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1. ABSTRACT

In the present paper the necessary conditions are assessed for the polynomial attached 1o the
equation of damped cigenpulzations to have the complex roots with the real port negative. This assures
the stability of the svstem ar froe vibrations. In this way there are infroduced notions of quasi-stability
and stability, for the dynamic systems, by mean of Hurwitz polynomials.

I INTRODUCTION

The dynamic computation of the structures is accomplished. in almost &l cases, on the basis of
the same dvnamic modals, with n discreet masses, constituting svslems wilh finite number of deprees
af treadom. From a dynamic systemn with n degress of freedom, the equation of motion [2] is written
under the form of matrix:

M-i+B-a+R-u—=-Fi) I ]

where M iz mass matnix (m; —0 fori # . my = my; ) B is damping coetlicients mamix (b, = b, 1, R 13
vgidity coellicients matrix {r;, = r,); w 15 vector of oscillagon parameters, Foigs vector of dismrbing
furces depending on the dircetion ot oscillanon parameters.

The characteristic equation of undamped cipenpulsatons (B =0 )1

detf R-p>M)-0 {2)
and it has real and positive roots:
P Pe o Py L P {3

The smallest eizen value py, 15 called fundamental cigenpulsation . Eigenvectors ¥y, V...V,
comesponding fo cigenvalues  py, pr -, e grouped into the modal mamx
V=¥, Va... ¥, |.

[n the case of the damped stucturs{ B#Dione may admil that B=y,-M+ 7,-R and then the
dynamic response through the modal method s expressed according to the modal matnx and the
damping factors corresponding to each eigenform {experimental detenmined)?].

When the damping matrix B is neither diagonal not proporional with M and R _then in [4] i s
deseribed a numerical method Lo determine the damped eigenpulsations, as being the ical part of the
charactenistic cuation roots:

AL = det{3S M LB - R)=) (41

For {he structure o perform the free periodic damping vibrations, the squationsi 4 jol the degree

2ivin A must have complex comjugate eoots with the real part negatree:



Apmm—ibg g <0 lorke{ L2, 0] (3}
Damped cigenpulsations are:

Pi=h kea{l 2. ...n) (o)
Betwesn the roots of equation (2) and those of the equation (4) 1t 15 the relation:

| 7] = . for ke{1,2,... n} (7)

For the equation {4) to have rools of the form ($), the matrices M. B and R must sccomplish certain
conditions, which will bee assessed [urther. In the structure already built, what one may modify 15 only
the damping matrix B,

3 STABILITY CONDITIONS FOR DYNAMIC 5 ]
In the paper [4] it 15 shown thal the equation (4} rna]r [‘!lI: written under the form of a polynotmial

of the degree n-2,

AR < AT ta A ey A taa i At D (%)
Fvidenthy, the roots of equation (%) are the same as those of eguation (4.
DEFINITION 1. Dhynamic structors charactenized by the matrices MUB and R is quasi-stable, if

the rocts of equanon (&) are complex conjugate roots and have the real part negative.
This means that they are all simated on the lell side of the axis Oy,

In the theory of the automatic systems, the notions of quasi-stability is equivalent with the
nomon of asyroplolic stability [3]

If the equation A(2) = U has all the roots wilh the real part strictly negative, then the polynormal
ARy is called Hurwitz pohmomial [31,[5]. To the characteristic pohynomial (8) one may allach the
matrix of Hurwile:

[ oo 0 0 O 0 -0 O O
la, @, @ @ © 0 -0 O 0 O
g 4, a4, a; a o -0 0 0 o

Au=t: + & & « = i i : ; (9
|ﬂ' oo 0 0 0 0 a a, @,
00 0 0 00 -0 0 0 @ a

and the submatrices Hy, for k =f 1.2, 2n-1} where Hy, contains the lrst k columns and the k lmes
from the matrix He, for k ={1.2,... 20-1}. The notion of guasi-siability is cquivalent only with the
condition that the charactertstic polynomial A{4} to be hurwilsan

THEQREM 1, The characterisne polynommial A(L) is hurwitzian if and only if
ag >0, =0, .., 82,0 detl]y = 0, detHy =0, ... detHs, >0, {10}

The conditions { 10) are necessary and sullicient for the charactenstie polynomial A(L) to have
the roots sitpated within the semiplane Re(%) < 0, bul it is not specified that these roots may not be real
or negative. That, for the structure, shomld mesn a non=pericdic movement {nom-vibrator). We ane
interested to find some conditions to be accomplished by (he huewitzian pobynomial A{L), so thal it
should not have the real rools neganve,

The equation A(AL) = 0 has the same Toots as the equation 2 - A(2) — 0, and the polynomial 2 -
A(A) may be written as follows:

1. AR = (2a-h7 + 2aph A AT bt 4 2aph + A - Haaee A+ 2ag A+ 2ag) (1)
Fut the polynomial (1 1) the following conditions are introduced:

2ap-h7 + Taph 1 ap =0

a,;-..'-.‘- ~ 2ok Ty =

ag it + 2R v ag > 0 (123

i -.I'--'ll-.z + Eﬂsr —%'?'-' L - P 0
H:.E:—C:";I'-': I ?-al: I':I'-J-u!n =0
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fior () heR, then the equation 2-A{L) — 0 may have neither real roots and, therefore, nor real negabive
rOS,
The conditions {12} are equivalent to:

ay = 0, om >0, Az > 0, a, = and

ay <2-a,-da,
z
a; < da, - a,

a; <a,-a,
: (13}

.
(o, 35 Oy gy

2

ﬂiu T 2- oy "t
IT the conditions {13} are accomplished, then he equation 2-A(A) = (0 may not have real negabive roots,
Lsing the results (10 and {13) one may mirsduce the notion of stable dynamic system for the dynaomic

SITCtures.

DEFINITION 2. The dynamic svstem charactenzed by the matnces M. B and R iz siable il i is
quasi-stable and the characteristic equalion (8) has no real negative roots.
THEORENM 2. If the dynamic system chacacterized by the matrices M, B mnd R which have

characteristic equation (%) satisfics the conditions (10) and (13), then that system is stable. When a
siructure was designed and started wp (matrices M and R locked) and whes in operation vibeations with
large amplitude have appeared, then the dynamic response may be modelled by introducing damping,
{matrix B). The values of these damping (matnix B) must be chosen, so that the dynamic system o be
stahle; that means the system should perform a vibralory movement, Therefore, the theory developed
permits 8 simulution of the damping, that makes possible an optimization of the dynamic response of
the stracture.

4. APPLICATIONS
It iz considered the dynarnic system for which 1t 15 known: m -~ [000[kg], K=1000[kMN/m] and

b~ 50 - k) [N.8/m]. where k; 15 o purameter.
"I'he matrices of the equation of motion ure:
fam 0 o) (& -b 0] (6 -2k D}

M-| B m 0 B=|-F 3 -2.'_"'|

R=|-2& 3k k .
L0 0 15m) 0 -2 W) |0 -k 4k)
The charactenistic equation of the undamped eipenpulsations is given by (2)and it 1s:
p- 866" 122,(3)p” -16,(6) =0 (14)

which has undamped eigenpulsations:
pr= 11477545y~ 1658957 pu=2.144 14 5

Casen)  For k; = 1 the characleristic equation (8) of the sigenpulsations is:

A(RY— 25+ 0,2750° - 86807 1 1 35R4A7 + 22359107 + 1416693 + 16.(6)=0 (15}
whete a,=0: 3, =0,275; a; - %,.868; 3: = 1,3584; u, - 223501, a5 = 1,.41669; ab = 16.(6)
Hurwits matrix extracted from the polynomial is:
(@, @, 0O 0 0 0

o, a, a a; 0 0

0 o, a, o, &, a2,

oo 0 g, a, a,

s (i { ] h LU
and detH, =a> (F detfl; = 10286 = 0; detll; — 0,096 = 0
detHy =0,9138 = {0 detH: = 40256 = OodeldI; = 042667 =4 {17}




The conditions (13 become:
a; —2a, a, =-17284 <0; o) —a,-a, =-19223<0

a; — 2, a, =-3707<0

All the conditions (10) and {13} being accomplished, the equation {15) has complex roots with real part
negatve and they are not real nepative that means the structure 15 stable and the characteristic equation
(157 has the Gollowing roots:

A~ 000890 + 1, 14376

Aig = —0,03923] & | 6645

Aog ——00B0Te = 2 1434
The dumped elgenpulsations are ziven by (6]

pr=11437657"; pf =1664557", pf =214345"

Case ) If the damping factor ky = 12, then the characterislic equalion (3ol the danpsed
eirenpulsalions is: _

AR 37+ 10586600 + 16,4457 1+ 26053307 1 16,9999 1 16.46) - O {18)

whiere:

ag=1; ;= 3,5; a;= 10,5866, &= 16,444; a,= 26,0533; ac— 16,9999 a.— 16,{c)=.
Hurwitz determinants attached to the polynomial {18) are:
detH, =a;=33>10; detH;=18480>0; detH, = Th,462 >0;
det Hy = 853,48 =0;  dot Hs = 864,136 =0;  det Hy, = 14402307 =4,
All the coefficients of the characteristic equation are positive and the conditions {13} are accomplished:
{;f —2a, g, =—1028 <0 '_.rz_-f: —ery iy =541 <0 as = 2a, i, = =5T945 < ()
For the equation [ 18) the condifioms (10) and {[3) are accomplished, when the equation (18)
has complex roots with the part negative, and they are not real nepative.
by ==010720 £ 1,14274
taa=-=032261 | 627258
hag = 1,31088 + 1 695479
In this case the damped cigenpulsanons are:
pl = 11427457, pl =162725857;, p; = 1693547957
Cine may notice from these two cases thal, il factor for multiplving the coctlicients of damping matrix
R increases (the introduced damping moreases), then the damped eigenpulsations decreases,
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