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ABOUT THE STRUCTURE OF THE 2 - RATIONAL GROUFS

ION ARMEANU

The structure of the groups all whose characters are rational veluerd]
the so called rational or @ groups) is relatively well known ( see Jor
example [4] ). In this note we shall study the structure of the finite groups
all of whose ireducible characters are rational valued on the 2 - elements.

The standard notations and lerminology are those ol [2] for the
character theory of groups and [5] for the general theory of groups . All
groups will be linite.

Definition . A 2-rational group is a group all of whose reducible
characters are rational valued on the 2-elements.

A rational group is a group all of whose irreducible characters are
rational nalued.

Proposition 1. A direct product af 2 rattonal groups is a 2-rational

group and a factor group of a 2-rational group is o 2 - ratiorwl group.
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Proof. Let G amd H be 9-rativnal groups . Since the frreducible
characters of G x H have t(he form axff  where
e frriy and e frr(H) the lirst parl of the slatemenl lollows.

The sccond part follows easily since the irreducible characlers of
a factor group pulls hack lo the original group.

The prool of the next proposition is analogous to Lthe proof ol
the similar proposition for rational groups [ see [2] ).

Proposition 2. G is d 2rational group iff x y in G whenesver
e =<y and x s a 2-element of G.

By prop. 2. it follows immedialely :

Proposition 3. A group G is a 2-rational group iff

N {<x=)/C{x)=Ami< x>}

Definition . Let G be a group. An element x of G is 2-central
if there exist a Sylow 2-subgroup of G such that 5< C (%)

It is easy to prove.

Proposition 4. Let G be a 2-rational group . Then:
i) Every 2 - ceniral 2 - element is arn fnuolution .
il For every 5 e Svl (G) the centre of 8. ZIS] 1s an elementary abelicn

2 - group,

i) The Sylow 2-subgroup of Z(G) is an elementary abelion 2-grotup.

Corollary 5. Let (; be a Z-rational group with 8 an abelian Sylow
2-suhgroup . The S is an elementary abelion 2-group.

Proposition 6. Let G be a 2-rational group and S a Sylow
2-subgroup of G such that Ni<x=) is subnormal in G for every x in 5.
Then S is a rational groug.

Proof, Let s in S and the group isomorphism

N[ 52} = Aut(< 5 =)



Let zw a scl of generators for Autl<s>) and x,yeN(<s>) such that
lix)=z and Iy]=w. Since Aul [zs>) 15 a 2 - group , wo Can assuIne that
olx)=2" and «(¥)=2". By Lhe subnormality of Ni<s=z), §mNi<s=) 18 a
Sylow 2-subgroup of Nl<s=). By Sylow s theorem there exist u,v in

N[<s=) such that a=x" and b=y are in % . Then f(al=flx]=z and

[h)=flF)=w and the statement [ollows.
Proposition 7 . Let G be a 2-rational group aned 5= SvliG) such that for
every PeSdliG) and  every nonineolutory heSmnf  with
PAN{<h>)eSvL(N(<h=land N<h=)nSc P there exist geC(h) such
that P = 5. Then 8 is a rational group.

Proaf. Analogous to the proof of prop. 6 we obtain
a.be ' Ni< h =) such thal [Ta)= z and f(b]=w.

Definition. Let [l be a permutation group on the set W and lel x in
IT. The cyclic group <x= acts on W. Denote by Ofx.n) the orbit of . We
shall say that H is 2r-transversal if for every 2-element x o1 I1, and m arn
integer relatively prime lo olx), there exist an element b in H such that
= and RO, w)=00x,w) for every win W,

Using techniques ol [3] we shall prove the next two theorems.

Theorem 8. Suppose Curll is a Z-rational group. Then both G and
I are 2 - rafional groups.

Proof. By the de definition of the wreath product | see[3] )II is a
factor group of Gwrll, hence by prop.1 ITisa 2 - rational group.

Let g be in G a 2-element . Define mW — G by setting miw)=g
for every w in W. Then 1% rllw)= miw)=g, therclore 1*[x)=r. Hence
ol{m 1))=0l(g) and [x:1) is an Z-elemenl in GvwrH . Then f[or every

positive integer m relatively prime to olg) there exist (u;h) in GwrH
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such thal (whimlehy' =(ml* . Hence amp =71 Since wx =m it
follows that wwlguinw) =mw) =g° for cvery w in W. Hence g Is
conjugate to g°.

Theorem 9. Let G be a 2-rational group and [ILW} a 2-r trans-
versal group . Then Guor(H,W) is a 2-rational group.

Proof. Let (fix) in (rwrl a 2-element and let m be a positive
integer relatively prime to o[(f:x]]. We have o show that {(fix)" 15
conjugate to (fix) . Clearly (f1x7 =(fF...f %" . Denote g=K..f.,
Sinee H is 2r- transversal . there is an element b in H such that
v = ¢ and hO(x,w)=0(x,w) for every w in W .

Then (LAY 0L =g x) .

Wwe shall prove now that (g) Is conjugate Lo (f:x). It is
straightforward to prove that i Wwd=(x* (Fh™ (w) ) for every w in
W. Then hiwleO(r,w) and therefore (x7(F whtiw)" s conjugate to
w*([)[w). Heniee «* (g Ww) is conjugate Lo fx*{ fw))” and since Gis a 2-r
group and x=( w1 it follows that x*(g(w) Is conjugate to
x*(0w).

We shall construct now a map W-—=G such that
(e, g, o, ) =i f.x) Let W= O(x,w 1. LK x,w ] be the palrwise disjoint
factors decomposition. Let [(Wxw)|=s . By the previous . there exisl
wiw et such that giw dx® (g Nw w7 =¥ (f)lw) for i=l...4q.

We define p on all W by setting

pix ow =L, f. (w b piw g, w bog, (2 (w0}
lor every 1<k<s-1.

It remains to verify that (g (g, xHp 1) ={f,z). This follows If we
prove thal piwig (widix wy = fiwe) for every woin W . For w=w this is
obvious . In general , write w=x"(w) and stralghtforward follows the

atatement.
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Theorem 10. [1] Every group G can be embedded in a symmelric
group S such that (f x,yeG are conjugate in S then <x> and <y> are
conjugale irn (.
Theorem 11. A group (G can be embedded in a symmetric group
S such that the 2-elements of G do not fusion in S iff G is a 2 - rational
GroLp.

Proof. Let G be a 2-ratiomal group embedded in a symmetric
group 5 as in theorem 10. Then x° v in G lor some positive inteder g.

Since ¥ x in G, the 2-clements of G do not fusion in 5.

Reciprocally, let G be embedded in S such that the 2-clements of
G do not fusion in S . Let y < iedG). For every 2-elemnt x of G we have
yiri=eyix) with e a positive integer. Then x{x)} is rational and the

atatemnent follows.
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