F,
are border trianglee for P. The triangle P FP, is not a border
triangle for F.

Forward we shall usge only the border triangles even if we do
not call them explicitly border triangles. We are interested only
in border triangles and if we use the triangle dencted PP, P, .
obvieusly it is border triangle.

pefinition 3. We call the beorder triangle PP P, & "good
triangle"( it is useful to cur method)} if it has the properties:

a3} the triangle is *“well-orlented” that means the
intersection between any neighbourhood of P, , the interior of the
triangle and the interior of the pelygon is not the null eset.

b3} none of the others vertices of P belonge to tha interior

of the triangle.
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ohgervation 1. a}) a border triangle PiP“1P .z 18 well-oriented
if the measure of the angle of the polygon FP_,P is less than

a+d R4
la0°.
b) we call a triangle that is not well-oriented

triangle bad-oriented; we shall speak about the orientation of a
triangle when we are interested if it is well or bad-oriented.

o)} obviously a good triangle is a triangle with
the interior included in the interior of the polygon. It iz not
posible to verify if a triangle i good or not using this property;
the method gearch the good triangles between the well-oriented
triangles. We shall glve a simple method to find the orientation of
a triangle in the next property.

Property 1. Let PP P, . and PP, .F... be two border triangleas
with a common side. Then:
A1) If the vertices P, and P, , are on the same side of P, F,,

1
then they have the same orilentation.
Bl) If the vertices P, and P, , are on the opposite sides of

P P, then the triangles have different orientations.
Proof:

If the vertices P, and P, 6 are on thE same alda of P, P, , then
the meagures of the angl&s of the polygon P ., and P .y BEE both legs
or greater than 180¢ that mneans the triangles have the same
arientation({ they are both well-oriented or bad-oriented, see
figure 2).

If P, and P, , are on opposite gides of P, F, ., thﬂﬂ only one of
the measures of the angles of the polygon F hiu and E is greater
than 180°. So, only one of the triangles is well- ﬂILEﬂtEﬂ{ ==1=]

figure 3). T

Figure 2. Figure 3.
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9o if we know the orientation of a border triangle FF, P, we
can find the orientation of the triangle P, P, P . using known
mathematic formulas.

We shall describe now the method for decomposing the polygon
F in triangles using geod triangles:

- wa gearch a good triangle in P. This triangle iz one of the
triangles 1in the normal decomposition. guch a triangle always
exigts because in any polygon there is a triangle with the interior
included in the interior of the polygon.

- when we have found such a triangle we put it in the normal
decomposition and we form a new polygon with less vertices than the
polygon P and we use the same method for this polygon. We assume
that the good triangle for P iz PP, P, .. The new polygon ie the
polygon that we obtain eliminating the vertex P, . and the gpidas
838 ] and [P, Pldl and forming the side [F,P, .1 - Eo the new polygon
im P'=[P}.P2,,,-,Pl1,P“l,.. ,P_ 1. Renumbering the vertices [ it is
necegsary for the algorithm) we obtain BP'=[PF,.... P ,1{ we need to
remember the old index of each wvertex). we repeat this procedure
until the polygon P* has only three vertices and wea put this last
polygon in the normal decomposition.

If we consider the carteslan system x0y with O on the left-up
corner of the screen them it is obvious that if P ia the vertex
with the ordinate ¥ = min{ ¥,/ i=1,n} then the trlaﬂgle Pulepmd
ig well-oriented( the measure of the angle of the polygon E is
jegs than 1B0?). So we atart the examination for a good Lrianglﬂ
with this triangle.

We denote : P’= the current polygon that 1s to be decomposed.

nr= the number of wvertices in the polygon FP'.
M = the current pet of good triangles; finally
M will be the normal decomposition.
Thig is the algorithm:
gstep 1. We make the initialigations: P’:=P; nr:=n; M:=d.

gtap 2. If nr=3 then M:=M+{F’} and ETOF.

Btep 3. We choose the vertex P, that has the minimum
ordinate( it is a well-oriented).

gtep 4. If the triangle P iz a good triangle then goto
Btep 5 else goto Step 6.
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Step 5. M:=M+{P, PP . }; we congider the new polygon P’ as

wa described when we presented the method; nr:=nr-1;
goto Step 2.

Step 6. i:=i+1; goto Step 4.

If i=1 then P, =P and P, =P .

For example, here is the algorithm for decomposing the polygon
in Figure 1, where P {200,50), P, (350,350), P,{200,250), P,(250,200},
P, (150,250}, P.(50,350) are the coordinates of the vertices reported
at the screen cartesian system:

Step 1. M:=0; P':=[P PP PP P ]1; Or:=6;

Step 3. P:=P; i:=1;

Step 4. PP P, is well oriented but it contains P,, P,, P,.

