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A POST TYFE THEOREW FOR (m.n) RTNGS WITH UNIT
AS A SYSTEN OF (n-1} ELENENTS

Maria S.P0P and L3crimiocara TARCU

abgtract: Tm this paper a binmary reduct of an (m,n) Ting i=
conetructad, ar usual ring an & covering =et of an [(m,n} ring is
constructed and an  iscacrphism between those Two rings ie

daternined. As main result the analogous Cor (m,n} rings af the
Past Coeet Theorem for n-groupe is given.

1. P NTROODCTION

The study af (m,n) -rings has provided the subject matter for
geveral publications.
marnte, (4], consldered 2 generalized group in 1%28; he studled
syatems with one m-ary operation subject to asaociativity lawe and
+5 the erxistence af sclutione to egiuatlona.
Pogt,[T],callad this algebras polyadic groups and oxamiped thelr
structure in 1%40; in an leporTant resull, generally referred To as
Lhe fost Coset Thesrem, he showed that an a-group is a coset of an
invariant subgroup, called the associsted group,in an ordinary
a-gqroup, oalled the covering group, and that the narresoanding
factor group is cyclle of order m-1. The a-ary operation in the m-
group ie the operation of the ocovaer regtricted to producte
invelving admizsible numbers of Terms from the coset.
Boccioni ,[1), estanlished an anaiogous of the Past Coset Theoran

for (m,2'—rings: an {n 21 ring A ieg o conet of an ideal I of a cing
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R and BT iz isomorphic to the ring of integers modulo n-1.
Leeson and Butson,|5%|, showed that an (m,n) ring & i3 a coBet E2+1

Eakit
of an ideal 1 of a [(2,n] ring R with E:JE‘E*I’ and (R/L,+) is
isomorphic to (fg-4+ ¥} conversely any euch coeet ias an (m,n} ring.

The (2,n] ring B was called the Post cover of & and the ideal I was
cailed the aessociated [2,n) ring.
Cromibez, |31, a5 well, establighed a Post coset theoresm For (o,m}

ringa.

2. HOTATTON AND PRELIMINARY RESIITS

Pefinition 2.1 An n—semigroup iz an algebralc system [A,()1.)

wilh one p-ary operation 1 4%-A, neN, nz2, so that for any set

of elements @y.8y: .8, ,EA, and any k=1,..,.,n-1 1t la true
that (&, ....48.) 08000y, y).=

L - NRPEY R T TSI S POF - NIRRT - S S

k-1

shartly |::I::11n]' P Pl :L "{E::-r {5::1"}, r ﬂ.la:rn.;rilL

Definition 2.2 &n n - greoup (A, {].] iz an n - eemlgroup
(A, (}.}) inwhich the equaticna (a,,....&;..X 8,,.....3,),=4; have
8 unigue solution imn & for arbitrary Byr....8,€A4 and Ior each
fell, ... pnt}s
An n - semigroup {n = group) (4,€¢), is callsd:

commutative if the operation 20" is invariant under sach
permutation of the slements involved
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st of elements  &,,...,8,€A.
entropic (or medial) if

ff-ﬂn. a—_:] Eomow r&-|l} - [aii.lagg.- o I-Jazn]a.l EEoEy {ﬂn:aﬂmu . -ut.u r'ﬂm:l 1}.=
—{{a_;l,ﬂm, s .,i:'l.m]“ {&.irﬂur moaa JEH]LJ &8 ap I:'Enu'ﬂ]-_n-' ior b dam:ld-:ln'
for any 4,,6A. i,7ef1,...,al

An elemert 2eA of an n - semlgroup (A, {).) 1= called idempotent
_ Lok

if {:l‘]-a.

