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ON THE REMATNDER IN AN APPROXTMATITON FORMULA BY FAVARD=SIZASE TYFE
OPERATOR FORE FUNCTIONS OF TWO VARIABLES

Alexandra CIUPA

INTRODUCTION. A Jakimovski and 13 Leviatan [3] have introduced a Favard-Szasz type operator, by
means of Appell pohmomials, One considers g(z) = E a,z" an analytic function in the disk

H=D

\z| < A, R = 1, where g(1) # 0. Definc the Appell polynomials g, (x), k& = 0 by
g(w)e” = ¥ p(x)0 M
f.hmdnﬁmsasemmn; of linear operators, associated to each function f defined n [0, @) | as follows:
(BA)x) = S 3 p(me }f( ] (2)
2(1) ;5

The case g(z) = 1 vields the c:lm-mﬁl operators of Favard-Szasz  [2] | [4]

(8.0 xy = E“E{ S (—J

m
I, In [1] we have extended to two m‘lﬂhh:s this operator, as follows.

let g(z) = iuﬁ:‘" el .irf::} = ibﬂ,ﬂ" be two analytic functions in the disk |:.'| < A, K = 1and
a=0 m=ir
let us denaoting by p, amd g, &k = 0,1, ... the Appell polynomials generated by g and h, by the
relations -
g(u)e” E pe(x)u and h(v)e” = E "AES (3)

£=0
To each Fl.lnutimfd-:ﬁnndm D = [0, =) = [0, o) s associated the operator F, | according to the

Formula;
el ki
(Bonf W, 9) = mm}gg;ﬂi{mmw}f(;.;] (4)

where m and n are natural numbers.

o

If g{z) =1 and hiz) = l.&m{d}wcuhminﬂ'mwcllhmwnFmdaﬁmz operator for two variables:
(5, )5, ) = emary 3 (2X) “‘“3’ {”i;r f[ ’]

=l (=il 2
We suppase that p, and g, , k=0,1,. Erep-umln'Em'idsU the operator F, | is positive.
Let £, be the space of functions [ :[0, =) = [0, 0} — F:[0, =) < [0, 0) =+ Rof
exponential type. More precise, f & E, if and only if there are two finite constants A and B with the

property | (x, ¥)| = &%
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Tn [1] we have proved

Theorem A; :
¥ f € C(DINE,, then lim (E,.f)(x,¥) = f(x,y), the convergence being wniform in each

compact [0, a] = [0, 5]
The values of the aperator for the test functions
folty 1) = Liay(r, 7) = t,8,(t, 7) = Tand e,(t, 1) = " + © are

(P._,fu.a][x, ¥y=1

a 1 g'(1)
I:P,mﬂmj[r, ¥) = x+ £ _H“]

e B KLY (5)
{ ,uenllJII{xa.!"} ¥ AT

x g' (1) h' (1)
':PME‘;;}{-'-.‘,}'] P = [1 + 2 2 (1) )+ [1 + 2_.!:{]} ] +
L1 EM+g') 1 AA)+401)
' g(1) W+ A(1)

_— We next tum to the task of stabilising an asymptotic estimate of the remainder in the approximation
orrmala
(Ronf M, 3) = Fx,0) - (B )=, 9)
which corresponds to Voronovskaia theorem about Bernstein polynomials. Let us denoting
D, = [0, a] = [0, b].
Theorem
If the fumction f is defined and bounded in 1), and ai an interior poini ) of I, the second total
differentiol " f'(x, v) existy, then we have the asymptotic formula

# 1 g"(l) 1 A'(1) 1 2"+ (1)
(R S)x, ) = fiix )=t ) = S 4 —..f‘ (¥, |\ T]
1 <[ lh"ﬂii.ﬁ_EE - 1 g'(1)y &' (1)
' 2 f”[n t " h{1) ]+ ¥ mn g(1) k(1)  Penlx:3)

where lm Ounlx,¥) =0

F'mnt'lﬂl:'r ry € I} = [0,a] = 0, 5]. Une knows that there is s function &(2, 1), defined on [L
such that when - x and v = » we have G(t, v) = 0 and (¢, r) mav be expanded by
Taylor's formula -

. G 1
F(6, 9 = f52)+ (= L0 p) + (5= U2+ S (8- 2P Ll y) +
. 1 .
HE = W= Py ) + o (5= P [ (e p) + [( - 2 + (- pP ]G, 9)

k I

If lace h f=—and tv=

we replace here = = ”} D)
obtam

—ER,..J]'{x.ﬂ = (B fMx, ¥) - fix,p) =

; E Fk ]ET{W}{[E - I]—":[I1 .]"] + [i; o }’)'/;{I,‘}'} +

Eil}ﬁﬂl.a—n
1( k z k i 2 L 4 ;
i [m - x) Falx,w)+ [m - x)[n - y)f,;{xhv} - I(ﬂ - y] e,y +

