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Abstract.A mean value theorem for divided differences is presented.
For the imtermedlary point, a similar property with the ome proven
by B. Jacebson [L] in the case ot the mean walus theorem for

Riemann intograls ie proven,

Mean valus Lheorems relatively to real ftuncticns F:la,.b]-R
praise the existence of an intemediary point ccla.b) Lor wiich
Jacohson [1]1, in the case of the mean value theorem for the Riemann

inteyral has proved the [ollowlng property:

1im E-2
b-a b—a

kaji=

Popa [3] showed thal Lhis result spreads also in case of Lagrange's
theoram and the second mean valus thaearom.

In the folowing we shall give & mean value Lheorem with
Aivided dAifferences which represente a generalizatlon of the
previcus theorems and we shall prove a similar property for the
intermedlary point cosresponding to Lhis Lheorem.

1n [2} we have proved Lhe Theorem:
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Theorem 1,75r f;rla.bi~R are n-1
differentiable on fa.b] and J.‘,"""

times continuous]y
alsc exist an fa.b) for BTErT

i=1,3+%1, then for any AEX X L.l gh  Lhere exists at leasi

an  cEfa, bl muek that:

o
i1) p (LM iay p=o,
=il

¥hers [ means the determinant chtained through a removal of

i'* golumn from the {n+1,n+2) t¥pe matrix:
L) ... £, 0x) 2

(2] S i 1a

£l oo B ta)

The rfelation

theo

[1} can be written in n+3 order detersinant form:
%90 ... £l% g b

31 'f‘.l. Ir""-lil=l I f.d-ﬂ |:'?‘:I!I':' 1 =i

Bx) .. £ (k) 3

Bubtracting succesively the i'M line from the 1+l one, {=F,75+1,

remepbering Lhat Lolay ) Lyl o b = (o, =2, ) DI X, 30 and
developing the obtained determinant

column we get the following:

in accordance with the last

£ ... £ e
2=1

¥ -0 DE ) o D ()]

OE, [0 ... Df,. (x)

Repeating succesively this method For the lines i, where i-F.a,

than for 1=3,8, and so on we g8t Lthe following:
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i) ... 2Bye

Df, ... Df
v'[xlﬂr'r:.--- "xj:l}- l{ﬁ} .E'P."'11-'tl] -,

Df(x) ... D°f,  {x}
whera  ViX, X,,....x) means the Vandermondse determinant for
FyrXyp <o ¥, and DI ix,) the {*? order divided difference applied

Lo the function £, in the polnts s Kyao = v v s Ky e
0.we have obtained the mean value theorem for the divided

differencens af the funectionsg [, . where J=T,m%1i:

Thegrem 1*:4fF Frela,.bi-R  are n-1 times continuveusly

dif farant tabIle ar [a. b and there exist f}‘" on fa.b) for evary 1=T,0-1

thel for any as<x<x, <...{x,=b there is at least amcela, b} such
Lhat:

e o 2Bl
of,{x) ... D, (=)

e e LR

P ). .. Pt lx)

(4] =0

Remark I:J58 fa,.bj-& i5 m-1 times  continuously
differentiable on fa.b] and there exist £ on ra.p), then ror any
BLMLX ... (b there 15 at least an céla,b) For which:

flﬁ“ {,c!]
':5] ﬂ“ff.l'ﬂfl -ﬂ—.!l

I'his result represents the mean value theorem for the divided
differences af arder n and can be obtailmed by applying the previaus
Lhecrem in the ftollowing case:

£, =x!, 1-T7F,
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L
remembering that:
DIf, (2,) =0 1F $31,

.D-Tfi I:.'.'ED:I =} iFf ;f wd, wiljear ez 1=1_H
and:

Fil'ag, 1=1,7"1

Lot
0 =l

Taking into account the expression of the divided differencea of
arder n [or equidistant nedes, the Eemark 1 l1eads us to the
[ollowing reosult;

Remark a: Ir Fefa,Lj-R iz n-1 times coRtinguons iy
differentiable aon [a b) and £ alro exists on fa. b} then for amny

