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ASYMPTOTIC BEHAVIOUR OF SOLUTIONS TO A
CLASS5 OF HYPERBOLIC SYSTEMS

Rodica LUCA-TUDORACHE

Abstract In this paper we shall study 1he asvinplotic behaviour of salutions to a clazg of
poenlinear hyperbolic svstems,

The purpose of the present paper is to investigate the asyinptotic behavionr of the
solubions of Lhe }:1'uhl1_'1u:
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The existence, uniqueness and regulanity properties of the salutions to the problem
{8}, (BC), {IC) have been investigated in [4] (see alzo [3]).

In all which follows we denote by {HL) [H4} the following assnnptions:
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(H1) £ = diag(fy,...,8.), ¢ = diag(ey, .. 00) With e, 00 € L2(0,1), k=T.n
and £,(z) = ky > 0, ex(x) = ky = 0, for a.a. r € (0. 1).

(H2) A: D{A) ¢ R"— K", A = dp, where i IR" —+( —o0, +oc] is A proper, convex
and lower semicontinuous function with D) © B® and B : D(B) = K" — R
15 A maximal monotone operator {possibly multivalued),

Moreover: (~Int D{p)) x (Int D()) = R™ N R(G) # 0.
(H3) @ : D(G) C B™™ — ™™ is a maximal monotone operator (possibly mmlti-

valued), D(G) # b, Moreover, 7 = l Gy {T:m with:
Gun Gu

s D[G“:I £ REN—FHEH.. Gl-g = -D[GH_:I o IR™— *H.m.,
Go t DGy ) C B —R™, Gy : DGy BR™— IR™.
(Hd} 5 = diag(s,...,8,) with 5; >0, j =1, m.

We consider the following spaces X = (L0, 1; R™))?, B™ and V' = X = B™ with
the corresponding sealar products:

< fiy 2x=< fi.m FrapaRn) + < fa.02 Fraoueny,
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< LY >5= ) siTiyi, T,y € B"
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We define the eperators C: DNC) C YV —Y,

and

7
D(C)= {( i ) c¥; f,ve H'(0,1; R");

LIH
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=0}
v Yot ( li'll.:-l__l ) :

£ o i
|l v | = i ) : v | € D{CY,
w B ol varr | + e {':'ﬂ[ur:l 1t

A: D) C C([0,1]; R —M(0,1; R™) | = (C[[0.1]; ]},

( Tov ) € NG, 7i € —Gulyar) — Gm{m}}

e

1
Atp) = {we MO, wip—a) 2 [ olpe))ds
1
- [ elatxde, Vg oilo, 1 B},

DiA)={pe C{{0,1; "), Alp)+ 0} and
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A DA C V—F,

[

I
DiA) = {( i ) EY; i€ YO, LR v23v, € BY(0,1; R™); 3u e .:i{;'}

such that ( fat ) € D(G), i € ~Gulywm) — Gua{w), p+ dw € L*{n,l;iﬁ'.“}}

i P
..-!1( 4 J = {( q ) i p € {(Kpw + Al 0 L0, 1; R"); g €4+ Biv),
i h

¢
rE 5T Gnlvm) 4+ 57 Galw)}, ( . ] € D(A),

wr

where Ky, = {du; v, € BV(0, 1; B*) from D{.A)} and T is the canonical extension of
I to L*(0,1; R™).

Lemma 1 If (H3) and (H4) hold, then the operetor O iz marimal monotone,

For the proof of Lemma 1 see [3].

Lemma 2 Jf (H2), (H3) and (H4) hold, then the operator A is mazimel monotone.

For the proof of Lemma 2 see [3.4].

Theorem 1 a) Supposc that the assumptions (H1)-(H4) hold. If f.q € Whio, T;
L30.1; B")) (T = 0 fized) and col{ig, vy, wa) € DIA), then the problem (8), (BC). (IC)
has @ unigue strong solubion col(i, v, w) € Wh=(0, T ¥). Moreover i, v € L0, T) x
(0,1); R™), 8/ € L0, T;L*0,1; B™)).

b) Suppose thet the assumpliona (H1)-{H4) hold. If f,g € LY(0, T L*0,1; R™))
(T = 0 fized) and col{iy, v, wn) € D{A) then the problem (5), (BC), (IC) has o unigue
weak rolution col(i, v, w) € C{[0,T); ¥).

