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GENERALIZED BLENDING OPERATORS OF FAVARD=-SZASY TYPE

Dan BARBOSU

SUMMARY: A Favard Szasz blending operator is built; the
approximation of a B=continuous function with two wariables is
studied u=sing this type of operators and an estimate of the order
of approximation is giwvin.

-

1. PRELIMINARIES: Let be g[z]=}2e%z’= an analytical function

n=3

on the disk |z|<R, E*1 , where g{1)=0
The Appell polynomials B (%), k=0 are defined in [1] by:

{1.1) g[u]e”“=§j£ﬁ[x]uk
o

We associate to each function f:[0,+w) - R the row of linear

operators wich are defineted by:

= _ E-.".x - EI
(1.2) (2,£) (x) =S gﬂ__[ﬂxﬁf{ﬂ}

wich in yhe cage g{z)=1 is reduced at the classic Favard-Szasz
operators studied in [5], [&].

Lat’s suppose now that g[z]:}jaaa”,,h{zh=z:thz” are
Frml a=n

analytical functions in the disk z <E, R*1 and let’s note by P,,
., k=0,1,... the Appell polyvnomials generated by g and h,
respectivly by the relations:
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(1.3) glule=} P ixlu*, hivie™=Y g, {x)v*
A=l k=

Be fi[0,+m)x[0,+=x}) - R and let’s note by xP,, ¥F, the parametrical

extensions of the operator (1.2), given respectively by:

(=]

1.4 £l (x. ) =2 Ly £l
( ) {xP_£) (x,¥) S xE.-:.:P“ }f(m'PJ
135 e R e B
( ) (¥P £} (x, ¥) YRR :Eu: a; () |[..-:, nJ

A.Ciupa [4] associate to & function f:[0,+e)x[0,+m) - R the
generalized operator of Favard-Szasz type wich is dafineted by:

£ . O Shan i) g, (ny) 2| K,
(1.6) (P, £} (x,¥) gi”_ml];JE_QPﬂmJQ’,ir}’Jf[m,n]

Let’s note that P,. operator wich interfere in (1.6) 1is the

tensorial product of the parametrical extensicns xP,, ¥F, .

2. GENERALIZED FAVARD=-SZASZ BLENDING OPERATORS.

We denote £, the space of the functions F:[0,+=)x[0,+=] =+ R

wich are of exponential type:

(2.1) & =If: [0, +=) x [0, +=) -R| (T A, BeR so thar |fix, y) |z B}

To sach function fe#, we associate the parametrical extensions of
the generalized Favard-Szasz operators, defineted at (1.4),
respectively (1.5).

The results of 2.1 lemma are evident:

2.1. Lemma:

i) The operators xF,, vF, defineted at (1.4), {(1.5) are linear

A a b :
11) If Eﬂﬁﬁ—zﬂ,—57$r?u {(¥)neM , then the operators xP,, ¥L, are
= {1

positive.
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a
2.2, Lemma: If —1—:0, +0, (¥)neM , then the rows of positive

g
g(1) g1}

linear operators | xP.) n: | ¥P.).y Hhave the properties:

KE g. =8, }"F E'.'_"E'; I:J-:ni:-iz}
m- 4 1 [ Rl i

uniformely on [0,1] when m,n —+ ® (e, fx)=x', i=0,1,2).
Proof: From [5], the following equalities are known:

(2.2) (xF,8,) (x) =1
{ = = = i'g—llll:l':l
(2.3) (xP e ) (x) =x+ 5 o)
cxteZfrea @21 ], 1 oML +g'(1)
(2.4) (XPne,) (X} =X+ m{l STEY ]1 = gl

from wich it result that xPe, - e, (i=0,1,2), uniformly on [0,1].
in a similar way we stablish that ¥P,e,~e,{i=0,1,2) , unifermly on

[O,1].
2.3. Definition: Let be fe&#,. The operator:

':2'5]' Um.n=me+1’1_j.':_meEFﬁ;.

is called blending operator of Favard-Szasz type.
2_.4. Lemma The approximating U, X of a Ffunction f&f, defined by the
(2.5) operator admits the representation:

: ' & E'"ny : : ' [ & k y 7 ¥ i
205 - = e F‘ o :f _ + el b =k

L

Proof: The equality result directly from (1L.4), (1.5), (2.5) and
from the properties of the unidimensional operators of Favard-S5zasz
typea.