-
& [a, ) and f.ll'-_'-m..—:“] there (5. ab Jaasl ap Cce{a,bd for wich:

o
(61 ¥, (-1)2-ieg £z 4 il mhr (o)
=i

Ealative to the intermediary polnt ¢ of this theorem wo cap prove
the following property:
Theorem 2:fet Ffifa,bHf-® be an n+] CLimes coptiouousiy

differentiablec oo [a,b] function and x;=-a+ih, 1-1T0E, wilkh

x-a ;
I:I‘T For every xela.bi., there exjsts a poinl o €(a,. x)such that:

£ (o) =nl DMEix,)

If £ {g) 40 then the rfellowing takes place:

Cp—d

: i i
{72 J.Lm oy

Proct:Let M, @ [0, LI_J-_JEE -R,
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Pk .}: -1ymte) Fix, eih) =BT ()
iFl

G{h) =B
in the proof we shall usc ihe f[wlowind ralations,wnich are eas¥ TD
demonstrate through complete ipductian alter Kk where
EEi0, na. 41l nel
Let:

SLn=;;i'15"11'Cﬁ

Lhien we hawve:
ay S a7% k=0,n-1

Ll &y p=nl

I
o =T+l s
:I ""FFH'..I L 1'-.1! 2

With respect to The assumpl ions of the Lheorazm We ahbtain Lhat F and
-a,

G are n+l times continuously differentiabie on [0, =

Thus the JTollowing heldE:

Jrixl {Ie]— e rtol A E™ (X edh) - RrrplE ey, k=T H
(1 —J:. |

Bince F ig n+l times continuous Ly differentiakhle on ] W

abtain:
1&1 pis () =B 0y, k=0, 01

1 Fl (g = FU gl a=k
Bo il:1 h) fal E (- o e “ = h
for any keil, ..., n+l].Theretore:

Lim#* (b} = £ {m[s“ —'ﬁ sk, kaT,mL

1imF (b =2 (&) [5, ,-nt], K70
b5

Cue to the rolations al and Dl W0 aRTi
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1imFi¥ (B} =0, =5
L]
Bimilarly,

] .
limFi=at |y .E (=1 had (0 Lo+ F imet] fx,+1h) =
b= =
L) Sy o = £100 ) L2 1
Clearly, limi*t {h) =0, =T, 1
-]

and limgiasih (B} = {p+1) b,
s

Thue, through succesive applicaticn of the 1'Huspital's rule we
obtain:

i ﬂhj =}3 m_s_r 'h} = =11 F[nl.llll:h:l -_J:I' i1}
=i Rty e g gy Tz I A

But. preceeding From the definition af the Eunctions F and G, we
alilain:
-]

o
it~ =

(L) ™4 £{xy+ih) -b= £l ()

Because af the second resmark, for any !:Eiﬂ,b—:]. taking

X=A+rk, it results the existence of a o€ (a,X) guch that:

£
?_; (-1 lol £z +ih) =hesisi (o)

. o Fil) o ROy o pa gt gy :
e ﬂ'-:‘-“{m e B

i Finl (o _.finil fa) "-"'_E-E:f. :
- O x-a h

Dut x-a=nh, sa b= 1fF waam. Morsover, o e (e, 20 tor f-=i

We obtain -3, As f is (n+l]times centinuously differentiable on

ia bj,



i1

= 2 (o) - 1% {a)

11 =fiotl rgy
bt Oemd

ga:
4 ?{-&J e [r+1) AE _E!-H

(9] laa'-amﬂih] ofin _;:1 ]

In accordance with (B} and (%), because F®=l{gi»#% the statement
(Tlis prowved.