Tn an n - grosp (A, ()} +the unigue =oluticn of the equation

{a,a,.,.,8,x),=¢ is called the guerelement ol a and is denoted LDy
a.
The (p-1)-a&d @....,u,,EA 15 & right unit as & system of (n-1}
elements if {a&,w....,d,,).=4, [ror each &€A. In an n - group

b - [a-1-31 :
bk b ig a unit far =acn beA and [or each Jd=0,1,...,0-2.

proposition 2.3 {Post (7] Cosat Theorem for n - groups) An
n-group A iz a coset z+N of a normal subgroup N ocalled €he
agsociated 2 - group, im @ 2 - group G, which A gensratss, ca ] Jend
the covering group G, with (G/N, +) =(E_,.#). Conversely, such a
cogset (for some G,N and z) is an n - group. Furthemore, & is an
abelian 2 - group if and only if A is a&n abelian m - groug.

pefinition 2.4 An algebra (R, []1,{},) i= an (m,n) ring if:

[i) (g, [ 1} is a comoutative m - group

—
B
—

(. ()Y i= an n - semigroup, and

the Following distributive law hold for all choices of

,_
b4
Eh
Fh

—_

£,y .20r8.b,, ..., b,ER and for all choices of iel1,2,....0h
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An nlement heR 1= an additive ldempotemt if [¥ndy...,b]=b and
a multiplicative idempotent if (b, b, ... .0l =D, If both of these
eonditione are zatiatied, b will be called an idempotent of  E.

The element F will denocte the additive querslemenl oC b
It i= known that the additive guerelement has the rCollowing

propertias in an  {(m,m) ring: . . Bl=[f.u...b)] and

PRI “r={I&,-...buq,lﬂ.tgq,-..,tgj, for is=1,Z. ... M
1f the multiplicative n - semigroup containg an n - group, the
clement b will dencte Lne multiplicative guerelement of b
therein.
An e@lement 0 in an {m,n} ring B is called a zero of R Ir

Om {0, Ty enosDpd ®es s =Dy, Bys v 0nslpq.0), for each choice of r,ER.

AR {m,pl ring may have at mosl one zZero.
A zaro of B 1l an idempotent of H.

3.
tet {#,[1.0{)}) be an (mmn} ring and a.w.... U, ,ER Tixed

clementes of R

Define two binary operations on R:

3 _
&, kxR-R, xPv=[x, a .8.¥] (13 and &:RxR-R,
Ler-3] (m=a]

¥Oy=[{x. 0 v . (a3 ey Y

(Z, 6™, %) .. la.ul?,a). & {7



Proposition 3.1 77 (K, [.].{1)}., is an {(mm ring, then
(R, B, is & ring called the binary reduced ring with respect to

the alemants a.i,.....U, .8 and dencted by

rmﬂ:mﬂ;‘ﬂ{ﬂ.[ | P T

procf.lt is easily werified that (R,&) iz a fbinary) abaelian

i ! . y ; farai
group (in which the identity element 1 a amd -x=[a, x .x.2] ]

We shall prove the associative law and the distributive laws feor
the operation a.

o ]

{(xOvi Oz la, (a. 0. 2),, (x,ul?, 8),, (x, 2,501,

oy
{a,ay 0,5 ., (@ w3 w0

=il
- 52 B -3 __H~% 3 [er]
=0, 1y ¥t LB L {a el R L Xy a8 B

LE I
e aun . a, v y. o™ 0 (A ul v w0,

-2l [H-5h
=i o | R =3 h=% -2
(e, 2y leaal A el v ur L aYsaslasw Aty LA,

-3 ;
E a3 e g (-3}

fa,wo.a) xu” a . w.a.,.(xuw" &, . a4,

w34 , tmm

Ln=d =2 - L ] 3 5 =
(@, uy ¥ ,uy &l (& uf ., v .o cat.(xul Yty L2

= .
(a, " a,u & {a, e &), (x e &, E),,

-]

n-3 == ==l = =3 =gk -
cArly sd).la s . ¥ W L8

[ X, Ly



(a3
(E a2 8 . e ny 2, (Ful, 2),]=

ST 7 70 i 0 T N 0 Tl TR Tl B - U T 0+ -

oy N | 3
(e u . e.uf . 0. ix.uf? a ,uf o), (oo R . 2.,

L e h

ot af
a=d o3 n—i_ v .Ll;"-:r-?]..

