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Abstracl.Let FiDeERO-R®, F={F,....F): 2 eR% v'eR®. In this note we

apply Lagrange’s mean value theorem fo the resl function

feD=B, Flx)=<x-x",5=x">+{Flx) -y, Fix) -y
and present a geometric interpretation in case of m=1 or n=1.

{¢-,» daenaotez the canonical scalar product in BP, peN®)

Let F:pcR~RT, F=(F,,...,F): x"eR") y'ER",
1n this note we apply lagrangsa's mean wvalue Thesren
to the real function
[D=B, Fix)ecx-x", x-2>+<Flx) =y, Fix} -¥" {1}
and present a geometrlc lnterpretation in case of m=1 or a=1 .

(<, danoctez the canonical scalar product in RF.peN'}.

A vector from R (pe2) wlll be considerad in the form of a

EowW-vooLlor .
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For a,belP, a+*b we denote, as usual , by Ja,b[ {[a,b])
the apen (cloeed) scgment with the ehdpaints a, b
la, b =lxERP: x=a+ t{b-a), telo,1[}
[a,b] =] xeRF: xea+r(b-a), telo, 11}
We denobe by J. the Jacob:xdian matrix of F and by =t
the gradient wector of £
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Proposition. Lel [a,b] cDeR®, D an open set.
If Liw: Junction F:D-RB® iz continueous on [a,b] and ite Jacobian

matrix J, exists in every point of Ja,b[, than for any 1 el?

tharn gxists 4 oOFla, bl suchk that
<{P{E) ) -Tple) +~“—‘T""rb-a}-ff-‘-“];’ﬂ—r‘,r{m ~Ftayr (2)

Froof. Let »"eR*. We define the real functien £ by (1) with
an arbltrary x"€R". The hypotheses of the proposition imply that
the function [ is continuous on  [a,bh] and lts gradient vector «f
exiats in every point of la,b[. By Lagrange’s mean value theorem

it followe that there exists a cela, bl (o deppending on v
for which
V(o) ,b=a» =f(b) - fla) .
Replacing here

VE(x) =2{x-x"} +2{Fix}-3") "dplx) and

i -Fla) =<b-a, a+k-2x"> + <F{H) -Fled, F{a)+F(b) -2¢*>
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woe get the relation (2.
Corollary 1. {r=1,m=1}

Tf the furction F:[a,bBl<R-B iz continuous om [a,B] and

derivable orn Ja,b[ , then for any "R there exists a cela, bl
suczh that
Fla) =y} | (Fla)+Fib) .y, Fib)-Fia] a&+h ;
{(Fle) -7 fcl *E-{ 3 ¥ g I__'.’_ (3}

Geometric interpretation of Corollary 1. In the plane
B={{x,v):x, yeR} wo consider the points Ala, F{a)).B{b, Fib)).
Balation (3} assuree ws, that the pormal line in the point
(o, Fle)l)  ta tha graph of F:
x+ {¥-Flc}} -Flig) -e=0,
the midperpendicular 1ine of the chord [AB]:

(b-a) {a-%b:. S {F{DY-Fla)) -y~ F[#];Fibb S

and the line

+

=y
are concurrent.
Carallary 1 asserts that under its hypotheses, in the plane
R', from every palnt of the aidperpendicular of the chord [AB]
one can draw at least 3 normal line to the curve

JAB[: w=Flx), x€la,bl.
Remark. TF in Corollary 1 F{bl =+F{a) and y'=q,
we: goet Eolusbsn's result from [2].
Corollarcy 2. (ne1,m=1)
Let m»l, (&, blcDeBY, 0 ar open seb, I the fusctlen BP:D-R
iz continuous on [a,B] and ite gradient wector VP ewista in
every  paint of la, b, then for any 'eR there exists a

cela bl werifying
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CIFich -7 Nr{g) +c—%b,b—a} -{ﬁl'r':'_:?."r_bi]_ - }-{F‘{h:l =Fial) i

Geometric interpretation of Corollary 2. We dencte,as usual,
-a-:{-I_lﬂ"'Fxn:lr E.{ﬂlfl"rﬂ”:lr b‘{hlj'-rl!ﬂﬂldﬂziflrrIIch’

Amigy,....4,.Fla)), B= (Bye v o b PLBYY .
The graph of the functicon F {s the hyperzurface W of the Epaia

R ={{, . .., 2.9 PXeo . X FERD with tha parametric eguatinn
H: verm,....x), (x,....x) €D,
Asgume that F{.,,l, . .,..F""_El are continucus on Ja,b[.

Relation (4) assuree us that the normal lime in the point
(Qreeeaty FiC)) to the surface X-

X+ (y-Fie)) F, (o) -c, =0

X Hy-Flo) ) F, (€] -c,=0,
the nmidperpendicular hyperplane of the chord [&H] :

<h-a, x—%ﬁ':- + {P(B) -P(a}} ,fj,.__il-""{u:;l ;ng} Jzﬂ

ard the hyperplane
¥=¥
are concurrent.
torollary 2 asserts that undar ifs b¥patheses, in the Epaca

R, ror every y'eR  thare exists at least a point

{¢rvvi,enFlc)) of the arc las[: ¥oF{x,...,x), (%.....x)ela, B[

af tha hypersurface H: ¥<F(XayuouuMa), (2, ... PMJED in whick the
normal lire to the hypersurface H intersecte the midperpendicular
hyperplane of the chord [AB} inm & point of the hyperplamne y=y®.
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Corollary 3. {(n=1,mr1}
Tt m®m>»1 JIL the function F:la.b]lcB-E* ig continuous an

[a,b] and derivable on la,b[ ., then for any ¥ eR® there exizts

a ¢gle, b wverifviog

(FLc) =51 "-’fr{{":l .rc..{w-}r: Fib)-Fia) - ...ﬂ -3

- ¥

Goometric intecpretation of Corollary 3. Let us denote

_'!"=|:;':"1.-..-..}".}, fll:]’;, v l:_‘r:.l}.l

A=f(a.Fla),.. ., Fla)), B=(b,Flb),..., Fpib)).

The graph of the function F ie the curve [aF] of the epace

B i={ia, v, eee Vol i 9, ... ¥, ERY with the parametric descripticon
Xx=x
n =
LAE] : F‘___i{xn . x€la, bl.
v Flx)

Ralatinn (%) assuras us that the normal hyperplane to the

curve [AF] in £he point (o, Flch, o oo Pl e

x+(-Flo) ) nd (o) —o=0,

the midperpandlicular hyperplans of the chord [AB] -«

_ a+h Fihy-Fla) Fia) +F{bh} .
{" "I A = S S

and the line

¥i=¥y
V=V
are agnourrent.

Carallary 3 asserts that under its hypotheses, in the =spaae
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R™ , from every polnt of the midparperdicular hiperplane of the

chord [AB] one can draw at least a normal hyperplane te the curve

X=X
| AB] ¥y=rF lx)

w3 » XEla,bf.
Yp=F,(x)
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