Buletinul Stiintific al Université&tii din Bala Mare
Seria B, Matematici=-Informaticd, wol.X(1994), 73-78

ON A HOMEOMORPHISM THEOREM

WVasile BERINDE

1. INTRODICTION

In most applications of the fixed point thecrems the ambient
complete metric space is actually a Banach space. Because of this
richer structure, a generalized contraction principle leads to a
result especially useful in applications, as in the case of
contraction mapping principle [6].
In this paper we give a generalization of the following homeo-
morphism theorem due to DUGUNDJII and GRANAS [6], Corollary 2.2.

THEOREM 1. Lot X be a Banach space and f: X - X a contraction,
i.e. a mapping for which there exists a constant a, 0za<l, such
that

I£ix) -Fiw)] = a-|lx-¥v| . for sach x, VeEX .

Then 1,-f is a homeomorphism of X conto itself.
To this end we need some definitions, examples and results from

BERINDE,V. [1]=-[51, RUS,A.I. [7], [9].
2. GENERALIZED CONTRACTIONS

Definition 1. [BERINDE [1]) A function ¢: B -+ K is called
fo)-comparison function if the following two conditions are

satisfied:
{c,) p is monotone increasing;
{c,] There exist two numbers, k, and &, 0za<l, and a convergent

ad

series with nonnegative terms Y a, , such as
=l



Td
@ (L) cap® it +a, , for each teR, and kexk, .,

(p* stands for the k iterate of g).

LEMMA 1. (BERINDE [1], [5]) If @ iz & {(c)-comparison function
then

(c.) prtl<t, for each t=0;

(c,) ¢ 1s continuous at 0;

{ce} The series

¥ et F1)

converges for sach CeR;

{c,)] The =sum of the series (1), denoted =s{t), iz monotons
increasing and continuous at 0;

fe:) (@"(t)).y converges to 0, as n+», for each tekK.

Remark. A function g: R, - R, which satisfies () and (c.) is
called comparison function (see RUS A.I.[R]).

Exemple 1. If ac0,1), then ¢: R -+ B,, ¢(t)=at, teck , i= a
(c)-comparison function, hence ¢ is a comparison function too. But
there exist comparison functions which are not (¢)-comparison

functions. Indeed, o:R-EK, | m{t]=-;£?. teR, , is a comparison

function which is not a (¢)=comparison function.

The importance of [(c)-comparison functions consists in the
fact that in a genralized fixed point principle with respect to a
{a)-comparizon function, the error estimates of the fixed point may
be given in a similar way to the one in the classical contraction
mapping principle, see BERINDE [1]=[5], as shown by

THEOREM 2. Let (X,d) be a complete metric space and f: X - X
a g¢-contraction, that is, a mapping for which there exists a

comparison function ¢ such that

F(Fix}, £{y)yspl{dix,¥)) ., for each x,yeX .

If ¢ 15 a (c)=comparison function, then



1) Fe=lx*l (P, =ixex/fix) =21 ;
2) If (x,) 15 the sequence of succesive approximations, defined

by x =flx _,).nz1 and x,€X , arbitrary taken, then (x,)

converges te x7
3. The error estimates is given by

dix . x") se{di{x,.x ,)) ., n=1

Remark. For g=at, 0=2a<l1, from theorem 2 we obtain the
clagsical contraction mapping principle. If g i= & comparison
function rather than a (¢)=-comparison function, then only the
statements 1) and 2) of theorem 3 hold.

Definition 2. (RUS,A.I. [8]) Let (¥X,d) be a metric space. An
operator £: X - X satisfying the following conditions

(i) There exists x"£X¥ , such that F£={x‘}:

e

(ii) The segquence (f 1E55L“H converges toa x* , for each x,eX ,

is called Picard operator.
If F: X - X is a Picard operator and the corresponding field
f=1,-F is a homeomorphism, then F 1s called Banach operator.
Remark. Theorem 2 shows that any g-contraction is a Plcard

operator.
3. HOMEOMORPHISM THEOREMS .