(o, v ul s a),, (x.u y.ul ™, 3) .. (a.uf

LX) > ey
(Bur .y ul . m 8, (8,7, a ura), fau a.w ealkd

(m-3]

20(¥0Oz) =xO (&, (a. w2, &), ly. ut 2, 8, (v, uf?,3) .,

(=1

g, o2 3. (G el o a0 )=

= [ l:..":.. ‘-l-.'lb-la ¥ “1_Hr .:l:' P t-x: Llf_ﬂ. - u__D-EIl H:..! I:xi u{:-ni ﬂ}.,

Le-3]
SRR EPE TN W

E-51 -
eur vy uta), ey 3,

im=-3k
(x.ur 2. ul 5., la, ol a) .8, ix, a0, a) ., (x.a . B) ..

m-31 fe-13]

- - 2
P LR DU ¢ R U o ) T T T SR R Tl | RS

{a.u

i 1 a
oy I S

tma)
(e (e y A ey L

th .8,

[m-3i° i
LR ] —= =3 H=2 — -2 a3
ta,m, & [ 8.3, u 2 U oLz, (8, u LA U LR)..

(3, 0% a) {5 v .ufa, (@ oy ul 3.,

-3

|
:a .HFE.IJ,, ta, ;hmi,-ﬂ_,u'.f'q,z:l,]= after same caloulus

(&, u

= (xDy}Os



=1 lm-)

SO wxD Iy B el =ta (i e ah (x uf ™, a)

(B3] =33
[I,ur'.H] i ta'u’"‘!:y}: !!! u!.ldﬂ-a]a-a

=gt ] [~} m-al

ta, w™™, @, la, w2, 2., (w9, (Eu e, & e

8.

{m-3l
(E a0, eul v el a) . x u2L 8)

ja [T ]

e ™. ) Imla, ba s ada b A, (6, u E)

il
n-I k=g

T PR B T W I Y T 4 TR Y Lt
(x, T, vy, b, 2D )

{2} P
*OvBxOz=(a, (a, 4" &l . [z, o™, 2, (e, 2, B la, w7, v

= a3 _
:-ﬂ.ufq.-'F}.-l:I.-Ux LT R B - -,’.a,r_a:'“.a],,

(=3 a0 .
tx, 03 &) (x0T la.u e, (E . w5 ]

=x (P 2)

Remark 3.2(i) If u’™a {2 a.right unit and auy  is & left unit

ms a ayatem of (m-1) elements in the (mn} ring R, then the
Binary operations are:
faE-3] L3 I3

xBy=ix, a ,&.yl. xOy=[a,a, x ,X, ¥ ¥ lx e .¥] {3)
(ii} 1f a iz a zero in the (m,r) ring R then the

operation & is given boy: xOy= (x ™™, ¥, (4]
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Example 3.3 ({)Tet (&, [1.(})} ba the (3.3} - ring of integers

modula 8, wheroe the operaticne are: [X.2.X] =X +tXx +X,.
l:xl.xﬁ,_x,,:l;ﬁx._::rzxs. 4 is a gzerc element in Lhis commutative
¢3.3) -ring and (I,%) i& B unit as a ﬁ?ntﬁm of two alements.

rgd:*i;:gdf (B, [1,4),) isthering (B, . whero Lhe aperaticne are:

ﬂ}"[l’.i,k"] =I""?—}" anrd IGJ"E*'T.":+'?}'4KJ.-'

i is a zerao elements in Bhis commutative ring and % is a neuter
elenent for the operation a.
(1) Let Rela,bl =a (3,4} commutative ring, where the

ocposations ares

Py gada=a
adadhb=
a+ra+f=f b
daditna aabb=a&
Fibisbab abbh=k
bhhh=3

Tn thia (3,41 Ting a is an additive and multiplicative idempotenL
end B 1z an additive idempotent: abb and ama are unlts as systems

af three alements.

rod, (rTedy (#, +,1) is the ring (R, &, ), whera +tha
pporatlong ares;

xByax+y+h, xQy=xsyexahy
b iz n zero elenent in this commutative ring

f1iiiLet R=la, b} a (3,41 commetative ring, whare

adclition is:

(&, a, 2}, =h

(&, a2 b, =8

(&, b B, =b

(o o, fah ym g

in this (4,47 ring a iz a pultipllicative idempotent, ablr anc asa

and multiplicatian is the sams as holore.
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are units as systems of Lhroe elensnts.

redy (redytR. {),)) 1=z the ring {g,,®.n , where the
operations are:

¥x@Byex+yea, xDy=-b-b+xaab+aaby+xaby, ,and it ig
igomorphic to the reduced ring given in [bi).

