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ON A BERNSTEIN TYPE OPERATOR

Laszlo BALOG, Dan BARBOSU, Nicolae pop

Abstract. In this paper on extends to two variables g linear
positive of Bernstein type introduced and investigated by Bleiman,
Butzer and Hahn [3]. The corresponding operator U, defined on the
space Cy(D) of B-continuous functions on D = [0,+=)%[0,+=]) is given
at (2.5). On proves that if feC. (D) then lim&, f=f , uniformly on

m, S
every compact [0,alx[0,b].
Theorem 2.4 shows an evaluation of the order of approximation of
the function feC,(D) by U,.f.

l.Preliminaries

The notion of the B-continuous function i= that from i s
The analogous of the Korovkin uniform approximation theorem is
expressed in:

1.1. Theorem [2]: Be Dc® an compact and {L%n?mnﬂw a row of linears

and positive operators wich transform the functions of ©.(D) in

functions of BY¥ . For each rac. (D) we note;

Do o (X, ) 2 =Ly [[£(2, y) +F(x, %) -£{v, *} ; x, ¥]
If:
1] Lonlerx, ¥y =1; e{s, ) =1
1i) Ly ,l@ix,y) =x+0, (x.¥):¥(s, t) =5
1i1) Ly (wix, ) =y+V_ _(x.¥);@{a, t)=¢

iv) L, .(@+¥ ;% v) =x+vi-W,  (x, %)
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converge uniformly to zero.
Then the row (U, £ . converge to f uniform on D.
The evaluation of the approximatien order of a B-continuous
B-continuity module, specified in:
1.2. Definition [1]: BCD=[0,ajx[0,b] and F: D - K a B-bounded
function. The function wo,: BxR, - E definited by:
wold,, 8,0 = SUp A, flx yiz, 3 | | |a—x"] <8, |3-3"] s8]

dx v, txt v el

i= named the B-continuity module wich is associated to f.
Among the properties of the B-continuity module studied detailed in
[1], in this work we will usze that expressed in:

1.3. Theorem: If A,, A, &§,, §.fR we have the inequality:

tl.'lsl:l:ﬁl, Jhdﬁ‘ill e ':1"‘3-1} [1+J'-;] m_gl:'ﬁ'1.lﬁ:!:l

2. The approximation of a B—continuous function by an operator of
Bernstein type

In [3], B.Bleiman, P.L.Butzer and L.Hahn have introduced an linear

and positive operater L., associated toe a function f, wich is

continuous an [0,4m), being defined by:

(2.1) (LoE) (x) = [1+x|“2@x i—iu,:"mEH'

=0

A.Ciupa, in [4], has spread the 2.1 operator at two wvariables,
associating to a function £ continuous on [0,+®)x[0,+®) the linear
and positive operator L., defined hy:

i

: - of 1
G (L, F)ix, )= {1+x]m[}r “§; I[ﬁ{ﬂx v 1| m E::+ AT

In the same work [4] is proved that if D = [0,a]lx[0,b] {(a>0, b>0)
and £eC(D), the row of general term (2.2) converge uniformly to E.
I= given then an evaluation of the approximation order of the
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function feC(D) by the row [ UL oy [

The purpose of this work is to build an U, ., operators row with
the property that the row {U, f, ., converge uniformly to fec, (D) and
to estimate the approximation order of feC,(D) by the row F 1y

We noote by Ly,L; the parametrical extensious of the 1.1

operatar defined by:

f;!qE] [-'I-mkf} I:'JE.-_'I-"'J ) t1+x}mg{-ﬂ I'I! k"'q FV:I
- 5 1 = Py T
(2.4) (L3 £) (%, ¥) -ng[ﬂ‘“f{"”m]

By means of [, L; operators we build the operator o .=
=Lp DLy =Lg+L7-LoL) defined by:

{2.5)

(0, of) a7 =

{1+xﬂ”il+w*zm[lx Gkt s o s |

Because to L..'s linearity the U,, operator can be represented in

the eguivalent form:

(2.6) (U oF) (3, ¥} =Ly (£ w)+E(x, #) -L(=, %) ; x, ¥]

In [4] are demonstred the L, '8 properties expressed in:
2:1:. Theorem The following affirmations are Etruer

1) Lyl iwl

i1) L, (t:;x,¥)=x- x{ B

[ A |

111} Ly alti%,5) =y-¥| 11}]
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2x(1+x)%  2p{l4y)®

P e - for n=Nix),

i) Lmln[.'_"!f'r!;x,y] < xdeyprds
mzN{y} where N(x} =24(1+x), N{y)=24(1+y} .