The genaeralized contraction principle (Theorem 2) has an
useful local versicn that invelves an open ball B in a complete
metric space X and a g¢-contraction of B into X which does not

displace the center of the ball to far:
LEMMA 2. Let (X,d) be a complete metric space and

Bla,r) =lxeX/dix,a)<rl .

ret f:B-X be a gp-contraction, with ¢ a given comparison functicn.

If the following condition

difial,a)l <« r-¢ir)



Th

is satisfied, then f has a fixed point.
Proof. Since ¢ is a comparison function, @ is a continuous at

0 and hence the function h:BR -R,, hift)=t-@(f) is continuous at 0

too and h(0)=0. This means that we can choose e<r such that

gif(al,a) =e-@g(e)<r-pl(r).

Let’s denocte Dia,e) -ixeX/dla,x) sel.
The conclusion of lemma fallows now from Theorem Z applied for the

mapping g, the restriction of £ to D(a.e) .

Remark. For e {t) -el,D<e<l , from Lemma 2 we obtain Corollary
1.2, DUGUNDJI and GRANAS [6].

Definition 3. Let E be a subset of a Banach space X. Given a
map F:E - X, the map x = x-F(x) of E into X is called the rield
associated with f, and is denotad by the correspeonding lower-casa
letter: fi(x)=x-F(x)}). The £field f:E - X determinated by a
generalized contractive map F:E - X is called a generalized
contractive Field.

THEOREM 3. (Invariance of domain for generalized contractive
fields). Let X be a Banach space, FE<X open, and F: & - X a ¢-con—
traction. Lat F:E -+ X be the associated field, fix)=x-F{x). Then

fa) f:E~ X is an open mapping;in particular,f(E) is open in E;

(k) F:E - F{E) is a homeomorphism.

Proof. To show that £ is an open mapping, it is enough to
establizh that for any acE, if B(a,r)cE, then

Blf(a),r-gplr}]lcf[Bla,r)].

For this purpose, choose any y.eB(f{a),r-¢(r)) and define
G:Bla,r]— =X by

iy =y, +#{y) , veBla, rl .

Then G is a g-contraction and

lei{w) —ull=ly,+Fla) -ul =ly,-Llullz=r-9{z) .
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by Lemma 3, there is an u,FB(u,r) with u=y,+F(u,), that is,
fiu,)=¥,. Thus,

blf{u), r-p(r) ] cf[B(u, r)],
ap f:E -+ X i= an open mapping and, in particular,f(E) iz open in X.
Ta prove (b)), we observe that if u,veFU, than

I£(u) -F{vi l=u-v-(Flu) -F{vi} ]z u v] IF{u} Fl{v)] .

But

fFiuvh Flvill<ep{fu-v]),

hancoe

[y —F{v) |zu-vi-pi|lu-v]),

2o that £ is injective. Indeed, if F{u)=f(v), then we obtain

¢ (lu-vl) =lu-v|,

which implies, in virtue of (<,) and {e,),
lu-+j=0,

that is, u=v.

By the same condition (c.) it results that any g-contraction
is a continuous mapping, hence F is continuous.

This means f: U -+ £(U) is a continuous open bijection and therefore
it is a homeomorphism.
The proof iz now complete.

THEOREM 4. Let X be a Banach space amd F:X -+ X a g=-con-
traction. Then the associated field f=I-F is a homecmorphism of X
onto Itsalf.,

Proof. In view o theorem 3 we need to show only that [(X)=X,
that is, f is surjective. Given y,cX, define G:X - X, by

K-y, +Flx) .

Then & is a g—-contraction, so it has a fixed peint x,=y,+F(x.), that

is, y~=fi{x.)-.
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Remark. Thecorem 4 shows that any gp-contraction defined on a
Banach space is a Banach operator. This result consists an answer
to the preblem 9.2.1(a), RUS,A.I. [8]. Finally, let’s observe that
all results of this paper hold if we replace the metric space by a
E-metric space and the Banach space by a K-normed Banach space, =see
BERINDE,V. [3]-[5]. '
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