For the proof of Theorem 1 see [3,4),

Theorem 2 Supposre that the essumplions (H1)-(H4) held and [f.q < LY, ;
s L0, 1; 8™, eol(iy, vg, 1) £ EI:.A} Morcover, we assume thet B = fy, where 3
I —{ —20, +oc] i a proper, conver and lower semicontinuons function with D{v) =
B, A0y = B0 = {0}, 0 € G(0) and

(H3) There exiats K > 0 such that for all x € D(G), x = (x*,2%) € B*™ x ™ and for
all w e ) .
< i, @ ?:‘l*in—1ﬂ::_1' 19 ||TD||!_F|.»L-

Then!
ift,  ]—0, ws t—so0, strongly in L0, 1: R™) {1)
v(t,-]—0, as t—oo, weakly in L0, 1; IR} (2}
w(t)=—tl, ast—og, m K™, i3]

where col(i, v w) s the weak solution of the problem (8), (BC), (IC) corresponding lo

the data (f, g, ip, tn, we ).
If, e addulien, col(iy,ve, wo) € D(A), foge WU R LH0, 1, B then:

[, )=, a8 t—soo, weakly in H‘[[II,,I; g™, {4}
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Sketch of proof We assume, without loss of generality thal G is single—valued
and zx) = o(z) = I, for aa. ¥ € [[I_.l]- The general case can be treated using a
similar arpument as that we used in the proof of Theorem 1 (see [3]). First, we shall
prove (1) and (2) in the weak topology of L#30,1; B") and (3). We suppose, for the
moment, that £ = g = 0 and we shall show that the operator A is demipositive m
comparison with 0 (see [3]). For, we consider the sequences {0l(im, tm, W ) }on © D{A)

anrl {ﬂ”![f-\u-. o T }'} :

pﬂ'l. l!.r.'.l
gm | EA| vm (5]
Fl:||. IIJ.'I:"'|'I.

with the properties f,.,—1 and vy ——v, as m—oo, weakly n L0, 1; "), we——tw,
as m— a0 in ™, {coll pmy fm s P ) fe 18 bounded in ¥ and

Fi Em
dim < | gm || om | =r=0 (6]
T Wi

In these conditions, we shall prove that 0 € Alcol(i, v, w)). Using (5] we deduce
that there exist vy, 4 € the, tmy € BV(0,1; ), pm € Alim ), ¢ € By, ) such that:

D = G851 + i

gm = th, + 6, in L¥0,1; ™) e
'm = 8 Gl w1 + S G we )
Ti¥m = _GL:{TDUm.J} — Gzl .}

By the relations (6) and (7) we obtaimn:

T : 1
limn [{{(Tﬂfzin,1 ) G ("fi:m.l) # Rimtm 1‘[] < ‘Sml::m;lﬁ"ml:*r:' =g drbeg(im )| =0. (2)

— i Yta m

We suppose, without loss of generality, that @(0) = {0} = (: then » = 0 and 1 = (.
Using the propertics of Lthe operators G, 4 and &, by (8} we deduce:

1 1
im [ giim{z))de = lim f W (2))dz =
m—=23 3 ul

(4]
— ]_i_r.l] { "u'l'l:ltl:'n.l G ":|"|:|:|.'I._,|I'| - M n
—+0a W ’ (LA o .
Sa;
i Bk Gl Wioe) 50 (10)

where & ¥ : L3 D, l;mr.-]—tf—m, +oo| are defined by:

1
B(E) = {j;w{ﬂm]]dfn f pof € L'(0,1)

oo, i rest,

1
(L) = {j{‘ﬂ?‘fﬂ&'}}dﬂh if ol c LY 1)

foa, in reat.
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Becanse these functions are weak lower senicontinuons and ., — &, Uy —* U, 45 11 — 00,
weally in L0, 1; 7%, by (10) it follows that ¢(i(z)) = ¢(v(z)) = 0, for aa. = € {0, 1)
Using the assumption A~'(0) = B~'(0) = {0} we deduce that 0 € " is the unigque
minimum point for the functions @ and ¥, Therefore i{z) = v{c) = 0, fora.a. r € (0, 1).

