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MIXED PROBLEMS FOR A CLASS OF NONLINEAR
HYPERBOLIC SYSTEMS

Rodica LUCA-TUDORBRACHE
Abstraclt In this paper we shall siudy the qualitative properties [existence, uniqueness
and regularity ] of solutions to a class of nonlinear hyperbalic systems.

The purpose of the present paper is to inveatigate the following problem:
ek &

fz)= + ﬁf; + A(f) 3 f(t,2)
(3] R )
£)— + — 4+ B
oL ) T o{v) 3 g(t, ©),

Dzl DstcT

with the boundary conditicn:

'l 0} -

it 1) vin )
(RC) g € - ( v(t,1) |, 0<t<T
' S —It EY

(d.‘.{’]) : “[“
aud the nitial data:
(1) 0, z) = ip(2), w0,2) =wlz), O<a<l
“ {0} = wp.

This problem is an extension of the problem studied in |7, where no fanetion wif)
appears. Such problems Lave applications in eleclronics and hydeaulies. Others non-
Linear hyperbolic systems with houndary couditions of this type and different exarnples
Lhave been investigated in [3-3)].

We lntroduce the assumptions Lhat we shall use in the zage]
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{H1) £ = diag(fy,....&), e = dragley, ..., 0n) with £, e £ Lmlzll]., 1), k= 1 b
and £40r) = by = 0, epl(z2) 2 ky = 0, for a.a 2 £ (0,1).

(H2) A:D{A) C B"—IR", A = dyp, where ¢ : " —{—00, +00| = a proper, convex
and lower semicontinuons function with D{g) C R" and B : INF) = K" — "
18 & maximal monotone operator I:E.I-l:]titiih]."_l." I!111]t1'1.-';|.]11f::{}.

Moreover: (—Ind D{p)] x (fnt D)) x /™ 0 R(G) # 0.
(H3) ¢ : D(G) C R R s maximal monotone operator [possibly multi-

valued), D(G) £ 0. Moreover, 7 = l Gy G}E l with:

(-:!1 2

Gll : D(GIL] : E‘.‘Iﬂ '?.E'll.:ﬂ: {-ll]l H .II-_}EE-:]J.] C Hn—FMEHE
Gg] :UIIGE'l:I [ ﬂ?uu—?ﬂ"ﬁ‘ E:iz H HI;GQEMI i ﬂm—bmr't.

{H4) &5 = diag(sy,...,5m) with 5; =20, 7 =1, m.
We consider the following spaces X = (L0, 1; R"))®, ™ and ¥ = X x K™ with

the corresponding sealar prodacta;

< fig z2x=< fi.o Topueny + < a9 e re =

- Elj:li fli{fjgji[iﬁ}{ff+ Elj: .III.EL'{I}HE;(I:H.EI,
i=1

i=1

o i - in s
f= ( % ); g = ( i ) e X, fi=col{fi, . fin}i -

T
{- I1E||' -.'-'\'.1_ Z '"1I|:T,:|'11 I:Iy E 'ﬂ?h‘l

i=l

< (D (:) >y=< f,g>x + < 5, ¥ > (D (;) =

We define the operator: C: INC) C ¥V —F,

;
D(C) = {( v ) eY; ive HYO, 1 R

ur

( i ] € D(G), i € —Gu{7av) — Gm’m}}

: g 0] e
with Nt = ( —i{l_:l ) y Tal = ( ”“:I ) p

i o' ;
Cl e |= i i v | € INC).
w i Cral ‘_n'i]'t’] + 5 1{:1?[“"] Tl

Lemma 1 If(H3) and (114} hold, then the operator € is maezimel menolone,
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For the proof of Lemma 1 see [5] (sce also [4] for a different proof),
In what follows we define the following operators:

A: DAy C C[0,1); B )—M(0,1; R™) { = (C([D, 1]; R,

oo 1
Alp) = {# e M(D.1;R"); plp—gq) Ef wip(z))dr—
1]

i J{J wlg{z))dz, Yge {f{[ﬂ,l];ﬂ“]} ;

