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ON A CLASS OF INTEGRAL FUNCTIONS IN VALUED FIELDS
Chiocel GROZA

Abstract Lel P{X) bz a polyiomaal with cocfficienis in 7, We suppose thers sxists an integral number
My such that P(n) = 0, % n = Ny We consider the set D = [1/Pm)}, n=M,. This paper 15 desoted to G
all the integral fimctions §7X) with coefficents in € such that §Dx- 1.

Let K bea field admitting a rank 1 nontrivial valuation | | (sec [1] or [2]). For
xyckK, define dixy)-| x~:r| and thus (K. d) is a metric space. A formal power serics

(1) F) =3 a.x" ckX]]
k=
is called an integral function over K if for every x<k the sequence
(2) 5,(x)=3 a,x*
k=0
is a Cauchy sequence. We denote by TR[[X]] the commutative algchra of integral
functions over K. If fX)< IK[[X]] and Bk, then

(%) v, f = {0 K, fIY) = Of

defines a topology om K such that K is a locally quasi-compact and locally connected
topoloncal space {see [4]).

Suppose K-0Q and || is the usual absolule value function. T et
(4] X=X +B_ X" 2.4 BX+b, cZX)|b =021,
and we take M, N such that Pink=0, ¥nz=N,. We consider

1
(5) Dy s Y= N
=~ pim 1

andl we want to find all the integral functions )< IQ{| X 1] such that #1210,



Theorem 1. Let k=0, | | the usual absolute function and D the set defined by
(3). I AX) IQf[X]] such that D)D), then fiX) =QfX].
Proof. Let fiX)=MQf[X]] defined by (1) and a=oy' By o Pie?, P, vie N, We SUPPOsE
[D)=D and f{X)& Q. Then for every n=N, there exists ko=, kae N such that
1

ﬁ- = e =

f :l f{fu.:l .;""J.-H Pftﬂj*vﬂ—yi'
Since the Zeros of an integral function are isolated points (see [6], p.88), for every y=D)
there exist only a finite number of clements xeD such that f{x)=y. Now, because fiX)
18 a continuous functions, it follows that

(7 lim yy, =0=lim f{y,}= f(0)=ay,
Let xe[0,c], where c>0. Since f{X) is an integral fonction we have
® tmjeZ”|=0
Hence
(%) |ﬂ'|=E:,HiEFE£EI;E“ =0
We choose ¢ >max{c+1,1} and then by (9) there exists M,>0 such that
5 .:%,vmz M,.
Now for every x<[0,¢] and m=M,,

Hml
'rf'iﬂ-éﬂf‘l!ﬁlﬂmi#”“+ia_+1|LrI‘”*+---s'f:§-|} (B [J

L2) . I,E
e
ﬁd.l.::!i"—:.l’ﬁ .c:#r“ﬁl‘f'r Elﬂ.-:l,“'fmé MI'
Hence
a0 }f{xj_iﬂ_;r'rl!-:lxlmuﬂ:"x C[D-.':Ll'ﬂ"m-?Hl_
=

Let a; be the first coefficient such that a0, Then i=1. We denote by
(a1 M, = max {M, 24}

If f{X) is not a polynomial we can suppose that there cxists a fixed mi=M, such that
a,7=0. By (10) it follows that .

‘ 1 S 1 ——
Pk, ) 2 B, P"[ﬂqu'ﬂ{n}:#H 4




Hence
; P'(n) o
12 G
a2) lim 755" 5
and
(13 lﬂ“F'(n}—P(.ir,}[a;lﬂ!ﬁﬂp-—r{;ﬂ + ﬂmﬁ_ﬂ;llprﬂ-r.awh,, 4-:1'“_1 < ﬁmjif;j _

We denote by
(14) - r(n)= AP (n)— Pk, Ha. Bl PV (np. 4a,]eQ. ¥z N,
Tt now follows from (12) and (13) that

