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ABSTRACT

This paper presents a general method to determine the eigenvectors and eipenvalues for the
equation of any tvpe of damped vibrations, By mean of the eigenvectors, one can write the peneral
solution of the swstem describing the vibratory movement of a mechanic system., with n discrete
masses, [or different types of disturbing [orees.

The method is simulated on the computer and the results achieved may be compared with those

actueved by the approximate method.

LDETERMINATION OF EIGENYECTORS AND EIGENVALUES FOR
LINDAMPED STRLUCTLURE

The equation of motion for a stuclure with n deprees of fieedom [1] are written in form of a
rratrix thus:

M-i+B-u+R u=T{1) i1
with the inital condition: w0 =w, and U{0) =, F1%)
The semnifications of the equation (1) are: M - masses matrix { m, = m,, my — 0 foriz]) B-
damping coefficient matrix ( b, = b, ), R - fgidity coefficient matix | Lj - 1 b F(t) - vector of
disturbang forees, u(t) - veclor of displacements.

The cigenvalues (sgenpulsation) of the undamped sysdem (B — U are given by charscteristic squation:

deti B - p'M) - 0 (2}
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which has rcal and positive roots: p< py << p, (3)
The lirst eigenvalue py 15 called fundamental pulsation. Eigenvectors (sigenforms) corresponding 1o
each eigenvalucs p, are given by the sysiemn:

(R -pg - M)V, =0 ®

with
"'Ir-_[ _[ﬂ]ﬂ[ ;‘ﬁhla ......... A”[E] fLI'TI:I ‘=1‘-l:1:----:-“}- I:S'II
Vectors ¥, with e 2§1,2,. . n}form the modal matrix: ¥ = [V Va..._... Vil (&)

DBy mean of these eigenvectores and cigenvalucs onc may express:

a) Solution for the homogeneous equation (B =0, ¥ =) representing froe oscillations:

n
1|Ih = Zhh“ 'Cf:. COS{Poy 1T - {}ﬂfl cuh ={1.2,.....n}. {T)
o=l
where the comstants C, and 0, @ 41,2, n}lare determined from the inmal (17,

by Solumon of nonhomaogencous equation (B = 0 and F = Q) representing (he oscillaions of

n
the stabilized forces: IJE - Z.-'"'Lhu gy withh ={1.2,... .n}. (£
=1

with .. time tunction, depending on the disturbing forces Fio. In (he case ol the dumped structures, 1t
i5 supposed that the matrix B is a linear combinabon of matnees M and B of the form;
B=ouMi R ()

In thig case solution of homogeneows equation (1) (F{t) = 0] 15 called free vibration;
[ . ¥ T 1 P s
=3 A -Coe ™ cos(p, t—8,)  wihhejl2, . a} (10}
=1
and thc solation of the nonhomogeneous cquation (1) 13 called the stahilized selution or foreed

solution: 'l.'l£ - .'alhu ‘Qp withh ={1.2,... n}.

1

T M=

(11}
where

1 e ;
q, = =] 8.(1) =™ sinp, (t—T)dr
M (121

5.1 = EF,,{I}-AW

In the fommulas (107 and {12) the following values have appeared:
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- N v *
V. - damping factor for cigentorm p., . p.- unmapped cigenvalue (eigenpulsation) | P -
damped eigenpulsation. Among all these values the following relation cxists:

. 2
Po =Pa 1- Vi (13).

This method =0 called modal method is the bases of the almost all the programmes of dynamic calculys
of the structures. This method has the prear disadvantage that the damping factors v, are approximated.

LDETERMINATION OF THE FIGENVECTORS AND
EIGENVALUES FOR DAMPED STRLUCTURES

In the case of the damped siructures (B # 0) the eigenvalues and cingenvectors are detenmined

bexmning with the equation:

M ii+B a+R-u=0 (14)
which describes the free oscillations. Searching solutions in the form of o' = A- e for (147 it may be
oblamed: (A5M - M+ RyA=0 (1%}

representing 4 linear and homogensous system. To obtan solutions different from the common ones,
tor the svstem (15), it mmst be accomplished the conditions:

deti 2" M + L-B+ R)y=10 (16)

representing the characteristic cquation of damped structures. Fquation (16) has complex conjugate
roots with rcal part negative, if the conditioms of stabality [3] are accomplished and represents the
eipenvalues of the damped structures:

o=@+ by and A= - 10by with a, =0 fork 41,2, _,n}, (173
The imaginay parts of the cigenvalies represent damped cigenpulsanons:
L
p;:_=|f|'h“"-iﬂ1|'lE{1:1._...>n} (18)

The modules of the eigenvalues of the equation (16} are the cigenvalues of the cquation (2) 2]

Pk =iJL1,._| = 1{&% 1 h% ~kefl2,. . n} {15}

For the cigenvalues 3 and A, the cingenvectors arc determined, noted correspondingly with Uy amd
1), of the form: U =Yg +i-¥y: Uppp =2y +i1-7y wihkefld . a} (20