D{A)={pe (0,1}, B"), A(p) £ 8} and
A: D(A) c Y—Y,

!
Ay = {( n ] eY; ie HYO,LR"); v 3w € BV(0,1; B%); qpe A[?J
i

such that ( *:‘ ) € D(G), 1i € —~Gulmom) — Gualw), g+ dv € fﬁ{ﬁ,lziﬁ”]}

) L )
A ( ’ ) : {( : ] s P = I|r-lit'-;--l"'.':..'. + -"1-{;"}:] M LE{'D1 I;RFJ: q € !:f + ;:T[.T':']:'
1

n ¥
1
r e 5_1{;;[{'}'31?1] + S_.IG;;]I:\'J.I:I] H ” & D{_..-'-t:l.
#H

where K, = {dvy; v € BV(0,1; R®) frem D{A4}}, and B is the canonical extension of
B to LY0,1; R™). We understand by g + dv, € L0, 1; IR") that the measure g + d, :
C{0, 1] IR* ) — IR can be extended to a functional on L*0,1; B*) and then this is
identified with the corresponding function from L*0,1; B™).

Lemma2 [f (H2), (H3) end (H4) kold, then the operator A is marimal monotone.

Sketch of proof We shall comsider without loss of generality that G is a single-
valued operator. Using the assumption (H2) we deduce that there exists coli p, g°, rtl e
I3{.A) such that the set M = {p*(z); 0 <z < 1} is compact and inchuded in fnt D) =
Int LN A} Because A is monotone the set A{ M) is bounded. It is easy to check that 4
is mmonotone. To show that A is maximal monotone it is sufficient to prove that for any
fixed col{p. q,v) € Y there exists col{i, v, w) € D[ A) such that:

d 2
{I+Aj[u].=:(ﬁ'] (1)
i T

For, let col(p, q,v) € ¥ be arbitrary, but fixed. The equation {1) can he equivalently
written as:

i+ Ky +Ali) 2 p

v +1 4+ Biv)3 g, in LY0,1; R")

w+ S Gyl ) + S WG nlw) = r, in BT (2)

T = "'-1'111("_!’!.1?’1) — Lyl ),

with vy Ev, vy € BV, 1, ™), du e a{[t} such that p + dvy € L30, 1; ).



We define the operator £, 1Y ¥, 4 = 0 by

] _-'4. % |: :'.-} :
Ly v | =] Bye) , ¥l v | €Y,
i ] w

where A4, and B, are the eanouical extensions to L% 0, 1; R™) of the Yosida approadmates
Ay and By, respectively, of A and B. For each )\ = 0, the operator £, 35 maximal
monotone with INL,) = ¥V, Using the well-known Rockafellar’s theorem [see [1]) we
deduce that the operator & + £, - DIC) © ¥—Y is maximal monotone, A > 0.
Therefore, for cach A = 0 there exists col{i,, vy, w,) € D{C)} such that:

iy iy 1y r
1y FCl wm |8l m =g, mY (3]
Ly why, ey r

For & fixed element eol(ip, vo,uwy) € D{C), using a standard argument, we ean prove
that the sequences:

{ing A= 0}, {oy; A > 0} are bounded in %0, 1; R™y, £
{wy; A = 0} iz hounded in F™. bt
The equation (3) is equivalent to:
1 + TJi - 'ﬂ-.i'.('l‘-.ﬁ.j =p
vy + iy + Balwa) = g, in L¥0,1; R™)
wy + 577G (e ) + 5" Gglwy) = r, in BR™ (&)
( TS:" ) € DNG), 1ty = —Gry{vows) - (Fyaf vy ).

By some computations involving the set M (see [4] for more details) we can show
that the sequences:

{i%: A =0} and {v); A > 0} are bounded in LD, 1; ;7). {6}

Using the Sobolev’s theorem, by (4) and (6) we deduce that the sequences {ta: A =0}
and {vy; A > 0} are bounded in ([0, 1]; B™) and by (&) that the sequence [#: A =
0} is bounded in L0, 1; B"). By the Arzeli-Ascoli Criterion we have (eventually on
subsequence):

y—i, as A—0, in C([0, 1]; ™).

