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ON THE GENERALTZED BRATIO TEST
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Abatract. A generalizetion of the well-known ratio test for
numerical series was studied 1n the Flrat authors papers [1] and
[#]. The aim of the present paper le to extend the generalized
ratio test lteelf.
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1. INTRODUCT LOM

This paper (& acstcerned with the stoudy of the generalized ratio
test, given by the followlng theorem (see [1] or [2])

THEOREM 1. Let ¥ U, be a series with positive tearms.

n=1

1) If there exist a convergent series of non-negalive Lerms

Ll
Y v, and a constant number k suck that

a=i

T?%:.‘k-:l, Jor n:xN (fixed), i*}

then the series Eun iz convargent.
fi=1
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2)1If there exists a decreasing sequence of positive nunbers
such that for npe¥ {fixed),we have

3 IR e
i) opv, and 1i) Lﬂ"_. LU R

then the series Y u, s diveryent.
el

Remarks.If the " comparison meriea” E v, in Theerem 1 is the null
-2

saries, that is Vv =0, nzl, ,then we obtaln the wall = known
ratiea test or D'Alembert’s test.

As shown by some edamples in [1] and [2], tha generalized
ratic teet (given by Theorem 1} is better than the claseical
ratio test, because there exist geriea for which Theorem 1
applys and the ratio test does not apply .

However, the relevance of the generallzed ratio test is rather
theoretical, becsuse in practise it is very difficult to find,

for a given series ¥ U, the sultable comparison series Y.
=1

nel

The ® converdence part " of Theorem 1 Bay be generalized &8 in
the next sechtion.

2., Main result

The main result of this papar ia given by

THEGRFM 2.Let Y U, be & series of positive terms. If thers exisl
[ il

a convergent series Y.V, and a sequence (W), satisfying
n=1
(il paw_ <1, mal; (I} K. <W, "W, ¥ a.mzl,
such that

W Iy S W (VD nel., (1)
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Lthen the series E U, ig convergent.

=1

Proof. From (1) amd (i} we obtain

Uy I W

ﬂus?‘h—;‘. nzl . (23
If we successively take in (2), n:=1,2,....m

ahd then we add these m Inecualities, we fimally cbtain

r,'ﬁi-p,r -rihu,r, (33
[ % m=1 £ h-.| i
But, from (ii) we have
Wy Wy sz W,
hence, from (3] we deduce

TS UL W+ W Y VW, [4)
1+¥d
How, having in view that applying again {i) it results

K

=
=1 £ F.?:

and that O<M <1, we obtain the convergence of 5w,
a1

Therefore applying the Merten‘s theorem we deduce that YU,

ie convergent. The proof is complete.

Remarke.l}For (A)), glven by W =k?® 0<k<1, from Theoarem 2 we
cbtain the generalized ratis test.
2By means of the generalized ratlo kest we obtained a
characterirzation of the series of decreasing positive
tarma [3],given by

CORROLARY 1. A& serles of decreasing positive terms Y u, ie
E-L

convergent iFf and only if there exist a canvergent series
of non=negalive terms such thalf (*) iz satisfiad.
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It is gasy to Zee that the same property holds if we replace
(%) by (1}. We thuz ehtain

CORROLARY 2. A series of decreasing positive term Y @, is
n=x

convergent. if and only {f there axist a convergenl series

of mon < negative terms YV, and a seguence (W),
n-1

satisfying (i) and (ii),from Theoram 2 such that il
holdsa.

Proof.The " sufficiency ™ follows from Theorem 2. In order to Prove

tha neceseity, we take, V.=a-U, nzl (a*n) and Wo=1/{1+a}", ‘mx1.
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