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CENERALTIZED CONTHACTIONS AND HIGHER OQEDER HYPERBOLIC PARTIAL

DIFFERENTTAL EQTATICNS

Vas=ile RERTHDE

AbsEract.Wa establish existence and unigueness rasults ol
{periodic) =clutions  for higher order partial differentlial
aguations by neang of a ganarallzed contraction principle.

A& generalized Lipschitz condition (or Perron condition) ia
agsumad instead of the classical Lipschitz condition.

1. INTROGUFCTION

In a recent paper [Ll5],Sheng and Agarwal gave existence and
uniqueness results for higher order nonlinear hyperbalic partial
differential equations.Their paper extend the work of aziz [3] and
Cesari [io-12], devoted to the study of periecdic splutiona of
certain secand order nonlinear hyperbolic partial differential
equations.As Aziz in |31, Sheng and Agarwal consider a generalized
Lipschits condition and, by means of the well-k nown Schauder’s and
Bsnach's fixed point theorems, they establish the exletence and the

unigqueness of the solutions, respoectivaly,
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Moktivated with eour recent works for second orcder partial
differential eguations [T], integral eguations of Pradholn type [6]
ar Valterra type [9)] and infinite systenm of ordipary differential
aquations [R] whers peneralized fixed point argument, based on
E=valued norps 1s considered, in thie paper, we shall generalise the
Sheng and Agarwal’s reawplt concerning the unigueness of solutiona.
The existence part In the Sheng and Agarval will be treated in a
future work.

& slrong Loeel in obbtaining existence and unigueness results far
differential or integral equeticne ls the coptraction mapping
principle” {or the Banach'e, {ikxed polnt theorcem).To apply this
principle to concrete problems we construct an asscciate operator
g0 that the initial aguation is epguivalent to a fixed point problem
for the obtainad operator.Hext we have to find a space where the
operatar in guestion is contractive, that is to construct a norm,
pquivalent to the norms of the spaces inte consideration, with
respect ©o which the operator ie comtractive.

As im |61'=121, in the present paper wei shall uwse an
alternative of the above nentioned approsch;i.e.we shall obtain
exlatence and uniguenass theorems by means of  a generalized
cantractlion principle [5], when generalized norms, with values in
the positive cone of 8 real Banach space, rather egquivalent scalar
noras are considered.

Z2.THE GENERALTEED COMTRAITION MAPPING PRINCIPLE
In thiz section we shall recall, in: an easily modified

statement., the generalized contractlon mapping principle given in
the paper [5](see alsc [13]-[141).

Let [(E,[«f) be a real Banach epace.A sel Kek is called a cone ir
iy ¥ is vlosed
(ii] x,yeEX implies ax+hyek for all &, beR,

(1ii) Fpi-my=l@}, where @& i= the null slement of B .



41

The cone K induces a reflexive, transitive and antiaymnetrical
arder relation = in g, by
xsy LI and only it y»-x € K,
related to the linear structure by the praoperties
ngw implics #p+gsv+z, Lor each zZeER
and
psv implies fusibv, for sach tER,,
that = "=P {« a5 Jinesar arder relation.
The space E endowed with this order relation le called an ordered
Banach space, while & is terped as jbLs positive cone.
We: smay that the norm of E i monotome if
x, ¥EE, Bsxsy _i.ITiFl'|'i-r‘.-.'1 |=]<1¥].
Py coma K is marmal Lf there exigts §20 euch that,from
x,¥y€E, x>0, y20 and [x=]yi=1
it resulbs

fx+rwjzhb.

Recall that if the nora of (B,|-]) is monotone, then K is a normal
cone [(see [7] with tha references therein).
Throughout this paper K will be the positive cone in a real ardered
Banach space {(E,]']? wwilth monoctone norm.

We need sore definitions and sesults fvom [T].

DEFINITION 2.1 A& mapping w:KF-+F is a comparison functien If
f1y w  le nondecreasings
{ii) (@(E))_,, COnverges to B , for all CEK,

Exanple 2.1 Let E.=l, the raal axis, with the usual norm.

4

in this case K=R, and a usual comparisen Function ls
W:E. "l..:-
@ity =at, 0zsacl, tcR,.

