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SUFFICIENT CONMMTIONS FOR THE COMPATIBILITY
OF SOME SYSTEMS OF CONVEX INEQUALITIES

Mircea BALAJ

Ky Fan studied in [2] the existence of solutions for some systems of convex
inegualities involving lower semicontinous functions defined on 4 conves compact set in 4
topological vector space. [ All the topological vector spaces considered in this paper, Lv.s, for
short, are real and Hausdorft | Particulary, he proved the followinyg theorem:

THEOREM L. Led X he o nemeppiy convex compuaet subsel of Loes and fer P be o
family of conves lower semicentunous functons f X — ey Then the following
conditions are eg uvelent!

(0 There exists an x € X such thai:

fixh =0 forall fe A
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(ii} frorany ne N, amd o =0 with X e ~f aned f fa o fu € o there existy an t xuch
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M, Shioji and W, Takahashi [6] and Shiop [5] extend the ky Fan's theorem to so
called “convexlike” functions with values m =) Next we pecded a special case of
Lheorem | in {6]:

COROLLARY 1. fer X e o nmonempty conves compact sehsed of pvs and | 0 f
oy he a fime fomilv of convex fower sepucentiieis fanchions §o No-a fow ol Then e
Falfowing cenralil Ry wre e e

() Phere cxises anr x & X suich that:

fix}y =0 Vield...n1]
Cin S v e Ny there exisis an x ¢ N snch Bl
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Here we denote by 5 the set:

Sy = {ﬂ: =(d,... ) e R": ay 20...., o, 210, E;::t, - f}.
i

In this paper we obtain some sets of sufficient conditions for the compatibility of
systems of convex inequalities (Theorems 2 and 3, and Corollary 2). As a by-product, we
derive an intersectional result for minimal subfamilies of closed sets with convex complement
(Theorem 4).

In our proofs we shall need the following lemmas proved in [1]:

LEMMA 1. Ler X he a nonempry convex compact subset of a tv.s, k and | two
pasitive integers with k <1+ [, and o a family of closed convex subsets of X such that:

(i} For amy subfamily o of o which card o~k we have L =X,
(i) For any subfamily o of  which card 4=, we have © =3
Then a2

LEMMA 2. Let X be a nonemypty convex subset of t.v.s, k and | two positive miegers
with k <1+ 1, and 4 a family of convex closed suhsefs of X satisfaving the conditions (i) und

(i} in Lemma 1. Then r 4/=E

THEOREM 2. [Let X he o nonempty comvex compact subset of a tv.s, k and [
fwo positive imtegers with k <1+, and o a famify of convex lower semmcontinous funclions

X — J-a 2] satisfaving the conditions:
(a) For any k functions fi,... f; in o antd any x in X there exisis an e in S such that:

L) <0

(b} For any | functions f....f; in o and any a in 5 there exists an x in X such that:
1

J.E, afi (1) <0,

Then there exists an x in X such thal;
fixh <0, for all fe /7.

Proof. Denote by o the family of all sets 4, = {xe X fix) <0} where e 7. Since
the functions fe .7/ are convex and lower semicontinuous, the corresponding sets 4, are
convex and closed in X, The proof of Theorem 2 will be achieved whenever we verify the
conditions (i) and (ii} in Lemma 1 for the family ¢

If ¢ does not satisfy the condition (i), than there are k functions £, , ... . fyin ./ and an
xin X such that fifx) > O forall je £1,2.....k}. But in this case for any @ = 5, we have:

4
EF' a, f; () = 0, which contradicts condition (a).
pe
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Now, given a subfamily {4;,...4;} of Lmembers in 4, ie. 4~ {xeX: fix) <0}, fie

. then condition (b} together with Corollary 1 yield an x in X such that fifx) s 0, Vje
(1,2 06, e, Ay .nd=E

THEOREM 3. Let X be a nonempry convex subset of tv.x, k and [ two positive
imtegers, with k < 1=1, and 7 a finite family of convex lower semicontinuous fimetions
[+ X — J-o 0] satisfuing the condifions!

(i} For any subfamily {f}, .., fi) of & and any x & X there is an @& € S such that:

&
E afi (x) <0

(i) For any subfamidy {f, .. . fil of 7 there exists a compactsubset Xo of X such
tha':
!

Eﬂ:_,-_,l‘} (x) =0, for all & €5, and all xe Xy.
j=i
Then there exists an x in X such thai fix) <0 for all fe 4
Proof, Apply Lemma 2 to the family .« of sets 4; in the proof of Theorem 2.

Another result concerning systems of convex inequalities we derive as application of
the next intersection theorem.

THEOREM 4. Let X be a nonempty convex subsef of a f.vs. and A a finite family of
closed subsets of X having convex complements, L.e., X1 A is convex for all Ae o If W AF=X
and o — & that there exists a subfamily o' of o such that ' o' = X and P

Proof Let & " ={d,...A;} be a minimal subfamily of o satisfving v o "~ X To
prove 4 ' #(7 suppose the contrary. Then the family {{}.....[%} is an open covering of X'
whenever we put [, = X | 4, Denote by {pp..ps} & continuous partition of unmity
corresponding to this covering, i.e., cach pX—0,1 is a continuous function which vanishes
k
outside of [} and Epr{:} = I, for every x e X (see [3]).
=1

Since fA,...4;} is a minimal subfamily of o satisfying A; ... w4 — X, for cach /e
(4,..k} there exists xy,e Dy i {8 ). Mow define the mapping pr XY—¥ by:
i
prx) - Ep,r’xj X, XX
=i

and put K = conv{x,,...x } =X Then p maps the nonempty convex compact set K into itself.
Remark that & is homeomorphic with the closed unit ball of the Euclidian space R, wherc
n < k is the dimension of the vector subspace spanned by K [4, ch I, Th. 3.2], so that by
Bronwer’s fixed point theorem, there exists ze & such that vz — 2.
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Let! = {ie {1..k): pfz) = 0} and J = fige {1k} piz) = 0}, 1fielthen pifz) = 0
hence ze ~{l}: ie ). Furthermore, Jo {1,k 4 i} whenever ie [, hence by construction
x & iy f& 1}, so that the convexity of Iy implies:

px) = Ep,!":j x eIy je 1
Thercfore, z = pz) & My ie 7ol which contradicts W[4 fe WS} =X

COROLLARY 2. Let X be a nonemply comvex compact subset of t.v.s. and /' a finite

family of convex upper semicontinuous functions f: X — R satisfving the conditions:
(i) For each x & X there is an fe & such that fix) =0,

(ii)For each x € X there is an g e 7 such that gx) = 0.
Then .~ contains a subfamtly 7' with the properties:
(i) For each x & X there s an fe A such that fix) 20
(ii)There exists an x & X such that fix) 20 for all f& 7.

Proof Apply Theorem 4 to the family # of all sets 4, —{xe X0 fix/ 20 Y associated
with each fe .

Remark. [f X = R" in Corollary 2, by ITelly’s theorem i Jollows that card ' sntl.
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