Now, using (9), the assumption (H5) and w,—w as m—oo, we deduce that
w = 0. S0, we nbtain that colli, v, w) = col{0,0,0) € A~Y(0), therefore L0} C AN 0.
Hence the operator A i demipositive in comparison with 0 and, moreover, A0y = {0}
Using some qualitative results for the asymptotie behavieur of the solutions of the
evolution equations (see [3]), we deduce the relations (1} and (2) in the weak topology
of L0, 1; B™) and the relation (3).

Inn what follows, we shall prove the relation (4). For,let f,g € W IR, LA0, 1; R
and rol(iy. vy, wq) € D A). We consider the following approximate problem:

o B B ()
= w(t) | +A* ]| w(t) | =] g{t.) | te R,
C N ar(t) wpi ) 0
g . , (11)
i(0) tn h i n
( L) ) 1“-4_‘4.1]—1[( Uiy ] +(I|'? )) (I.f-.e: ] Ew‘l[ Up )1
ey {0} Wy Ya iz iy

L A =0,
where A* : D{AY) = D(C) C Y -—Y, A'=C + £y and £ : ¥—Y is defined by

i Ayle) i
Li] v ] = .EJ,{?-‘:I Y] v | e,
il 0l it

(A, and B, are the canomical extensions to L30.1; B") of the Yosida approximates 4,

and B, respectively, of A and ).
|| !:_l,_|:ﬁ:|
] ala)
i ‘w-:'-['q.} L I:J'E-:'

Because AM0) = 0, WA = 0, by (11) we deduce:
15 ()
“( tlr.rf} ) | ( 'ﬂ"; 3 ) ils

e i, A=0.
Using the Gronwall's Lemma and f,g € WH{ Ry LH0,1; 7)), by (12) we ebtain:

-‘i'-ll:'{”f:-ft ,"" RET (VR BY L + ?L‘AH;. 'j'lff#[n,hl?ﬂ T ||'1'!-‘AHT||.F'"E t =0, A > '['} = 2.

Using a similar argument as that we used in the proof of Lemma 2 [see [4]) we get:

;T}ﬂ,l}ﬂ}-:fr_x;. (13)

La(0.1:H")

Because 1, —i, as A—0, in C([0, T; L¥0,1; /")), ¥T = 0, by (13) we hawve:
i

il
E'L'I.[.I{| it -]
x

L
i LEn1:R™)

;tl‘_*fl}-:’c*c- {14)
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Because A-'(0) = {0}, by the above relation we deduce that the sev {it, )8 € 8,)
is bounded in H'(0, 1; ™). This last conclusion combined by (1) in the weak topology
give us the relation [4).

To conclude the proof of Theorem we must show that if colieg, vp, wq) € i..‘-'f.-ﬂl},
fog e LY MRy L5 0,1; &), then i(t, - )—0, as t— oo, strongly in 230, 1; £#"). For, let
{caf[-ﬁﬁ”’,t'{,“1u=,‘j"}}m T INA) be such that col{:T, v, u;ﬁ"‘]—:-r.‘r;f{in_.r:,-,, wpl, AS M—oo,
in ¥ and let {eol{ fo, g )bm © W R X) be such that eoll [, gm)—eol{ f, 7), a8
m—oc in X, We denote by -r.'m!'{im,ﬂm,ua;.,,,} the strong solution of the problem (5],
(BC), (IC) correaponding to the data { foo, gm0, vp . wi' ). Then:

i 1
L L

aie M Feals, ) fla, )\l
it M <[ | v | ={ » +f( ” )_( Mol
LA (0,10 0 0 n" gl ) 8,7 ||.:.'
:

m

0] iy (15)

+||i-m{iq. '.]”I__il:u:'!inﬂ:,.. ! |: H.| & IT"IT”. |: F'I".

Because, for each m, (2, - ]—0, as t—oc, weakly in H'(0, 1; B*) (see (4)) and, also,
strongly in L*(0, 1; X"}, by (15} we deduce:

- ;
in 7

]'i.'I'I:'IEl]P- |:I:{i:,':|||l|'__:|l:“1-|inn:l = ;;ﬁ"- A g +H( .rm ||r )
TUE:" i) fm — H

e IV,

—0

L[ Fy i X)

0 ¥

This last inequality give us that ¢(2, - }—(, as {—o0, Etr.'uufﬁl 111 I-i[[]: 1; B"), therehy
proving the theorem.
gzl
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