Substimpting &, and Uy m {15} and separating the real part from the imagmary part, we obtaun:

ﬂaE bf] M+ay - 11+11]-'ir‘k —[2ay, by - M4 by, - LQ-T'R}+
(21

+i-(1l".ah-trk-]'\r1l by, B ¥ +I[:aﬁ —hi)-ka-um]-fk}a}
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I we note with: D:{a‘ﬁ hEJ-M’ tap -B+R and E=2-a; b, -M+by-B (22)

then the equation (21) becomes: I} Y, — K- ﬂf +1 |[F Y, +D ]’kjj:{]+[j-j (21"
(DY, -E- Y =0

By identification we may obtain the linear and homogeneous system; J

. (23)
|E-¥, +D- ¥, =0

Solbving the system {23) it resulls the vector Uy, If we do the same thing for A, and U, ; we obtain the

Dz, -E-Z =0

algebrare homogenconus svstem (237) <| i
EZ,+D.Z, =

(23}

which has the solution: I - Y & =Y, (24]
Hence, the eigenvectors Uy and U, ., comesponding to eigenvalues A, and &, ., which are
complex conjugate, are complex conjugale, oo,

U =%+ YU =Y —1- Y, with k = 1,2, n}. {25)
If we note: ¥, =X, ¥, =X withk = {1.2.....0} (26)
then the coinplex eipenveciors become: U =% H-% . U, =% ¥, By mecan of cigenvalues Ay,

Ao and eipenvectors U, and U, . the solution of homogenenus equation (14) may be written,

representing the free oscillation of the system:
n
I -1' - y A F - ; i
“'=k}:1¢ak (G M-ty )+ Gy Vg sty ) (267

The constanis Oy, Cni, ke § 120} are detenmimed from the mmitial condibons {17

SPARTICULAR SOLUTION OF THE NONHOMOGENKEOUS EOQLUATION

It should be deterrmned the partcular solunon of equation (1) in the case of centain particular
disturbing [oroes, wilh a large practicabilily.

41 CASE OF DISTURBING FORCES F(t) = Fio, 5, m. )

It i considered the vector of the disturbing forces of the form:
Fit) = Pl B, m, 1) — " [Pritycos(Bot Qtpsingf-t)] (27)

1M i ITh k
where: P_()=F 1°-G: Q)= ¥1" H, (28)
k=0 k=0
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are pohmomial vectors of the maximum m degree and the vectors Gy and H,, ke $1.2.... .n}are given,
The expression of the vector F given by (27) contains B distinct cases depending on the distirbances
i feR and meN. Thus. For @0 =0, B=0, and m = 0, then vector F is written as follows:

Kt} = Gg-cos{fi) + H=in(Pi) (29
a case very often meet in practice. The particular solution of equation (1) would have the following
form according Lo the complex mimber A, — ¢ + i-fi.
al If & o ~ &P iz not the real root of the characteristic equation (16], then the parhcular

solution of the equanion (17 will have the same form as the vector of the distarbing foree:

u' =™ [P:,{t} - cos(B)+ Qp (1) sj,r:l[[it}] £30)
where Pl=3 5.6l QL= Yek-Ir (30)
=1 k=0
are the undetermined polynomial vectors. They may be determined by substitting (30) to {1} and by
identifization.
b If; — ot B is & root of the characteristic equation {16 of the degree b, then:

ut =t"e™| P () cos(Pt) + Q;,El}-ﬁinl[ﬁt‘,l] (32)

where polynomial vectors P, () and ., (1) are detenmined analogously with the previous case.

L this case the general solution of the equation (1) so called complete dynamic response is:

p=u-u (33)

where u' is given by (26) and u'is given by (30) o1 (32).

32 CASE OF DISTURBING FORCES UNDER THE FORM OF SOME
LINEAR COMBINATIONS
It is considered the vector of disturbing forces of the form:

E <
E(t)= H{uj,ﬂj,nli:l} (34)
1=1 '
where Fiex, [3, 1 =.r=~“"[l‘n1 (t}-ms:[_'tt}+ﬂ,,r {t}-ain[ﬁ-lt:l] (33)
. = _
Iy s case (e particular solulion is: L - utl [3a)
1=1
where: u” is the particular selution for the problem: Miag+Bo+R u= I'Iujaﬂj:mj.-l] {(an

which may be obtained with (30) or {32).
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SALGORITHM F DETERMINATION OF THE GENERAL SOLUTION
To obtain the general selution of the equation | 1) with the initial conditions {17} by the methad

of eigenvectors and eigenvalues complexly, we must perform 3 steps:

- determination of the eigenvalucs of the characteristic equation (16), then determination of the
eigenvectors comrcsponding o each eigenvalues (25). By mean ol them the solulion of the
homogenecus cquation (14) s wntten, given by (26) where the constants €, Ci...., Csy arc
undeterimined.