This property of the intermediary point of this theorem can be
extended for theorem 1" in the case of eguidistant nodes as
ftollows:

F
Theorem 3I:Let I [a,bi-R  be JEL%EEL+L times canlinously

differentiable on fa,b] for every 1=-I,0+v1 aod

x,“asih, i«f,n, h-ZEEE. Then there exists at least a og5t8, X

SN ThHRAT

E™iey ... £2(e)

DE I ... D, ix}

110 =1
PR ... DUE )
It the fellowing holds:
£, fa) caa B, (8)
{11} B .= tros i,
el S AT 3
Lhen:
{12} lim—x2-1
¥ra X=8& 2

Proof:lLat P.Grlﬂ,b;ﬂ]*l.
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aloe) .,
gih} =h *
(13) i F gl 7 5 QR g &
B v . (D e
af (x) ... DOE,,ix)

We notice that an eguivalent form for F can also De given:

Sl giflix) 10
(14} FlA) = £y (%] con By lag) i
£ ixgrmh) .. Fp,, (t0b) 1

The proof of the eguivalence of Lhese forms «an be made through the

same method which brouwght us to the theorem 1'.
From the hypotesls of tThe theorem ir follows that F and G are

af'n.:”-- +1 times continuously differsntiable on [0, """:‘] =
For any J'IEW:-"J-;-]—EL vonsidering x = a + ph, there exists at
least a oy ta,x! such that (19) holda. Then:
Py s Blx
sy | pf (xd Df
Flh =Fi{h) —0=21...01& F i 10 .ni-?i.,:l-
nfl {'#:l} q.5'm D"-f..,ﬂ.ﬂ:]-
Y e, i
i e [BER]  Da R,

BE (b

PR+ b AL E-
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712 1y -1 (e, £ (x5} - Fhms (Gl
= 13 KJ-EI 'Eﬁ'-‘:"'l
+1L xﬁ—c'
=21.,.alh ¥ 5 Df, (x,) G DE,.. (x)
D*F, %) Dot (x,)
Applving the mean value theorem Tor k'* order divided difference,

with the tunctions

J-'."i.ﬂ' fl r

of guch that:

ore e, x)cla, x)
£1¥ (o) =kl -DEF ), 1T, 0FL, k=T1,3.

But x,—X=-nfl, =50

i=T,10+]

Wiz abtain The efiscence

f1l1| tﬁ .a il f:'.l'" Eﬂ? ':Iul' : r._ﬂ'zll
e Hy~ '5';: Xa "-':
=gr +1
Fla)=-n—2n * flia I |
£ () £ad ~'*‘=
£ (x) - £ (o) £ion L) = Laet (€5)
e T g,
F C' ﬂ - 1]
G0 un Eﬁ; - l&i_p i £1 el L o
S e £, Ly Rty
But Ph=0 iff x+A, and since ci€la.x) if -9 then also
of=a, 1=-T,n0+1, k=1 1.
Moreover, [, ia Mﬁl timos conbLinuouely differentiable on
[#,h], therefore ff"" iz derivable in a,s0¢

al =1lim

i () -F1™ [a]

[ i |
£y £y
1ipt2 Tl -

o -E‘I—ﬂ o

a,=a

-f£m1] |:-ﬂ:| z
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bocause A=x, and O E(a,x),

Thus wa have ocbtainod:

2 e T T L

Ltay ... F_ L&} _
f15p 1mZ __ o & At ke
o Gl e e
Gl = I (P
Clearly G is Lﬂ;".'ll+1 times I-'.“’:'Ftl‘.inu-ﬂus]_}r ‘TiffEr":‘.zil;.ial:l'Fg

tLherefure we get:

Limz™ (b} =™ {n) =0, k=2, E'&;_!."'_I
Py

(161 1im Wi e O Vo) -{H—“S*I_:'ﬂ J

Ruferring to (14),in aceordance with the rule of the derivation of
the determinants,we can write:

£ U i LE () 0

£, {x,) i £ lm) 1

Fig= T M e | EE lmen) )R [£pe (xgeh) ] Bt 0
L

Lf, (xemb) 1 | [£, (x, enby) st g

¥hara .Hfa_"w.‘ are  same copstants which do  pot depend on

feevirdpy sor X, [£i¢IM]™ peans the B derivative of
the function £, in X,¢3f,  Wilh regard to h, whaille:
1"%'0, ir kpo