DEPTHITTON 2.2 & mappino e K=K is called (c)-comparison function
if w is nondecreasling and fulfils the [ollowing convergence
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aandition

(c)There exist two numbers k,a,0sm<l, and a convergent serios
of nonnegative real terms Eal such thet

la™ {t}|sa |w"(t)|+a,, for kzk. (¥) teK. (2.1

Remarks. L)In [¥] «onditiom (2.]1) appeare In a different but
equivalant form ;

21Every [(ol-comparison function e & conparizson function.
Indesed,if w is a (c)-comparison funetien,then the eeries

glw“{cbl converges for all teK and, consequently, the seriee
; @ £} t2.2)
1

converges in E, that is cendition (11} in Definitifon 2.1 is
satisfiead.

3) The functicn @ from Exemple 2.1 is actually a
[c)=comparison function.

DEFINITION 2.3.Let X be 4 nonenty set. A mapping J:X¥xX-F ig said
to be = K-metric oen ¥ if

'[]-:I dl:_'-t,_}'j Eﬂ !.I.'I.I:I d{K;J"'} -H ]-r Hnd: Dl']l],l" if II:JF'

(11} dix,¥) =d{y,x), for all x, yex

(1ii) dix,¥) <dix, 2) +diy, =), for all x, v, zexX.

The set X endowed with s H-metric 4 is called E-metric spacen,
denobted as uzually for metrin spaces by (¥,d).

DEFINITION Z.4.Let (X,d) be a E-metric Epace. A mapping Ff: X=X
iz called abstract s—contraction or e—contractien |f there exists
& comparison function @ E=F =such that
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J{E{x), L) sw{dix,»), x.veE. (2.%)

Exanple 2.2.Let EF=R_  and let & bLe £he conparison functlan in
Example 2.1. Then & R.-metric space is an usual metric space,
while econditlion (2.31% becomes
dlrix)  £{¥) ) cp-dix,¥), 0221, x,vEX ,

the well-known contraction condition {n the Banach’s contract ion
mapping principle.
Remark.in a K-metric space all concepts as K-Tundamental sRguenoe,
k-convergent sogquence,complets K-metric space and =0 on, are
defined in a zimilar way to that for the usual metric spaca,

The following theoreom is a natural generalization of the
contraction mapping principle.To state 1t wa need zome additiomal
remarke and results adapted from [4]

LEMMA 2.1 [I1&6].0let w:F-F ba a (c)= comparison rfunctich.

If o:E=-K i5 given by
olt) =Y w¥[r), rex
&

then o iz continmuous at @ and nondecreasing.

LEMMA 2.2 {[16]). If @:F-+K is a subaddiiive compariscn function,
then @ 15 continuous,

THEOHFM 2.1. Let [X,.d} be a cosmplete Fepeiric Fpace, with K

4 normal cone and Iet [:X~-X be a s=conkraction, with w a

roc}-comparison fonclion.
Thaern

(1) Fe=ix't, whera F.-lreX|fix)=xh

(2IThe sequanca  (x) .m0 X,~F{x,..), Dzl converges to x*,for every
X EX;

{3 We have

dix,x") sol{dlx,, x...)}. meo; F2.4)
(4)If, Inh addition,.a 12 subadditive and thore oxist
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nex, n*8 and a mapping g:X-X¥ so that
Joi{x , gixhy <n, Foro all x, VEX,
then
div, @' sain) +ale™ldx, 2)0).
whsre
yorgtix).
Remarks.1) For =R+ and w a8 in Example 2.1, from Theorem 2.1 we

cbtain the Banach’s [ixed point theorem.

In thie case aflb) =-1-]-:-E't, hence the estimatlion (4) gives

dlx, x' < .13_-_‘1 dixg, %) 020
which is a wvery usefull stopping criterlon from a practical point
of view.an a priori order estlmation in Theorem 2.1 may be cbtalned
from (%.4) a3

dix, x*) solw™{dix,x))), (2.5}

which in thes above particular case becomnan

' a8 s
dix,, x"} < _J_‘dl:x...x._]n i {2.57])

218 local wersion of Theoren 2.1 nay e easily sbaCed and
proved. We glve it herae becausze we ohtaln asz a particelar case
Theorem 3.1 in the Sheng and Agarwall’s papor, which they use 1in

estanlishing thelr unigueness result.
THEQREHM 2.3, Let {5, ba a complete K-metric space.let
rER, re8 and Siuw,r) =l gex|diu,udarl.

Ir ™ maps S{w.T) inte X and there exists & (o)=comparizon
function @ such Lhat

(il T iz a @ =contraction on S{u.r);
(11) iy, Tw) sr-@ir) .