For vy we nse the Helly's principle (see [9]) and we deduce the existence of », €
BV (0, 1; I"} such that:

wz)—uylz), as A—0, ¥z € [0, 1].
Next, by Lebesgue’s Dominated Convergence Theorem, it follows that:
va—t, as A—), atrongly in L¥(0,1; B*), 1 < p < 0o,

where v is the equivalence class of »,,



a1

30, using the above relations, we obtain, as A——0 (eventually on subsequences);
i, —i', weakly in L¥0, 1; ™)
v\, —dvy, star-weakly in M0, 1; ")

&;,{a: ——s i, star weakly in M0, 1; 7B™)

where 4 = p— 1 — duvy,
By )—B(v), weakly in L0, 1; R}

oy ki, Zi.!]. R-II'._

An easy computation shows that g € A(¢). Sinee G is closed, letting A—0 in (5)
we deduce (2), that is eol(s, v, w) € D[4} is a solution of the equation [1).
i].e.d.
Lemma 3 If A = dyp, where ¢ 1 i —(—00,4+00] i3 @ proper, conver end lower
semrcontinuons funclion, then for Yo £ .i[p], we have:

palz) € A(p{2)), a.e. x€(D,1),
palp—w) =0, Ve d[|0,1); B"), wiz)e D),

Wr e [0,1], (we denote by p, and g, the abaolufely continuows part and the singular
part, respeclively, of the measare p).

For the proof of Lemma 3 see |10].

Theorem Suppose that the assumplions (H1) (H4) hald. If f.9 € WSY0, 7T L0, 1;
t /™)) and collip, va, wn) € D{A), then fhere exists an unique element col{t, v, w) such
thad:

(i) i,v e Wh[0,T; L*0,1; ")), w € Wh=(0,T; R™).

!:':ir';'

v(t,-) | & D{.A).

wit)

(iii) For ¥t e [0,T), wit,-) € BV(0,1; B") and for ¥t € [0,T), col(i,v,w) satisfies the

system (5), a.e. & € (0,1} and the boundary condifion (BC), where Ouf/3t, So /0L,
and dw/dt are replaced by §Yefd, 07w/, dTw]ldt, respecisvely.

(i) ¥ e [0,T],

(iv) ¢, v,w satisfy the mitial data (IC).

Maoveouner:
i, v € L2{0, T = (0,1); B"),

8i/8x € L™(0,T; L¥0, 1; R")).
and for %t © [0, 7] the singuler part of vit, -] safafies:

(7)

du,(t, Wi(t, ) — £) < 0, V¢ € C([0,1]; B®) with &(z) € Dlg), 0 <z < 1,

{we have idendified the class vt ) with o representative, which together wadh 2t -) end
wi{t) satisfy (BC)).
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Sketch of proof We suppose again that G is single-valued, First, we assume that
fz) =elz) =L, for a.a. ¢ (0, 1).
We consider the following Cauchy problem in the space ¥:

d '“E'] f.[.” f{tr':'

= v(g) | +A]| »(®) |2 git,) |. 0<t<T
wit] wit] il

[)-(2)

w0 | =} =% |:

w0} 2"

By Lemma 2 the operator A is maximal monotone, Then, by the general theory of the
evohition equations in Hilbert spaces, we deduee that the problem (P) has & unique steng
solution eol(s, v, w) € W0, T;Y ). Morcover, for each t € [0,T], enl(x(t), v{t), w{t)] €
£ DiA) and the equation (P); is satisfied with dt/dt instead of d/dt for any £ € (1), ).

By the definition of the eperator A it follows that for vt € [0,T], i(t,-) € H'(0,1; |"),
wit,-) coutains a function ©'(t, -} € BV0, 1; R*), such that i(4, ), ¢'(t,-) and wf) sa-
tisfr (BC). Besides, there exists a measure p(t) C Afit,-)) suchthat p(t) + dee'(t,-) €
e L*0,.1; B") and for each ¢ € [0, T') we have:

(P} \

2
[T 204 )+ det(t,) + i) = fit,)

Eﬂfu ol

o v Ty s(F. 1) LTS 7 s
{':i_f_l (F,1+ ﬂrr:l‘L 1+ Biult,-]) = gl #,+), n L0, 1; /™)
ST (1) + Gl loe')(0)) + Gaalio(®)) = 0,

(mi)(t) = =Gl (700" Nt)) — Gral(t)-

We dencte by dev'(t, -] the measure generated by vi{t, ) € BYVI0, 1; B").
Because p(t) + d.v'(t,) € L¥0,1; ") it follows Lhat the singular part of this
measure 1w (), o

“{t:ln == I'I._-,-'I.-'l{ﬁ,':l: vt € I_D' ﬂ!

where ¢! is the singular part of the function v'. By Lemma 3, we obtain:
Lt (4 ) — €) €0, VE € C([0,1; R™), &(=) € Dlg), Ve € [0,1].

