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TIHE COMPLETION OF A GAUSS TYPE
VALUATION FIELD

ANGEL POPESCTU

[.Let (K, 2] be o local fleld, K being a commutative field and v & discrele and
rank one valuation on K, such that K is complele with respect to . For a & £€Q), une
denctes by B (K. +) the set of all Laurent series a = Poneran At ap £ K for every
ned, and

a) there exist M C R with wfeg) +nd 2> M forevery n e &,

b) livy, . (tag,) + nd} = o0 .

It we define ugla) = infcz(v{an} | %d), s 15 & rank one and discrete valustion on
P.glif'f: v] and this one iz a local feld with respect to u, . We call Fp{K.v) o Parshin
Jiedd  [4] 0.

In [1] we find a description of the completion of the rational funection field K(X)
with respect to the so called Gauss valuation wg , where uglapg — e X + ... +anX") =
infe{t{n.)}.85 a subfield in the Parshin field Iyl K 2} . Now. if we introduce on K[X)
a Gauss valuation wgwhere ug(ag + a1 X + ... + a, A™) = inf (v(a,) + nd). it is not
difficult to do the same type of reasoning as in [1] in order to deseribe the completion
of KX} with respert to wy, in the Parshin field J%( R ).

2 Let o be an algebraic element over K and K = Kia) the corresponding olgebraic
extension of the field K. For a & £ @ we denote by Fui K, v, a) the set of all Laurent
sories o = 3 ez in(A —al® oy & K with the following properties:

el theve exist M Cc R with vy )+ nd = M foreveryne 7

dilireny (U7 | + 10} = o0, where ¢'is the nnigue extension of the valuation » to
K

If we define uy = mfugx{va.) +nd), P/ v, a) becomes a local field with respect
b 5.

JIE X)) = ap X + 4 0, AT is & polynomial in A X we considar (X ] =
ap +oylX —a) oo+ a (X - a)", the Taylor's expansion of (X)) in the element
a5 K.

Let us define w{P(A)) = inf(v'(a,) = nd). 1L is pot difficnlt to prove that s s
a valuation on K{X). The problem is how o deseribe Lhe completion of KX} with
respect to vy, It is clear enough thot vy is a Gauss Lyvpe valuation on R¥(X), and the
completion of K'(X) with respeet to this last valuation is possible to describe as o
subfield in Fe{ K, v a}i [1] ). Using Taylor's expansions in a, it is possible to construet
an embedding of K{X} in /[ X)) and then in Pel K, v, a).50 the completion of K'{X)
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with respect tu vy is exartly the topological cloanre of KX ) in By K v, a). Tt remains
only to say when a polynomial from K'(X) is & Taylor's expansion of a palynomial
from KX}

Theorem |

A polynomial (X)) = ap+al (X —e) ... +af (X —a)"is the Tavlor extension of
PIX) =m+mX + ..+ 0, X" if and only if we have the fullowing matrix equality :

Ag > {ap e, al) = (ag,a81, .. a,) where Ay =(ag), i, € {0,1, o, T} with
@5 = U0ifi = §, ay = 1if 1 = jand ay; = €] , o7, if 4 < 3.(CF = ;2. The matrix
Ayw Binvertible in & [¢| and the image of K({X) in K'[ X —ur} is {I:::I'“'_{_p_gﬂli;-+*|*i:.{_-"' ’JJ'_“}

R T B e

where (aj, af,....ap) = Ayt » (G, @1, 0,00 and (8, B, B = AL % (bo, by ce. b,
with aby € K, i =0.n, j = 0 m.

Ciorntlary 2 P*(X) is an element from K[X)if and only if Ay(el. o), ...,a" ) is a
veolor in AT,
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