Then, T has a wnigue Fiyxed point w* in S{u,r) and the sequenca (e )



del il by
By, =Ty, k=0,1.3; ...

ropvargas o u* with

diu,, u") sel(dix . x,)). a=zl.

[2.6)

Bemarks. 1) For £=R., ¥ a Panach space,and @ ag in Exaople 2.1,

from Theoren 2.2 we obtain Thearsem 3.1 in (14},

2i1In The above menbtioned particular case from

obtaln (here a=p) the s posteriori estimation
. 1. .,
lup-u e == -2, |s
1-&
which is better than the a priori estimation
luy-u*|=a’r,,

i Theorem 3.1 [15],cbtained from (2.5).

3.EXISTERNCE AHD UNLIQUENESS RESULTS

[B) wa

la a,b be two positive nunber= and let ue dencte [ﬂ.?]r[ﬂ4£ﬂ_

and [o,alxfo,b] 8as I, I, and [, respectively.
We shall consider the nonlinear hyperbolic
Aifferential eguation

a?iH'Fu
e sglr, V. Cur)l, n,mel, (X, %) El g
FPEF Fla. ¥ ak
together with the pericdic boundary conditions

-
& l-ai;l;-":' - 51'-‘;;;_-"1" =4, iy, 0sdiga-1, ¥eI,,

#{x, 0} _ K
T-:|:j[.vc:n. Defzsm=1, XE€I,,

and

Hulo,y _ Pula, )

I rYor =g, (), 0zisn-1, VEI,,

partial

(3.1)

(3.2-1)

[(3.2-2)

[3.3=1})
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ﬂj.'_lalf-:';_ﬂ}l ﬂ"ua::xjﬂ:l = ix), 0=jsm-1, xEI, {1.1=2)

regpectively, whera +<w> denotes the vector

fu e L o k" gy S
:Er axni .rayj.l' al_nar*r
— Fi el 7 ) gorriyy  gey = bl *

prre LR v M DTSR P P
And gEC! Inbxn"“+"*“,l].
For m=m=1 we obtain the gecond nonlinear hyperbolic partial
difrerential eguation
uﬂ-gix,?,u.u:.ur] ;
with the boundary conditions {0, ¥) =g i) culx 0} =dix) .
$(0) =¢d0}, which have been exbtenslvely studied i [3],[10-15].

Cepari showed in [4] that ir,in addition to the usual smooLhness

regquirement, g and tha boundary function #, are both pericdic with

respect to x of period ¥, then thare exists a periodic solutian
af the above problem.
Lat us come back to the problems (3.17+[3.2) and (3.10+{3.3].

We noed necessary oontditions o ensure = function wi{x,y¥) %o bea
enlution of (3.17+4(3.2) and (3.1%+(2.3], respectively.
These leanas ara proved in [15].

LEMME 3.1 ([15)iFor a fenotion  wix, ¥l ko be a sgodlution of
{2.0)+{3.2) 1t ip meccssary that

Fulo,y) v _afi Fulo,n 1 r 7
ax ! L TE-17 1 axt *'—m_i__l“_lj:f.a—nr-l

¥ orE amhaig,o s

L aEna;:r ur-x]uf{-"' B = talL, four) ol o

osizn-1 ¥eI, [3.4]
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LEMMAR 3.2 [18]For @& functicn  uwix, ¥ to be sofition of

(Fald+i3.2), in addition tofd.4), it isa necossary that

Fulx,0) _ b ghg(x ay
: . ’ ===
dy 1 E (k=131 ayk im—; -1} Ier Lkl

.n 'I,|
x¥ getdgpg, l’.‘.']'

E—u k1 dxtat=  (n- :L] |.r{"':"g‘llIIH!"'{E E'{H}EEJE.':
Dsjzm-1, x€41,.