- determination of the particular solution of the equation (1), when the disturbing forces of the form
(27)or (34) exist, by mean of the identification method, under the form ol {30} or (32),

- determunation of peneral solution wft) = u'l:[} | wit) where the constants Ci, o, O, are

determined from the minal conditions {17}

5 CONCLUSIONS
A preat disadvantage of this method lies in that the equation {17 has coefficients of order 10"

of greater. In this case the determination of eigenvalues of the equation (161 could not he abtained with
an accwracy of order 1077, 1077, and consequently the comresponding cigenveclors could nat be
oblmned very exactly

The eigenvalues of the cquation (16) are obtained with an accuracy of 107, 107 and
consequently the greal errors are mtroduced. It means thit this method 15 more efficiently then the
approximate method. It is simulaled on the computer fogether the spproximare method 1o comnpare the
resulls. The dynamic response obtained by the method of eigenvectors and sipenvalues s called the
real dynamic response and thar obtamed by the approximate method is called the HppTONTMAtE

TEAPONSC,

. EXAMPLES FOR COMPUTATION

Let be a stmeture characlerized by matnces:

‘2000 0 0 [ 50 -50 a f 8000 2000 o
M- o 1000 0 |,n_l-5n 160 1uc-;p.—i—zn-:}n 3a00 1000
o (i 1500 | . 0 100 180 ) . 0 1000 4000 |
1 1 ’1': "0
lu.-,-||3'|,rn_[11; Ii'l:‘l:l—l::nl'il:t':l\u_+$|n|'t:l D|
1, L0 ol L

Determine the dynumic response wathin the range (0, 10s) both by the approximare method and
by the cigenvalues and ecigenvectores method, and call it the real dymamic response. The characteristic
equation of the undamped eigenpulsations (2) is:4° — 8,06} 2"+ 22.(31 2°-16.(16) = 0 which has rools.
= 1,1477539;
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pe 1BSROB4; py= 21441406, The eigenvaectors are damped each other:

| 2020 - 051507 ‘1813
Vi =| 20239 |; ¥ ={—ﬂ}]ﬂ'} V= -1k
2 1)

-

L
The characteristic equation, giving the sigenpulsations of damped structure (16} is:
AT+ 0275507 - R680Y + 1,35840647 + 223591627 + 1 4166% = 16,(6) =0
The roots of this equation are;
A g=—00108IT32 11477217 1=4a, + iy
hag— —0044294 1+ | 658334 1=azti-b;
Aoy — —0,08077T6 £ 2 141623 1=a;t1-bs
The comesponding eipenvectons are:

(12} —0.457) £ 2 M { L165) F—0582 1239
\-]—il,]t]ﬁ |-, Vo = ~0IB0 [, Wy =|-3.001 V4 -—! 1905 |, Wg=| -0081 [ ¥, =|-2.402
\ 1) i 1 k] 1 L1

The solution of e homogeneous equation (147 1s:
3
| R s ; .
wit)= 3G W cosly O +Cayg, - Vi, sinfby, 1))
k=1
The disturbang factor F{t) may be wntten under the form (27) where = o +i=0 i which is not
solution for the damped charactenistic equanions and consequently, the particular solution has the same
[orim:
ufl_’l]- cos(1) Gy + sl 1) Hy, where

[ {31581
G, - 82604 | 107 H, - | 67226 10
A3z228) | 13785 |

The general soluticn of the equation { 1) sith {17) with (he given malnices is:

3
ug=u' (D =u'(1)= Te?&![Cy ¥y -cos(by 1)+ Capy - Vapy -sin(by -1)]-
k=1

b cos(0) Gy + siniry Hy
where the constants Cy, Cs,...., C: have the following valoes: €, =0436; C:=0273; C,
0.289; C, =0475; Cs =-0,343, L, =03,

These values have been obtwned after the mital conditions (17) had been stated for the gmeneral
solubon. Because we are interested in a companiszon between the two methods, we choose an
equdistant division from tme range { 0:108) of the value A ~ 0.25 and problem (1) soluhon s
presented with the conditions (17) for vamous moements  — O, L — 35 1~ 5,85 t ~ 885 in the table
helow;
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‘Tahle
The dynamic response is:
Time Approximate method Eigenvectors method
() {dizplacerent mm) {displacement mm)
wl)=1 nf1j=1
t=0 nw2y=0 u2y=10
ui3) - 1 W3] =1 |
_ w(1) = -0,3744 u([) — -0,3863
' L3 w2y=-18112 WZ)=-1,8348
w3} =-0.0776 uf3) = -0.0350
w1y~ 1,0364 u{1)= 1.0872
L 58 w2y = 06012 w2}y 06171
u(3) = 0,6288 u(3) = 01,5580 ]
w11 =-0,3173 w(l) = -0.2433
i L 88 uf2y=-15491 u2y= -1,5647

wil=-06323

u(3) - -0, 7362

A betler mtwitive image is given by the plottings of the solutions for the equation (1) with conditions

{1 by the hoth methods.

1" component. The maxim value for the displacement 1s;= 1.15136mm
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