{mx g, (my) , sum over k and i, we
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(G- G-l 2]

By making use of the values Dfﬂ'll:ﬂpﬂl'ﬂtﬂt £, , for the test functions , we find :

. e LER) ., pregpnd 2,

(R uf Y, ) f.f-r.y} e, + £, (%, ) D
t e L I ﬂ:l+ g'(1) 1R+ A1)
zfuir..}'][ = 21 ) = folx, ¥ }[u Ze A(l) ]1—

Sk, y 1 g A1) |

ma g(l) A{1)
where we have denoted

'ﬂ o 2 i b | g E’ ;
fegtsdl= am,ﬂ [m”’t"ﬂ[[ )+[;""’] ]‘:{;'"]

Next, we will prove that ‘EIE'p"H[x,y} = 0 . Since G(f,7) = 0 when t > x emd 7 5 y it
follows that for every positive £ , there correspond the positive numbers & and & & and &, such that

|G{I:t]|"-. Eﬁmﬁ|r—y|{ﬁ. E“MI:EMF: L,WI'IH‘T
m M

(%2 ¥)

Jﬁ[i,g]i{ g whenever ;!E—.t:l!ﬂ .ﬁmd‘;—_pi*_l&&

z : 2
On the other hand, there is a constant M=0 such that [[i— x] + [l o _}?)}
" n

k 2 . F
Letus denote )y .(x.¥) = pt{m}q.{ﬂf][(; - x) + [1 - }r] ]
If we divide the set of indices (k,1) into four classes

{(h}:i—rﬂa,;-x{-ﬂa}
& R LI B L
—‘{l’k.:].m x_ﬁ,“ }r:-ﬁt}
f,—{c&.f:»-.:--x:»ci,:—!—yﬂ,}
- T L N WP £ e Y
I = {{.il':,;r} ti= Ii‘ &, : ¥ Ej}
WE Can wrile
B (x, ¥} = . ¥ o (x, ¥)

{11 h(1) vl (kael,
Mext, we may proceed in the same way as in the case of one varighle. For instance

-
S{I} h‘[l.} {i—%j:t{hj{ !F} =
F Ran s 3 ,
g[l} h{l} |—Z{iﬂi h%-ﬁ{m}%fﬂ}'][[m -‘-') e [; - ,}?] ]J{J{; ;]I
g g .E-“ e
= (D) B L‘Z:r(m| “:H ™ E () bty ; Z|::-f'ﬂ‘?§ﬁefm} =




GG

Ter
EE-4=QJ(WJ
If 4 < ; |, it results that 1 < é[i”—y) and we arrive to the inequality
g™ g " i 1(1’ ]3 1 [y 1 A" (1Y + A" (1)
m i p)s M —% 1 = — ] =M — + =
2 () WD) & B P) = Mams 2 g m Y ) am) =M 7 k() ]
Thus, we get to
- * 1 g+ (1) y 1 A1+ H(])
|‘°""“’”[£{m+# W W KD ]+
A e 1 g+ g (Y, Ly 1 A1)+ A1)
o el g7 b Rt o
¥ [ef(m* o g(D) )*g[.ﬁ,f- h(1) ]

+L[5+_l _g"__ty+g'm)(;+y"m+mn)]
AE\m o g(1) noA A(1)

Finally, wa can write :
o, (x, ¥)] = ‘[i . E] o ECNH 8 1) [.q v H] fLEDRD [H E] .

nj w g(1) ] W hi1) &
LM [1_4 1gM+g [Liﬁ'mm*m
A& im w (1) n m A1) :

Thus, we reach the conclusion that Iim,ﬂ:,,.[x,}?} = 0 This completes the proof.
Remark: Inthe case g{z) = 1, A{z) = | and m = n we obtain for the Favard-Szasz operators:

(RS )x, ) = -2‘—‘7 folz,¥)+ 2 Flx,p) + 6,(x,9)
m 2m

e e e L ()

i =0

wo have |E,(.r,y]| < E[i + i) + dfl_tﬁ % and lm}u B{x,¥)=0.
F.Stancu [5] and A Lupas [4] studied the remainder in the approximation formula of 8 function of two
vanables by the operators Favard-Szasz
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