ILat nove ﬂeg[__l_'*]_ We dafine, for i,F=z1

ry
I| = 1 o i- s .'.;'
B, 8 ix, ¥} u—ur{j—m{{"‘ EYEy-{} 40 (L) d(dE +

e dyio,p [ xie ]f
dxsP gyei | {1-p)

+

Eaﬂ"*uix o) E-i‘l'] ge+=-9-ay {0, a)
i gt aj-'“." ':'.I' al t J-l-l t-1 dxa e gyaa

% ,.._\_xi-:u }r:'f y
[ Tiep) | ] ( Ti—ai I]' {5, ¥) €T pi

for J=1

r

(8, 8) (%, ¥} = [ 1y-0 4 B1x, () s
-]

3 Ereyix o) [_L‘““ ] b

= dx® gpee =gt )T

and for idz1

(B o8 ey = _rfa'—E!‘ T OE. v dls

'.L:II.

ti_].'l'} I')r |:.|"L',. 5"':| E-E,.hi

a.urn.ﬂ-.ﬂu{ﬂ__}..-} [ aig
= dxTPdys

(3.5)

{1.6-2)

{3.6=3)
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Tt is @asy to see that it uilx,yl iz a selution of problem

[3.17+4{2.2) an dope  then

gy
ﬂxﬂ E}pn
eatisfies the functional equatien
glx. Vi =glx, v, (B, &), {3.7)

=&ix,v) €CL1,,]

Further,if §, € C2[I,], F=0,1,....m-1,%,€c®[I,], i=0,1. ..., 0-1,
the: if we denote

ey

E{x, ¥l = i {3.A
L P )

where u ie a sulution of (3.137+{3.3) en I, then
tlx, vl =gix, ¥, <8, 3}, {3.9)

and therelore t{x,¥} 1= a fixed pointon CIT,,] of the operater b
glwean ny
(T €} o =@ix. ¥, <B, E2], (¥.10)

Let now assume that the followlng hypotheses hold for pErablan

(3.1)1+[3.3]:

(2, gla, ¥, <¥>r) is contlnuoos For =y and v, ,, 0=zigp, 0<Fsm,
itfsm+m-1, a&nd pericdic in x and y with periasd a and
pericd B, Tespectively:

(B} gix,y, <v3>)  is uniformly bounded,i.e. |g]ski

el fglmve v gl v, (80 | shix, v, | Cvr—<frx 1 (e
where h:J , xE=+3-0.§ ipg nondecreasing with respect to the
third arqument, that {i=

visvy=hix, v, w) shix, v v);:
(di)} $,€C%(7,), F=0,1.....0-1, $,€C%1,),i=0,1,,..,0-1, are

pericdic Iin x and ¥ with period & and f, reepectivaly,
and
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E'_I'a’,!':ﬂi _ 'ﬂ-'f*;':n]
dx? dy

, DEigm-1, OsJEm=-1, (3.11)

DEFINITION 3.1.{[15]).The functions & feciI,,)] 4re called
aproximate solution of (3.7) ard [3.9]), respectively, 1f thore
exist small constante 8,70, f=1,3, such that

E-A - e Ve . {3.12)
uﬂ?f:_b' (=, ¥} ~gix. ¥y, <B, &) |=s8 3.12)

and
Jrﬂfjaf:..l E(x, ¥l -gix, v, <8, £3) |8, (3.13)

Remark.I1f & and £ are approximate soluticne of (3.7} and (3.9},
reepectively, ther there exist continuous functions

Ulx.0h,1=1,2, such that

Blx, y) =mgix.¥. <8, _58%) +9, (x. v}

and

Elo, ) =gin. v, <B, LE2) +n (x, v},
whith

max [n,(x,3) |8, 1=1,2.
tx, ¥} m gy,

Tet (I, be the Sanach epace endowed with the usual norm
L= = A r CECET ) .
el |z.ﬂu‘?x_| L, | T,

we denzcte by K the cone of the pogitive functions from C{ X5}
and lat us define a mapplng
k. Ol =K,

by Bel.=loix 3 |, (2,00 €1,
for all tel(I,).
It is ckwious that |-, 4ia & E-pors on C{I,l . that le

fn,y lel.2®, for each cec{I,}, end fel,=8 if and only 1ir t=0
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(@ is the null function);
(n) JAeL=1&| jul., for each teC(Iy) and all A€ER;
() [erelslth+l8),. for sny t.88C(Il,).

The space {I,} endowed with the FE-norm I'l, is a E=-normed
space, denoted by X in the seguel.