We ghall give now a construction of a ring on a covering set
of H.

Lat (R, [1.{}.) ©be ar (mn) Ting and M= U2 (R} the set of
Fep

all matrices with n-1 columns having elements Crom E.Dafina on the
zat M the binary relation "." ag follows:

(8,0 yorg~ By gy iF aNC anly if reg{mod -1 and for
rTET b

YoeR Jdy X, i=L,E.7=I,n-1, where
k+ral (mod m=1) ,kell,2,...,m-1}, =uch that

[le. ™, (o, dR%N,, (o, a™™.,  (c.&a5™") 1=

aftc, di™ .t di™ . te b, beab™ ) ] (%)
Tn the exprassisn , if needed, wa understand by [«aa] Ehe long sum
of a nusbsr of terms congruent with 1 mocdulo m-1.

Tv is gasily verified that "." is an equivalence relation; let

I
E"=M, bhe the factor eek and denote its olemants by Z.ﬁf,’""
=1

(thiz is the egquivalence class of the matrix (&, lq=y ).
Jll'i'!'.

Remarks 4.1.(%1)The eguivalence relaticn may also De defined as

Fal laws:

[aI?}I_I-:i- (B s if and only ir reg{eadn-1) and tor
FE = k] T

YCoER 1':'-'.-?‘:_; ER; -i:'.lIII _f-rﬂﬂ_l! wheare:



k+r=1 (modm-1), keli,z,.. ..m-1], the relatian (8] holds.

(ii) An eguivalent dJdefinition for the Telation "." is +he
following:

(@} jurs— By} yyp = Te8lmodn-1)  and for Veer ¥d;eR, 7=1,1-1
TELET AT

[1 k-1
such that '[-:: ’ {.!-fﬂj le. & ). [o.ad™), [o, a5

I B ML g WP | =

L

whers again k-rel {modm-1%.
The proof followe immediately from the properties of the s—ary
group operation.

{Lii}any permutation of tha rows leada te equivalent
matrices.

{iv)The eguivalence class of a matrix having only

one row will be denoted by <a'> and is the set

™' \Veer, 3d,eR . F=1,5-1:
a2}
[{e . d™ . (Coa™ i tevaf™) 1 =

=Hc“fﬂdi“"-},. (T ™ . {e. BN 1 ) ie.

[ b™ |VeeR: (c.al™) = (o, B, |, (7]
{%)If the (m,m) ring (R [1.(}),) has a right unit

=1
5 of =1 el =
FH =5 @ Eystan =1 eleaents, then fag,) '!'F I:bu:lif_"' L b:}““_ff

for i=T;7, =T,5-2 and b, . ={u,_.as""., 1=T;F

= |



{wi) Moereover, for every eguivalence class ay— W

=1
can ohooge canonical representativee having t  rows, where
1<t<m=1 and (=rimodm-1} ., because
1.m-1
- | T LTI Fraaii N
Lo 'ﬂl il | .
g g £-1,m-1 ¥
Bg-2 (Upgs®ea 1o
- P :...l—:l.
FERSRRCE RS 1 £ ISP ' i RSN £ OO - iogb Y