1", 1F k=0, §-T7H

aln+lld
-%

Lut every function £, is only =+l times continuagsly

=
differentiable on [a.8] .50 avery h:j cannot ovegrtake E%fl .The
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maximal k which ensures us that for every [y rvosalyl with
k, +. ..+, =k tha condition above 18 fulfilled ia -ﬂi%sll+1
g0 we get:
f;d'l lxu} I ln'l [Ih} o
£ lx,) ik Eaglag) 1
e ¥ M. .i,"ﬁijtj £ ) ... Ead (xgem) 1P
syer e S
PR PR TR £ x enhy 1Y
T
fecause F 1B Ei%gigrl times continaously ditferentiaple we
chiain:
f]‘_mxn PEERE] f:,ﬂ_Iq ':l
L) -a- Lmalinl 3
vimFll=FEe T M RIS £ () e ) 1
bn o Je
EjrH . B - v o= e
Pl 7 R vt txJ,J 1t
claarly the determinante obtained above wvanlsh | baving two
identical linesl in the followindg gituations:
a1 i, del1,...,mY ie? such that kirky Lor
by f€l1,....n% such that k,=0 or k=B
we notige 4Lhat Ffor @vVery keﬁn,,-.,fﬂigil i gach af the

determinants which occur above are

Therefore in this «ase

(17 1imFi =0
- Rt d
Te E-L‘;‘Z‘lel the sipgular situa
are pot doubtlessly 268TO0 are thoss for

represents & permutatios of
La «ach of thess situaitions.

either in the situation alor bl -

riogpns im which the determinants

which lkﬁ....,k.?

‘I :—r- 1 .Jﬂ‘lrﬂ‘i‘l‘l a
through interchanging the positions of
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the lines and replacing x, with a we bring the doterminants to The
form:

i} 1 P o £ B

]

fi{a) ... f.la 1

(18) | £¢ay ... £ (& o
0
0

f{”"ta! fiﬂﬂﬂ':l

Lot Tp.....p be the nusber of the line interchangings through
which the following determinant cam be brought to the form [18):
£ x) ... £8ix) o
£ . TBax) 1

P e BN o FTIRE LY

el NI Sl
S0 wer (an write:
{19}
1=t (ay L, i ey
. Feay ... £ Eion a
Limrfyl =| = M BTN
-0 iid - P | Y o-1.8+il I=1
ey L, £ a)
Bocause of(16) .applving n+l times Lhe 1'Hogpital rule we get:
*1! .5

(20) UnZtl orjmf - (4) .
=0 i =il e

gt 1 RS oo 4

.1 1 Hiay ... £, R " %
I_-Mi-lll e “ew P lLlll____‘;‘-.l-\_ -'"-i._lln""“" ""'*“;r-; e
z
Ffay .., £Miay

(15) amd (20}, owing to (lllare leadimg us at the following
relation:
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, o.—& ‘.. C.~a
{21} lim—ZX _=lim—= "=
b-t X-3 g X-3
1 g
== . 32 4% -1
rf?...n—:..um!‘:“ ke ol y S

mi{m+l} o
E{Tﬁllj W ovaly)

Clearly, for ay fnctions £, 1-T,0°L, the valus of T, ., ad M.
are constant (they do net depend on those functionsl .S5o the wvalue
of the limit (1) does not depend on the selectim of the functime I; I=1,0+Ll,

thus wo can determin it meore precisely through a particular choice
of them.

Let £,:[a.b]-R, Fy=x', i=1,n+.
Note that im this case all the assumpticons of the theorem are
satisfied and also the assumptions of the second theorem and of

first remark with £: [a, k] =R, F=x™1,
EBut hbecause :.f”‘"{-u:'l;-n:.rnrl:lI--:'Jr JWe notice that tThe intermediary

paint ahtained im the first remark is unique for any X (a,8] .
Theorem 2, applied in The same conditioneg leada us to the relation
VT ADDIVInG Theorem 3 we gel the relation (210 -

Bacause of the unigquansess of the iatermediary polint, the two limits
which appear In both of thesSe relations are eguel -Thus we have
demanstrated the expectied relation,mamely {130,
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