By other hand, E iz the pusli_:life cona of ¢{r,) endowod with the
Chebischew!s norm, which 1u manoTons,

This means K is a normal cone and therefore (X [l is a
F-Banach &pace.The partial order induced by ¥ on X 15 given oy
g<t 1f and eonly if six, ) st(x ¥, Vix, ¥) €1,.
Tt now define w: BE=X , given by

wlicix, ¥ i=hix v. {| %[>}, (X, V) EI,, (3.14]
whare {lt*|:- is a pmintm-dimensienal wector corresponding to

£y constructed in the following way:

2 e =[L-"_g__:-i ] - #e i - it ]

E'-“IF'-...'rW:...JF‘.--
ie denoted by (&b, i=0,1,...,8, F=0,1.3,....3 I+3 € 11em,

al'tj't

whara £, , corresponds Lo Teind’

than, for fel,2,....8; 7=1;8;...,;,8

Tl

el —
=

¥
Ti-1)1(3-1) |f (=€) 1 -3 | £y, 4 |20 ES
[

for f=1,2....,8

E
L i _F} f-
tj,-}—TEn'.!::x £} | gy . | dR

and for F=1,2,....4
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¥
1 .
o -_..._![ % Eal - I, T
4 {__ur_:l.}-l ! ¥ i | D..jl {
Tet us as=gme That there avil=st a nushers a,d<e<l nand a convergent

series of nonnegative terms E #,, =uch that,beginipg from a fixed

rank the following Inequality
o) sa @f () »a,, Cor every LK, (3,15}

halds, where @f stands for the &9 jtorabs of @,
The maln reswlt of our paper may be now estated in
THEGREM 1.1.Lmt praoblam (3.31)+(32.3) have an approximatse salution

fix. ¥} and let in S{f. rlcX, assumprions (a,)-{d4,} bold. If,in

addition @: K=K given by (3.14}) zatisfies /3.15) and

1E-gix. v, <B, £>) | <8, ¢{1-&)r,
than the following hold:
(i} there exists a unigue golution Elxy) of problem (3.1)+73.3)

in ,Sr{frr] and henpce in viaw aof

ulx, ¥} =8, tix, ¥,
problem (3.3)+¢3.3) has & unigue solution;
{iiithe seguence of successiva spproximations defined by

u, lx, v =8, Eilx, v
Epu (2 ¥) =g, ¥, <12 ).
PR R R N B
comrarges to wix.¥) with
Ju,-ul,so{bu-u,l},

whare a{f} I=g the sum of the series

‘éu"ith : (5.16)
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Proof.Tt =uffices to show that the operator
T,: (€, 1) ~x
defined by (3.10) eetisfies the corditions of Theerem 2.2.
g this end let &,tcHﬂE,rﬁ.

Then,

T 8 o= (T3 £} (g g | = 1900 By < By 833 =G, Fs < By 2 |

and by (o,
D) oy = (Tat) o | shla ¥ | By gt = Bo gt |1, A, ¥} €I,

In wiew of (3.6=1), for i=1,2,...,m, F=1,2,...,m w& have

¥
', L ow PRI CIN i Gt S L ST T 1 L
JIRPEN- A u—lm,;-'—unf{“‘ B4 (-0 e, (el O Tak dl

faor 1=1,2,....,r8, Irom {(3%i.6-3) we have

|8, Jt-B, . t|s _||"¢x BV ELE, ) e E, v | O

(1= 1!!

and, Tinslly,for J=1,2,...,m f[rom [3.6-2]

| By, sEBy, 48] 8 — 2 f{y 04t ete-) -t (x, O (dEL

F=ah 1]I

Therelfare,in view of [3.14%, we conclude that

In e~y tl,swife-cl), for all &, zEs,

which shows that T, is a e-contractian.

Then,all conditicng in Theoren 2.2 arc satlafied.
The proof is conplebe.

Remarks. 1)IF e is given by

oo

wltix, ¥})= % Lnyeqltsql*
I-1.3=1

Ef’n-i. Ilt.f #l ELH--__I:ll‘-ﬂ- II I"I I:_'F:I EIIL'

=l
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with L, . satisfying

A,m
: aipd
[ Ln'i' .—{l_.
ol Az ) aryt
g
then, conditicon (3.15) holde with a,=0,k=0,1,2,... and from

Theorem 1.1 we obtain Theoraes 3.2 [157.
Lyour conditlon [ is of Perron type and is more
general than the ceorresoonding one in [1%].

A & matbter of fact the assumpbtions on the functions w,
invelved in the generalized Lipschitz conditionm (o) In [15] are
too strong. If suffices to claim w, , are gubadditive nondecreasing
and econtinuous at pare {Lhe gonkinuity of @ is an immediatae
consequence of the previous assumptlons.
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