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ON SOME MAXIMUM PRINCIFLES

Anton 5. MURESAN

Summary. In this paper we intended to evidentiate some maximum
principles for the elliptic systems of partial differential
equations.

For each of the forms of maximum principles we consider those
elliptic systems which have appropriate structures.

1. We conslder, in the bounded domain DcR*, thefollowing class

of systems of partial differential equations
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vwhere a;eC(D) A, 8, CsC(D, M, (R)Y and f£,uec(D, R}

We suppose that the system (1) is uniformly elliptic, i.e.,
thare exists yeR, such that for each =teB°, AcB* and each xeD, we
have
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Further, we suppose that the watrices A, i,7=1,m , and the

regular solution wec? (2, B NC(D,R") of the system (1) are such
that there exists the functions a,eCi(D},i,j=1.m for which the

vector (A.-a..0 1

. 1is orthogonal to the vector u, that means the

relation
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P e (and (-,+) is the usual inner product of E°.
it

holds, where D=

We denote B! the transpose of matrix B,, and (&,,) is the inverse
matrix (a;).

We have

Theorem 1. If the system (1) is uniformly elliptic in the
domain D and there exists the constant ©.>0 such that for any

regular soluticn u of bthe system (1) is fullfiled the inegquality
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then the relation

{5) sup|uix) | < sup|uix) |+ ;_'_— sup £ x)
o a ]

holds.
Proof. We prove that at any point x¢D for which |u| has a

maximum, we have

(6) o lul = |F| .

At the point x, the following relations

(7] (u,p;) =0,3d=1,m , where p;= and

b

(2) Y llu,p )+ o p)1AA <0 , for each ieR™ ,

i,3-1
hold.
By the inner product of system (1) with u, and the relation
(7) we obtain
b
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From an algebraic result, using the relation (3) we get

in
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Let now consider the first member of relation (10) as a second
degrea polinom in n+m variables (the components of vectors p,), and
then we obtain that it is minimum when the variable=s are satisfying
the conditions (7), that im

I
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Then from {(10) and (4) we obtain (6}, and hence the conclusion of
theorem.

In a special case we have the following result.

Theorem 2. If in the system (1) the matrices B, are

antisymetric, vhat is, £Q=—Ef,i=ijﬁ?, then the conclusion of

theorem I hold if the relation (4) is replaced by

E-
(11) (w.cu)- % & (8fu 8lu)2c|ul .

i, =1

Proof. It i= easily to see that if B=-Bf, then (u,Bu)=0, and
so the relation (4) on reduce to (11}.

Remark.1If A, =a,.I then the condition (3) is trivial and in
this case on obtain the result of C.Miranda [4].

2. We give an application to an elliptic equation with complex

coafficients.
We consider, in the domain D, the elliptic equation

= v +Eiitﬁ ov

E: Q= -cv=1F,
1. k=1 ﬂx?-ﬂx’: k-1 ax.':

(12}

where a.=~a, are real functions, and b,,c,f and v are complex

functions. We have
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Theorem 3. Tf the guadratic form E: ayhihy,  Is positive
4, k=1

defined, for any xebD and there exists the constant c.»>0 such that
the functions b, and ¢ satisfy the inequality

o]

{13) ReCix)- Y. —k{rl Imk,{x) Imb, (x) zc,>0,
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then for any regular solution wvec?(MNC(D) of eguation (12) hold

the following relation

(14) aup|vix) | = g sup|vix |+isup|f'fx} | .
= T e
holds.
Proof. Because the elements of equation (12) are complex we
denocte
[15) V= +iu, , be=b +ib,. , c=c,tic, , =L +1F,

Then we obtain a svstem of two eguations
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Thiz zystem has the same form as the svstem in relation (1), where

a,=h . .

':‘I'?.:I HJ:-F'L:H_.:kT r F-'k:

Because the matrices B, are antisymetric we apply Thecorem 2.

Through direct calculation follows

(18) (u,cu} =¢;|uf® , and (8fu, Bfu) =b_ b, |ul? .
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therefore, from the ineguality (11) we have:

flg.:l C|_.E &.1*-{:{:'-?:'.12-&&&3;':{:,:,}(] F)

J.de=l

which is the condition (13), and thus the theorem is proved.
Remark 2. Because in the conditions (13) does not appear
Fe b,(x), the Theorem 3 i= applicable alsoc to the system with

complex coefficients

- g dv § . = av B
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where the functions a, are real, a,fC'(D), and b,,c,f,.veC(D), with
complex values.

3. For a strong elliptic system of partial differential
aquations we give A maximum principle in integral form.

Let u be a n-dimensional wvector which satisfies the strong

@lliptic system

.._:,|3.I_J+“ & u a Fu + =
(21) 5 Eﬂiﬂax,at+r§1ﬂff—ax,dx, clx, ryu=0

where xeD<R" is a bounded domain, 0=t=T, with T>0 fixed.
HWe suppose that

{22) uix, £)=0 , xel'{the boundary of D), telD,T],
{23) the matrices A;,.A;; &re constant  A;.=A;;,ij=1,m , and
{24) cec(Dxlo, 1] , M (R)) .

such that the matrix C is negative defined in T [0,T]
We prove that the integral fuﬂ{x,tjdx takes its maximum only on
5]

the boundary of interval [0,T]. We have
Theorem 4. If u is a solution of system (21) and there are

fulfiled the conditions {22), (23), (24) then the maximum value of
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fuxix.r}dx is agttained on {0,T}.

Proof. Let be fix?-'{u?ix,t]dx

i

Then f’{fﬁ=2fu{x,t3unix,t}dx and
i

(25) £71e) =2 fu(x, £) dxs2 [ulx, £ u,, Ox, ) dix
n n

On the base of system (21), the second integral in relation (25)

hecomes

(26) futx, £hu,, (x, £} dxe f {I‘"?.HE A, Elx Y oAt ax ax dx .
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Therefore, from the conditions (22), (23), the relation (26)

becomnas

Jutx, £y, (x, £) dx=

e

fu{"r_.:[ix JFE ..|":|.“‘_l| a'; E?H .'_'i"_:l;-l-f E AJ ;}? E?E-lli‘-
1 i
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(27)

Because the system (21) is strong elliptic and the matrix c is
hegative defined we deduce that

{z8) ey 20 , DsECT

Then the following inequality holds

(29) Fix) s F{0)+F (T e, te(o, T ,

and thus we obtain the conclusion of theorem.
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