The B-continous function notion is that from [3]. As a consequence

of the 2.2 lemma and of the 2 corolary from [3] we have:
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2.5. Theorem If f&& is a B-continuous function on (0,I1(x[0,1],
than 1limi{T

. i
M, a

fi(x, vl =fix,¥) , uniformly on [0,1]x[0,1].

3. THE ORDER OF THE APPROXIMATION OF A B-BOUNDED FUNCTION BY THE
ROW {u,.f}

The bidimensional difference A;, the B-modulus of continuity
w, and the B-bounded function notion are those from [2].
3.1. Theorem If f is B-bounded on [0,1]xf0,1] we have the

estimation:

| £ix, ¥y = (U, £} (x,9) |

f].l_} 1:[:L-'-J:L-i-_g_f__."::l-]__‘_;g,__r{:l-:l](:L_I-J1+_P:l-"-"|::|_:|_+_|§]-"|:"|.:|]ml _l l_
- g1} n-hil) . '

Proof: Using (2.6) we ocbtain

|f[x:_}r:|_{{-ﬁslnf] {}:J}-’:Ilg
f2.2) P L et k .
€ — — — B oim, xyg(n, ) |A:(x, PRE
gii) hil}gu-s k! o ¥ A ¥i o |

From the properties of the B modulus of continuity u. we cbtain:

% _k_' - - _|!{ . 3 k 1 'll.
|"'-!":-|:Ix: Eé i.alims(lx_glr |-!"""TJII |:|=W3['ai__ e |8, 5_2“"'_"_" 62]5

U CO O 7 I i N
d[l 3l m][l 5 v ﬂ.]maw.,a;n

Coming back in (3.2) we obtain:

| £, ¥) = (U, o£) (%, ¥) |

(3.3) - ay ;
(.1 e x|z e 21 1
“[“ 3, o & Py ml}[“ g S Ll
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The Cauchy’s inequality and the properties of the unidimensional
operators of Favard Szasz type lead to:

- K
P imx) |x-=|x
g; " | ml

(3.4)
= - ko o | X gt Ty egt1]
SJE n{m;x:l,JéPﬂm‘J [x—E]ﬂ gil)e JE“L = g{ﬁ
}_": a, (ay) |_V—%| <
(3.5) ¥

¥ ‘ g7 _idyEg sy | ¥ L APy AR
s..\?.;n:;‘:in}’] jznq;inﬁi? h] hile 4ﬂ+n* ITES

From {3.3), (2.4}, (3.5) we obtain:

|E£(x, ¥) = {T, ) (x,¥) |<

(3.6]) 7] TN | i Frq
clpa b | X, gili+g i1 g, ] B +h (1) | (BB
_[1 51J.m+ mEg(l) }[ +6Eﬂj%+ % W l0,0,)

For (x,y)e[0,1]x[0,1] we obtain:

x, g¥iregfiay 1, gf{1)+g7(1)

(3.7) - -
m mEgril) m m*
i ) i r 1
(3.8) ¥ Bty L il i A
r nég{l) n n
thoosing &= 1 L B= 1 in (3.6) and taking account of (3.7), (3.8)
W VI

we obtaln (3.1).
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4. THE PARTICULAR CASE OF FAVARD SZASZ BLENDING OPERATORS

In the particular case wich g(z)=1, from (1.2) we cbtain the

classic Favard Szasz operators definited by:

i gmegs _tmx)F ik
(4.1) (5.5 (x) =8 ng‘ﬂ]

The Favard Szasz blending operator associated to a function fe# has

the expression:

(5, f1{x =

($a2] e o o (mEYE () [ K i\ sk 3
i EZ ok -}T"!—[f{E,}f}+f(x, ;].:{E,%”

and the estimation similar te (3.1) is:

(4.3) fix, ¥v)-(8, ) (x.¥) |= 4:-15( l_f -L]
Jmo
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