To prove {7) we consider the following approximate problem:

YR, it} Fite-)
pr w{t) | +A*] wlt) | =] @lt,) |, 0<E< T,inY
S\ wit) w(t) 0

i(0) o h h in
r;I:{I] = I:I I A'I*:I . iy + | . i e A e i
ﬂ'{m il B3 Y3 il

where A* : D{AY) = D(C) C ¥V —Y, A =C+ L, A>0,

(B
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Adapting the proof of Lemma 2 , W& dednce that

¥ R
P - g1 3 ——=l1, strongly 10 Y,
(I+6AM (q) — ( "1{)

T

{8}

for ALY nﬂi{p,q.,r] el Wb 0. ) the colution of the ]JTUh.!lF:‘.L'I.‘_I (P} =g {8)

For A = 0 we denote oy col{i, ta, W

we deduee . . -
(5 e
AL

A :hll‘[?]-% ) — (y;) o A—0, ctrongly in Y.
LIRS
w,(0) s

gcﬂm'ﬂl theory of the evohabion pyuations, we hawve:

o - (0, \ |
a1 [ fl

e :.quf.'g.n | <l mo |- @) |} Y
[ i el ] || w0 L Iy

! "._{.t\j "1:" i

Trom the

.|_n|

N oaf '|||
"'”l gﬁ_“"] 1 . ogi<T A>0
I,

I E"’-[s-.-} [

5 nx

: . pbhadn:
By this last inequality, using AJso the assumflions of the theoremm, W€ obtain

N8*6s,, o " dtos, ol -
_ fi.,'.‘:l =+ | 7, l-.lII ] 7
511P{|||| ot ':; |.|_.l_~’[l'.l.lr.|if"] I it ||_|'_.2|-|:|I'|_!H“-'| LEI:|
+"d—+ﬂ‘-{ﬂllll -.ﬂ-it{'l‘,,l::ﬂ}-im.
| g " la~

Using Brézis and Pazy’s theorem {see [2]) we get.

iy —ti, Up-—*T, 85 A—0, in O [0, T; L0, 1; IR, (10
wy —tw, as A—0,in c(lo, T): B™ ), B

where collz, v, w) is the solution of the problem (')
Because f.9 € wro, T, L£3(0,1; B")), by (F)a and (9) we have:
sUp {|’.ﬂaff= Mgzoarey + |8t Meapapeyi 0= < T. A= U} <oe, (1)

where a, = dv, [z + Ay(is), Oy = aiy /i + Balw )
N Illghe fl_m;tmus A, and B, being Lipschitz, by (11) we deduce that the distributions
o8 and vy /Be € L0, T; L¥0,1; R")). Now, using a simil ' ab w
nsed in the proof of Lemma 2 (zee [4]) we obtain: : SRR,
e
Gt

iy, '
+|d;f'-‘]l|| r Q< T, A?}U}{.’m- (12)

L1{o.1:R™) L{o,1: ")



Using the Soholev's theorem, the relations {10) and {12, we have:
lis(t.zlmn + ||oalt,2)|| ;e < const., Wi [0.T]. =€ [0,1], A=0. (13)

Now, by (11}, (13} and (P)yy we deduce that:

1L {H%H, _I-” St T, A ﬂ} = 00, 14}
%

(L |8 BT L

o, nsing (10}, {13} and (14) we deduce the regnlarity properties (7). For the general
case £{x), ofx) we use a similar argument as that used in [8] (see for more details [4]).
q.e.od.
Remark If the assumptions (H1)}-(H4) hold and f,¢ € LY{0,T; L0, 1; R™)).
col(iy, vy wo) € D{A), then the problem (1) has a unique weak solution col(i,v.w)
e C([0.T];Y). We say that this element eolf, v,w}) ia a weak sulution of the problem
(5), (BC), (IC). This solution does not satisfie the boundary condition (BC), because
eol{2(t, -],
et ), wit)) does not generally belong to D{ A).
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