() | BuPlE)
Pm| Pm)

and
(15 rm(n)=O(P" ().
We now consider the polynomials
P{X)=8,P"(X) eE[X].
BiX)=a B B P (X )+ sa, eQLX]
Then there exist Qy(X), Ry(X)<Q[X] such that
(16) P(X) =G (X )P (X)+ R (X),

where deg B,(X)<(m-i)deg P(X), deg Qu(X)=ideg P(X), Qu(0)=Qa(P(X)), with
Qu(X)=QUX] and deg Qx(X)1

Using (14) and (16) we may writc
Ry(m) = ralm)

(a7 Pk, )= (n)+ P, ()
Since m>2i, by (15), it follows that

. Ryn) - rglm) _
Im=% " =°

Hence we can find N;>N, such that for every n=N; we have

Ry~ ry )] 1
(% I~ B ]{dH’

where d is the least common multiple of the denominator of the coefficients of (4 (X).
Because P(k)= N, by (17) it follows that

Pk, )= 0, (n). " nz N;.

Hence
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(19) f[---l Fooboguggy
PI:n:uJ 2,(m’ =
Since QyX)=Qu(P(X)), by (19), we have
LYy BT
(200 f{P{n]] Q,EP"{H}FHHHN;,

= o hs
G(X)=F {m](PI:I}}-
But the analytic functions {X) and g{X)=X/u(X) have the same value at an infinity of
pﬁnmwhinhh:wmamumnhﬁmmimmthmﬂmymmthaidmﬁmﬁyﬁqual. On
the other hand f{X) is an integral function and we obtain Qu(X)~q<0Q. So fiX)=X'qg,
which gives a contradiction, if m=>2i. This proves the theorem. [

Lemma 1. Let fiX) eQ[X] with f{0)=0 and let D be the set defined by (3). If
DI, then :

(21) j(r}:%-x“, a.pB X', izl
1

Proof. Let us write

22 Ny=T i, Tin gy  Bm =
(22) fiX) A +ﬂr+| + +.3u

where oy, e Z, (05 B)FL ¥i=ii+1,....m. Since

_r[ l—"| 3 nzN,,

P(n)) Pk’
where P(X) is the polynomial defined by (4), it follows that
o II"l:l‘ii E! I

—'—-"—,I'E'.J'IE J"'||"|.
B.P"(n) Flk,)

+..+

BPn) BuP™(n)

Hence

=EI’_-'!-I:EH.'''.Iﬂl'rpl.“{.-’i'.:_F
(23) P(k,) S

whers

(24) S(X)= @By BuP™ (X )+ s BBa PP (X ). 4G fio B eZ[X].
We may now wrile

@5)  PO)=BP) s 0P (a By
S

x;

where B€Q, j=0,1,...,i-1, Ry(X)=Q[X] and deg Ry(X) < deg 5(X).
But R.if_K_I‘FD For
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. Ry(m)
hh_l;ll S(m) =10,

P(k,)=N and we can choose N; =N such that

|
@ <« ]_r";."n-a _H'p
Sin)| d+1

where d is the least common multiple of the denominators of the coefficients of the
polynomial

R (X =P pi(x)e 8, P (X)e. 10, QLX)

14

(26) Pik,)= % P (m) + B P () 2

(27 BB BPT X =8(X R (X))
Then all the roots of S(X) are also roots of P(X) and 0g=0. So

(28) fay=2. x
)

and the resalt follows. O -

Lemma 2. Let fiX)=X"/y eQX], yeQ,#=0, i2l, such that ffD)cD. Then there exist
) eQfX] and N> N such that

(29) k,=Q(n)¥nzN,,

where k, is defined by (6).
Proof. We consider the algebraic function v=y(x) defined by P{y)=yFl(x) or

(30} by 4b_ v byl =yibe’ + b x4 b))
We put z=1/x. Then by (30) we have

g5 (b oy + By 4 by b )=p(b, + b z+. 4+ b))

We denote by u=2y. Now it follows that

(31 B’ +2'b, w4 2B T e 4B — (B, + B, 2t AT 4 Byr") =0

Using Puisenx’s Theorem (sce [3], p.118 or [5]) we can write the algebraic functions

defined by (31) using power scrics with coefficients in C. 5o we obtain a solution
(32) (D) =c,+ o2+ ...,

where ce=u(0)=(vb,”")"* and all the solutions have the first coefficient in (32) of the

form cof", where reN and £ is a primitive s- roots of unity. Hence we obtain the single
sohution of (30)
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&l
(33) HWx)= a';rb_'_'" ' o x4 1o x+e + Edj.t"' :

S=1

such that cycR, ¢>0. Here the series idJrJ has radii of convergence = 0.