AS & result of 1.1. and 2.1 thecrems we obtaine:
2.2. Theorem: If feC, (D), the i fl.y row of general therm (2.5)
ol

is converge Lo f uniform on D.

We show from now on the evaluation of the order of the
approximaticon of fa,(D) oerder, by the row (U, .f.

A result used with this purpose i= contained in:

2.3. Lemma [3], [4]: If xz=0, mzd4x we have the inequalily:

(2.7) x|

| X }”ﬁ AX(1+H)
T iz

2.4, Theorem: If f=0 /D) we have the assessment:

2a{1+2a) \J ah{1+2h) J

2.8) |£{x,y)-(U, ,f) (x,¥} = (2+a) '{?‘*HWBH Mz n+

Proof: Since U, (1:X,¥)=1, Wwa have:

| £(x, ») - (U, ) ix,¥)]|=

) il .'.' i ; . ] e 1 w
) {l+x:|m|:l+_‘.r"]r |xzu I-n {;Tn}l:"[“]x 5 T-I'!lzf(.?:;}’: m-k+1 ' R'I'—jf‘-'lnlll_h

1 m i i . 2 ;o i . 1
b —— A LU - | R e .
(1+x)T{1+y) " §= |L:J-uLal:j:'“I“E-:| i ”{' moksl 0 YT moIeL ”
|x- ——|
5 . m-k+1
EBe &>, &,>0. We apply the 1.3 theorem with }..1= _EI_ .

and we hawve:
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k 1
(i }x« L .| - 1 |5 1+lf;ﬂt5+£; -+|P_n'1+1| w, (& 8.0
v m=k+1 """ n-I+1 J d, - FATLrta

Considering the precedent inequality, we ocbtain:

(2.8) Iflx -0, 6 (x.3] <

- ) - " ki el
_.mﬁ{ﬂ“ﬁ.d_j-[l 5 {J_+x_:|-"l'z | x s [{kj}:-: J

1

o T . 1 < - 1 i) 2
[1 8. t1+r.-}":‘£:': v n-1+1 {l.:ly

Using the Schwarz inequality we have:

{2.9)

1 = |_}:—L|tm}x* < El X —-‘*&}x“ :
ooty e TRy g

Applying 2.1 theorem (the ii, iv affirmations) and 2.3 lemma we

obtain:
m -
o A kK amh . 2x(1+x)3(142x)
{E.lﬂ] {1+.x:lm.-;£.:4 |--"‘: JT'—}IE_'+:L | {.;E x = —

Considering that x€[0,a], from (2.9) and (2.10) we have:

1 i E j x ﬁa{1+za}
[2-11} mg L —_E']—R-rlllll"g:lx = ta"'l} —m+2

By analogy we have:

3 1 . gmeqy | 2b(1+2b)
(2.12) = E - |[J)5 " = (b u\l L22B)

The 2.8, 2.11, 2.12 inequalities lead to:
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We choosear:
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| £lx, 7Vl P (x| =

and we obtain:

(2.14) | f(x,

1.BADEA,T.

Z2.BADEA ,C.

3.BLETMAN,

4.CIUPA A,

Received:

<ty (8,8, 1+f“11‘ 2ail+2ay ||, b=l 2b(1:28)
. . a m+2 2 H—E
I L — .
a = zall I-?..-HJ § ! 2fﬁ{1+2,|;:-}
: m+32 4 s n+z2

e etisiet: T oriaeakbi:

v -{0, £} {x,¥) | < {2+a) [2+b]mau =g ‘;.*_?351 r _J Eblil;zﬂ]
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