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DISTRIBUTIONS IN THE CASE OF HOLOMORPHIC SURCTIONS . AX
IMFULSE FUNCTION (DIRAC™S DISTRIBUTION ) FOR HOLOMORPHIC
FUNCTIONS

Lidia EOEmMA

Abskract : Im the paper a Dirac s diptribution Ffar
bolemerphic functlons is constructed ; it has the form:

(z—z,) flz))= #-_fﬁd = flz, where e HI
PR
The Cauchy integral has the properties of a Dirac

diptribution; the filtering property is proved ko hold and

the derivative in distribution sense i calculated.
The deriwvative iIn diatributicon szense of the
distribution generated by a funcktion f satisfies the wall-

known relation : f(z)=f (zl+5{/) & (z-3)
where (“{z] 18 the derivative in distribution sense of the

distribution generated by £, ,F'[::- ie the diptributlicn
function-type of the function’s derivative and 54f) 18 the

functicn®e saltus an Yo O,
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Definition 1: Let fiC=C be a funclion and dencce by
AUDT f={z{=.{.‘[f|f.1'l-=ﬂ} the support of the [uncrtion Fizl .Let K
ho the space of holomorphic funckion FiC=C having compact
suppssl and defline uniform convergensa in K as follows:

PP S ™) f 3 DcC such ehar
R

supp (@ (0 Ch |, supp (prlcD¥EeN.

Definition 2 :Lat 5 be the sosca of Lemperate fupctions

» 1.2, gef F ol e MNDEC 20 thar for Izl === wa
have 1]'Ii_m“a-"{f.]"--"ill { furellens which wvanieh faster thar Aany
1

power of —| .

=

Remark: In the casc of belemorphic function Jordan's Lewma
halds:
16 Flzle D) and (pkld=Rz=R=e"0c(8,6] win Jie itz =0

{ urd Feamly wikh respech to HEEE |,E|‘:]:-, L hierry -ttifljf[';};.fzw.ﬂ

Ta
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Definition 3: We =zay chat Ff(—f(z)} if in any bounded
B, _—
domsin I of © we Have L2} 2y and moreovar
£

L*.0fren 1=,
i\ congtants do npot depesd on Luncrkion's index in the
SRgUSiCe]

Definition d4: Let £ he the speace of indefipike
differentishle complex [unctions fiC—0C, biasring any suppart
af functlion . Hote that helomorphic functlons belung to Lhe

space 5.
In particular , Far holomerohic funcrians - becaung
zArs are isolatced Bupp fiz) is a cultinly tonnecled

domain , in fact the complex plane C except the points g
tar which fiz,)=0.

Dafinition:5, Lat (ELCLY,CY be two wvecktor BpAces Over
Ehe [i=ld T and X—=F. & mapping TX-3F im an oparabor with
the domain X and walue in ¥, Denote N =(Taxl=ye ¥,

L5



T is a linear operabor if
Tionx, « %) =2 Tix 1 o Tix, ), for Yo el Wx ek .

T im a furcrional if ¥=0 (the field [, ie. DX =T,
pafinition 6. A Histribukicn is a continucus linear
functional defined on a fundamental space WK5E) » L.e. il

maps any functional from @ inte & complex number , =mnd Lhis

carrospondance satisfies the following conditicns:

i1 (T f 4o =olT )+ (15
21 fea M =T, fh f.fe®.

We shall denote by Tep' a distribution delined on 4.

The gemquence of distributicon ¥ converges to Ehe
dlatribution T, Ted’ :ImT=T & lim{T,f}=(T.fy , i.8. the
spguance of complex number {T,f) cenverges To the complex
number (T.f).

The set @ of distributions defined on ¢ with additien
. sealar multiplicstion and a oonvergencs structurcs la a
vector ospace with convergence , namad the space of
distributions & .

¥We shall comatruct now a DMrae diectribution ( an
i Lae function .

Let us coosider the olass of distributions generated by
[unctions which are locally integrable am C.

BExample ; lilf;..ip,'l=f_.l'(z}|:?[z}ﬂ'.: e,y K
F
pefinikion 7 ;A0 imgules [unction SzkC iz definsd by :
{8y, fizn = FI0, Fed, confered in =0
or iz =z [lzh)= flag) centered in 5

Extand in complex the Heavigide funcbicm (unig function ) o=
r
M ,ze¥
Bz)=
) 19 ZFY

and defins 'Z.H['E]‘-f['ﬂ}:%j Ed_{“

¥
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The dizsribubion ;[I}.f{:m:j{][z}ff:jdz -Ij[zjd:. Where Yo :upp{_f[;}}
¥ r

will ba called Hosvieide digtribution .
We shall deline now rtha Dirac digtribution =f ar
holomorphle  function:

fzleih—=¢C, Do

1

= [Binrftande o L gfe,
(Blz) (2 = {ac‘:u.m:m <— j = [(0)

or,

cenlerad in Iy ®

; o 1 p fiz) :
|':_ 2, = ——h=—— " = “'|
(8122}, fiz) 2.?{_% 2= fiz,)

This diskribution ism a linear and conbinusue one and
will have the same prapertics as Dirac’s distribukion in
the real Caso.

Filtering propecty:

Wiz =)= iz )8z -2, for Ywe I

Trifead
’ W _ 2 ey,
L W[-t::llﬁ[ n T --n.:l- .-r':!.] = ﬂ; ! Wﬂlv ||["[.-.,| Lt [.1.' ] = f F‘:’I} :'6”: iy L_i"[ﬂ,'l

Darivacive of the digcribubtion -

; 1 Jr'[ﬂ'] “r .
G-z b flz) s — = = — P = —( Bz - Lz
f2-2 sz&-ﬁf () %

In genrral:

(B = (=180 ) twhere  Po=T.

i

= i i " - d )
For the Heavielde distribution we have —iz—'l= dz)
de [J_ Y .L_'_:lill:”
bocauge Brk=- } =1
2 +E=% |0 L —ouiride the comtonur ¥

Remark @ Let ya rarind o lemma concerning Lhe following

Livicklet probles .
Fing an holomorphic funetion Fizy=U+iViDy  inside Do Y.y = Fr
edeept al ey where BRe[Fia)} has a saltus S(z)=U, -8

| simpla poled .
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The solution of the prosalem will be ; around the point

fzi= ?;_IfL"-.. -V Mn{z—z b+ continuoue Funct ion

The derivative of Lhisz Lunction ig

; o I :
Pl =——(U,~U)-—+ osnrimuons funetion or , 1in
T T-1,
grmeEral , for g - simple polas and Siz)= saltus of Re{fiz)}
we havao;

L
Fizy=0Gizm J'E'—E:"[:ﬂh{!,_ =~ L
=i &
Glz) beding a continuous functian ;
Derivabkive in diatribution asnse in the neighhourbood
ol 5 iz & peneralizacicon of the vsual Serivarive.

Froposition :r (generalizacian af thae real case |
Let. Fizje H(D) exczpl at Lhe poling LEY . whore Fizl haz

# pole with the Baltus ol Re {Fiz)}): s{Flz =0, - 1,

SR} = =0, . then the follewlas relation helds:
L=+ a(fdz-z,)
where (2} Ls the derivativa i In distributicn senae | of
the dislribution gereratsed b f
Ffiz} 1z the distribution funccion Lype of the
function™s derivative
T_-
Fizi=8iz,  then 8 =i F) und Szl =0d

Ll =L 0" b gy B — 2,000

The poink z ey, then —iz—:ﬂ'i [ semiresidus theocem),
=i
T
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