Therefore - ﬁ S
My ="__11"§:,n-1

(wiilIf u®* 1a a right unit in the (@ m) ring

{®.[1.1}) then the eguivalence relation "."may also be defined
a5

t!!.ﬂ' =T F - ':.hu] Iﬁ-r- ﬂ'l:-mﬂ'l'_l} and
JEET ITET

|-k

SR | T o DO | SR Ll O L
o L v SR VI . i T £ Y. phEly ], where k+r=l(modm-1K&)
(viiij)if «of' is a right unlt ir the (m,n) ring
i®, [1,1}.}) we alse have:
(8,,) jor = (hyy) ygg = T=s(mod m-1) and for VaER.
ET F LT

k) _
[ &, (c.ald™, . lo.ei™ )=

[ |
- e & le.by™ Y, {(e.bf™") .. whare k+r=1l {mod m-1) (2]

Example 4.2.The following matrices with m-1 rows are eguivalant.



| e T
e _l “e- “lb...B...bb| ,with B an any position in the
voaal Wboo b b, bbb

natrix.
The above matrices are also eguivalent o any {(m-1) rows malrix of
the I'orm

Ayyesrdigy

e |
11° ¢ 18151 : N
(10} « Where again Lhe guerelement can be placed on

.E:_, i, E:I.I:ll':I

any position in the matrix.

We shall define now two binary operations on K, dencted by + and -,
The: vperation +:R"xB*-F* is & simple concatensbion i.e.

r i s E ] q 1hE i

A, m- SArL_ A= &
;ﬂﬁ *gﬂij —;: Liin A W h = 4 e
- A-1 5
¢ ¥or 1-1.F
GH" . ]
for i=T+1, re=

£ L

F=1,m=

The operation ie well definad, i.e. it does nsk depend an Ehe

cholor of representatlees. Indesd,if

1 1 R = (&4} ’ i | . - B, and
12! 4 TE il e ﬂﬂ;}T_E { JJJ:-F

P . E peC
F miy" "E ¥l "E ‘rﬁ':rl.. then by commutativity of the m-ary
=1 2] =

operation and knowing that per, g=¢, k+r=1, J+g51 {modm=-1} we have:

oo i e
e o ™) AT N e ™), e yitid ) 1

ikl
= [ [{e ., &, (Ed5.. te.al{™ o

-
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[i-11
I:':: v I'-jl'ln-':l.:l us I:-"-:\'r HH 'r‘___l"':.' rlﬂ_i:l ] =

S[ e @Yy, @, (e an™ ). le.afn™4 1.

1I-1}
(e Y. (el Sy, e pE™ -

_'Ii.r|--1:I

-[t*: [ d{u—ﬂl]n {-E'..-E- ‘l:c'fa;{u-ll:lu

iI-11 -y -y
8 P Lot T (Y- i OO 1 - il RN [ 4 |-y "=

tk-11
=[ (¢, di M. lc.a;™), (c.ali™".,

Cte” ™y, (@, ai)., le, bE™™, e, bi™ )] 1=

H 3 s
=2[{e , AN T e e Yt el T, e BT

LR

- RN - 0 s W

s T B Y, (e, eR T L (e, el ]

It ia easily werified that [(R'.+)is an abelian group.The neuter
alonant ol this groupg 13 the claees presented in exanple 4.2.which
= 1] fe 23

can be denoted by (M-2)< & >+4 &8 , ar.

TFaa ::-_.'ulml::t'r"‘il:: alepent ol p ﬂi S R -

={m-3) <af ™y ecali" i A rte . time3) CalyT e

1
ag
i
[
[E]
8
=0
m
o

L
represgentative for the class —E aii™ is the matris:
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i

P e
E TR A
g i
RApyr v oy gy

8y, .. .8 .,

Ay '&'_',l-l
S EERCRL W 1
The eecond bBinary operation R*ART+R" will be
foollows:
£ ) & i " I
PRl i ] =
; aj; .; _bun-fl 'E F ﬂé’-.-rn-i 1_‘1.a—|rb‘_'.ir1'" I:L
g a1 T=1 =
The definition does not depend on the
rapresentatives; indeed meaking the same notationz as

putting virg=1l{mod m-1) we have:

w1l
[lc . &™) (E. &), (coali™ . (8, o0 D™,

e T

1,8=% a1 -
{"-:.J'dj.ilI=| ¥ Eaiimlb:il .:I-:'-r I:El!-;.l.mai |:a:|_-|_z,-.:|,i'lb'l:l:lllE'_l:l--:I-