Btap 6. 1:=2;

Step 4. PBP is well-oriented( P,PP, wag well-oriented and

P, and P, are on the same side of PP} but contains P,.
Brep 6. i:=3:
gtep 4. P,P.P, ig well-oriented{ P ,P, are on the same of P.P,)
and containe no other wvertices of P’ B0 it ig a good

triangle.
Btep 5. M:={(P,P.P,}; P'=[P PP PP]; nr:=5;
Step 3. P :=P ; i:=1;
P.PP, is not a good triangle;
1:=2;

Step
Step

Step

4.
&
4. PpPP, is a good triangle;
Step 6. M:={P PP, P PF}; P’:[PlPiP:‘Fﬁ]: nr:=4;
3
4
f
2
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P.:=P; l:=l;

1

Step
Step
Step
Stap

P PP is a good triangle;
M:={P2P3PH PR, PLI:"'iP,:]'; P":I[P]‘P,:_Pi]; nr:=2;
M:={F PP, PPP, PPP, PPP]); STOP.

Froperty 2. If P is a polygon with n{ n>3) wvertices then the
cardinal number of the normal decomposition M is n=-2.

Proof:

wWe prove that using the induction for the number of the
vertices and, of course, our method.

If n= 3 then P is a good triangle so M={P} and IM|=2.
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We suposse the cardinal number of the normal decomposition of
any polygon with n-1 vertices is n-3.

Let P be a polygon with n vertices. We search a good triangle
T for P and we put it in ¥, M={T}. Then we form the new polygon
that has n-1 vertices as we describsd. The new polygon P' has a
normal decompopition M* with the cardinal number n-3. Obviously T
belongs not to M’ because a vertex of T is not vertex of P’.

S0, the normal decomposition M of P is M'U{T} and it hae the
cardinal n-3+1=n-2. The property 1s demonatrated.

The decomposition of a polygon in triangles is useful in some
applications.

1. For example if we want To calculate the area of a concave
polygon with a considerable number of vartices, we decompose the
polygon in triangles and we calculate the aria of the triangle

uging mathematic formulas.

2 Also we can use this method when we have to find the convex
cover of a concave polygon P. This is useful when we nead to
decupate a concave figure with minimum lost. The procedure 1is
simple: we search the bad-oriented triangles P, PP, , wich contain
no other vertices of P, we eliminate the wvertex F,; and the
coresponding sides and we form the side [P, P, 1. We repeal this
for the new polygon until there are no more bad-oriented triangles.
The final polygon is the convex cover of P.

4. This could be also a method to £ill the polygons.

We shall present now the functions and procedures used for
degeribing the Pascal program for this algorithm. We shall not
describe the sgimple functions. We use the types:

type polygon= record
nv: integer; { number of wvertices)
vf: array[l..30] of pointtype; { the vercicesl

end ;
triangle= array[1l..3] of polntiype;

Wa uge an array M to remember the triangles in the normal
decompoeition in place of the set M.
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Function Parte{ pl,pZ.p3,pd:poinctype): boolean;

Parte is true if pl and pd are con the same gide of p2p3 and
false otherwise.

Function VEMin( p:poligon}: integer;

viMin returns the index of the wvertex with the minimum
ordinate in the polygon P.

Function Contains{tr:triangle; P:polygon):boolean;

Containg returns true if there are vertices of the polygon P
in the interior of the triangle tr and false otherwise.

Function GoodTr{p:polygon}: integer;
var tr triangle;
or,f: boolean;

begin

i:=ViMin{p);

tr[l]:=p.vE[i-1]1;: tr[2]:=p.vE[il; tr[3]l:=p.vE[i+l];

or:=true; L:=falaea;

repeat

1if or then
if not Contains{tr,p) then

begin
Boodr:=i; f:=trusa
end
elsa
bagin
i:=1+1;

ifnmt?arte{p‘vf[i—zl.p.vE[i—l].p.vE[i],D,v£[1+1ﬂthen
or:=ngt o}
and
glee begin end
until £;
end; { GoodTr}

QoodTr returns the index 1 of the vertex with the property
that P,_PB.P ., ig a good triangle for P. The boolean variable or 1e
true if the triangle is well-oriented and false otharwise. The
variable £ is true if we found a good-triangle and falee otherwise.
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procaedure ChangePol (var p:polygon; i:integer);

This procedure eliminate the vertex P, from the polygon as we
degcribed in the method, we renumber the vertices, we remember the
firgt index{ in the initial peolygeon) of each vertex and we
decrement the number of vertices.

procedure Attribi{tr: triangle; Jj:integer; pl:polygon);

Thisg is the procedure that assign to tr the goed-triangle
PpJﬁFau in the current polygon pl using as names( indeces} for the
vertices P, P, P, the indeces in the initial polygon.

Frocedure DivFol;
var pl: polygon;
k,¥v,1: integer;
begin
k:=0; { number of triangles in M}
pl.nv:=pol.nv
for i:=1 ta pol.nr do pl.vE[i] :mpol.vE[i]:
while pl.nv>3 do
bagin
v:=CoodTe{pl) ;k:=k+1;
aterib(M[k],v.pl);
ChangePol{pl,v);
and ;
k:=k+l;
Attrib(M[k],1l.pl}
end; { DivPol}

We shall not describe here the procedures for introducing and
printing the wvertices of the polygon and for the initialisations.
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