=1
Since §D)—D we have
P(k,) = " (n).
Hence if follows casily that
(34) k=Y 0 e v e ar e 0[]_],\:‘”3 Ny.
K

Now we compuie the finite difference of 1-th order of k,
S =AMk =k —Clk o +Cikg— -1k, = irsll';.ﬁ:'l + r)[lJ,Hu zN,.
L
Since Su=Z,vn=N, it follows that
(35) ity = rek

Using the Theorem of Implicit Function it follows now from (32) that =Qj=1,2,.. .,
and then there exists Noe N, N;=N, such that

(36) ko= i_—T.ﬂF et e mte,.
Hence k,={Xn), where

(37T} Qf.l'}=i_—f!f"+:‘.}i”_]+. Ac X +op e WX
and the result follows. (N

Lemma 3. Let P(X) defined by (4) and O(X) cQ[X]\(X} such that IN;eN and
Ofx) 20, b, We consider ocQ’ and suppose

(38) BRI XN =t PUX), i1,
Then we have
B
P(X)=b (X + L)
{39) (X} =B +.5-E-_.:I
and
b b
4 X)y= ol X ¢ 1y - =1
(A0} Q)= o *msﬁl b,
Proof. Let

BX)=b(X —x,)7...(X - x)",
where x;,...,% are the distinct roots of P(X). Then by (38) it follows that
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BI(QCY) - x, ) QX)) - 2,0 (X} -2 ) )= o' B (X - x )V (X - x, )™

Hence the roots of the polynomial P(Q(X)) are x,,...,x, and every factor (0(X) - x )’
has only one root X with the multiplicity rggi. So

(41} X )—x, =o)X —xy),
where j=1,2.....t and k(1),....k(t) is a permutation of 1,...,t- By (41) it follows that

Q"(X) has 1(i-1) roots which gives a contradiction, if i>1 and =1, because deg Q'(X) =
i=1.

Ifi=1 and ©=1, by (41} it follows that O{x. =%, for at least two values of k or we
hmq:rdimin:.tmuis,:a,...,:,r,whmﬂsuchﬂlat @z )=x, ... 0% ) =x,. SInce
deg O(X) = 1 it follows ecasily that o=+1. Hence (X=X and this proves the

lemirma. O
Theorem 2. Let [ be the set defined by (3). Then there exists fiX) e IQf{X]]\{X}
such that fiD)— D if and only §f ,

| g L
flX)=—X", y, €Q,.izl,

i
P(X) ix given by (39) and if (X)) is the polynomial given by (40), where
o= =4b 7.

then the finite differences A Q) eZ, ¥i=0,1, _,i.
Proof. If D) = D, by Theorem 1 and Lemma 1 it follows that

jflj:lx‘,whsm;rl TEEE.

?". al’
Using Lemma 2 and Lemma 3 with o=a; we obtain k,=CQ(n}, P(X) is given by (39) and
Q(X) is given by (40). Since Qn)e N, vn=N,, it follows that Q{Z)—Z and using
Newton's interpolation polynomial we have &' (N0)=Z,v=0,1.....i.
The converss is uhmmn O
Example. Let P(X)=2(3x+1)’, N,=0. Then
1

@, = ,fmf";f, and (N X)=31J2" 0y (X 4 'E:r' .

I fD)D, since A° Q(0) = Q(0) = “E'_Th—l—ael,itfuﬂmlhat

o g
2l —+ 1 kcNand = X' keliz]
V27, =%+ Lke 0 TR
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