P L]

e el e e ey the
quarelenant’s proparties and commutatieity=
fr=i} ik [i-11
sllc . di'™) . @d™,, (o 85", (2 0ys &Y,

I:Ehn—:_dﬂr-l:l £ :aq o= ib-_.];n-t!..

b Y

i
s 11-11

a1 F.a 6-1
le,ay  ody b, (e a7, [ (8, py Ve

O oy R NEUSEN . v ey TN VO, L ur T B

i
-i

%) v
tcoay L™ 1S e, d L (E, Y

distributive

delfined as

choioe of
before amd

Taws |
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§1-1i L
= ﬂf}iﬂ-i; [ ilﬂi_n-j_ [ '-jf_d-l b

-1 l.=2-1 E, &t
I:E"_,n-:l.' '|u },a- {Elihi p:u_ﬂ_ ]‘“_”{ﬂi'ﬁ_i:pﬂ :I.] ]'-r

o e E]

i,.8-1 {1=1]
] o m-1 - =1
':-ﬂrﬂ]_]_ r|:’j'_‘:I l:l;rlll! l:c'ra-:;n-ii {i"t,u—l r =rlI ]-r {'ﬂ],n-]_ldf }Ill-l'

i-kl

1=
[ 9 =1 =1 2
{'ur,n-:l.' :;E—i:‘. r-I-Jl{Elil_ii‘llln-l:ljx{c!a;gn a d]_ :|-|:|_

again by the diptributivity Laws,guerslement’s propertles and
conautativity=

-[ tﬂ'[':“d:"ﬂﬁ..! tEr dipl:l-ul h-"r !‘_1:,5-21'&“"-1! ﬂiih:l-r:'-.d [

PN {0, ol T Lo DV DY 7. S Ll © T i B TP
e lcear: ™ la, oy -BET 100 = by assceiatlve and distributive
LawsE=
Fw—il - Lk-1) _ - ey
"'[':E 5 df_*].@.r{ﬂlldiﬂ]ar{[[c' F] d:ll_.':}-r':.'l:.l":;l"ll-il:ﬂrdil'l :I-r‘___l

fa-k-13 am-k-12 »
(o 5 1 .. el L P, e, g

jk~1}) i o s
(e . @4, (& dl ., te,ay™ ).,

I PIPL S B L O

Jw1} tk-di . - i X
Slie L dR L (E T, (e . d ). (B.d07),, (e, 6l c: I——

im-k-1h [ o S
. 1,n= -1
v uwmp 't‘:! E—?rn-i:',‘] FI%IH] o {E' d?_.' P F'_'_" ; a I:-Gl"a:-_l x EJI }*J

=1} “1y 4
(e, amy,, (E df™ , (e aki™ . (e eB™") ], p5™") 1= by the

distributive laws,guerelerent’s propertics and commutativity of the

m=ary operation



H |

= [’:E ' I"i.\:.ﬂ-:l-:l-r [Er "j'r-l:l . ':':rﬂ':_‘i_n-nr [Eiln_-_rﬂ;_iq-l].,:l e

eoeee o ™ oy o BETDD L e e Gy, BT

Freug

SR LA (e, o r-BEi"7).)] which proves that

r

; I'rl- fEbl,n-:l ) .{n-ﬂ.gﬂ_inl

The zasscclative law for the aoperatlon "." iz an  immediatse
consagquence of Che associative lawe for the n=ary operation (),

If a"™ is a right unit in the {(mn} ring (R [1.(}).) then its
erquivalence class <y, consisting of all the right unils of

the {(m,m ring (R, [].{0.), is a right unit for ¥he operation®.=,

4 °
Indesd, pﬂﬁm,: qq}-E&rTHrd;n S }_=p‘!£{..1

If the (w0 ring (& [].000 is semicomoutative, thon for any
-1 elemerts of 8 wa have:

(e, al . oY = ( (e, B0, a7,
Thie eguality implies the commutativity of multiplication ik R*,
no we conclude that L (R, [1.10).) iz a senlcoemulabive {m @
ring then (F* ) iz a commuzative semigroup.

In RB" the distributive laws alsa holdr indeed:
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(since o=y, for I=1, 8, f=1, 11 and a
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T=0+1, 8+, J=1, m=1. ]

wa have prowved sa bthe following
Propogition 4.3. (R',+,9 is & ring. I (R, [1,(}.) 1z a (mn)

ring with right won:f  Chen [RY > 1 has a right uwpnit:if

(R, [1.1%.) i= a semicommylative (m,r rimg then (R*,+,7) 1z a
compmibalive ping.
Proposition 4.4.7The eguivalence clasges having matrices of type

(r,m=1}, with rea0{mod m-1), a5 represantatives lform an ldesal
Iof (R +,4. and R*Iel_

I - g ;
Pronf Lot ;aﬁ"l,gﬁ;“fr, i.8. reg=o (mod m-1).

Their sum has. & repreeentative oonsisting of r+280 (Mod m—1%

priered gvestemns of (p-1) elements l.e. 1t bDelonge to 1.

Wa have that ;.W"‘—"m A BT e DI B, L i %
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this representative has  gi@-2) rows —-a number congroeent te ©
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Fimally for any pg‘;ﬂeg and th"‘ez we have that their
product

[ ]
;aﬁ ot ;bf‘,'”"‘ has a representative with reeo (modm-1} rows,

=a it belongs to I.
Proposition 4.3 Tf au®® is a left unit and uf 4 iIs a right
unit in tha (@, m ring (K, [].{).,) then the ideal I i= {zomorphic

to the reduced ring red, {rsu‘;..liﬂpﬂx (y%.
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Prool Let fiI=R, f:ﬁ al™y=(a, (4,45, (a,8a7"" ]
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We have proved that I is a momonarphism of rings.
For W xcR we have thakt

x=la, la. ur ", a

fauiira

(g, Ut T, e, X ] = f[Fﬁ“"’l] ,Whera

by=u; for =T, A2, i=T.F 1, by =a for i=T,m73, By g pi=8s

B 1y S X

This proves that f ls onto;the Fact that £ lg one-to-ons le
I:Ji':"‘-"i:]"l..l.ﬁ.

Bemark ., Mote tThat the set cuy "R» together with the Tepeated
operatlian & and with © is iesomorphic to the (m2) ring
red g (R, (1,03} dafined in [E€].

Example 4.6.[11Les (B, 11.01) the {1,3) commutative rlng given
in axample 3.3.(17.

Then the clement of the ring (Ee: *. ) will be %the following

pguivalence ClBSEBE:
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<3, 8:=003.3) (3.0 . (6.3, 14.8).4e8,).

<5, 03,5, (5.8, (0.7, 1,0,

4,8 3.5 .01.%), 4.5, (8.0,

<3, 18,1}, (8, D}

<3,3:=005,3) (1, 1) . 42, 2), (&, 8) (2,50, 08, 8) , (3. 1)},
<39 =13,7), (T, 81}

<, 503, 0, (1,8, (.7, (5,80}

3.8, 8, (1,1}
2o} 2l s} =6 ) 2(5 )
3 =05

= 3 = 9 2
where . X (i; i“ -[[‘ﬂ h]lxlxﬁxﬁ.-ny, +r=.n}
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The tsomorphiss defined in proposition 4.% is: FiI=37

(E6 )+ <26 )

({2 O <(e} o
(G Y (e o
R

(11)Let R ba the (3,4)conputative ring defined in example 3.3.(11).
The elements of the =ing (R, +, 9 will be <ahb>=l{abk), (aaall,
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glesddlenninptdiied as n sl
gl adtyEa s g (on )}

_{ ('ﬂ- i "! E[: i ;] ]_ The isomorphiam will be @ F:T=-R",
g a

(2G5 P 22 3)-

(1iijLet R be the {1,4) comeutative ring given in example 31.3(1il).

The elements of the ring (R*,#,9) will ba: <abbr={{abb), {aaalk
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