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MAPPINGS OF PICARD, BESSAGA AND JANOS TYPE

Anlon 5. MURESAN

Abetract. In the paper en consider the mappings of Picard, Dessagn
and Janos type. On give the condillons in which the composition af

fleard, Bessaga or Janos mappings are of same type.

1. INTRODUCTION

The Ficard, Bessega and Janos mappings are delined from Lhe some
thearems which are eslablished in the last thirty years. Thus Bessaga 1in
1852 [3] prove the following converse of the RBanach fixed peinl theorem:

THEOREHM 1.1. [Let ¥ be a nonemply set and I ¥ —¥ & mapping such Lhat

Foo={x'}, farall ke K Let a e [0,1]. Then there exists a metric 4 on
i
A such Lhat;

T 1¥,d) i=s a caoamplete melric space

2°. £ (X,d) —(X,d) is & e~cantractlon.

Alsa, Janos in 1967 [7] prove the following vonverse of the Ranach's
cantractian Theorem:

THEOREM 1.2. let (X, d] be a coppoct meiric space and @ X -—3¥ &

continuous mapping with PR {«"}. Then for any o € (0,1} there
=l
exisls A metrlae poan ¥ such that:
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1=

1. d and p are equivalent

2" (X,p) —(X,p) {5 & w-contraction.

In the last years many papers deal with the fixed point theorems,
Willh Lhe converse of Banach fixed point theorem, and with the
generallzations or exlensions of this (see [1]1, [2], [G8], (61, [10]1-[1B]).
The behavior of =some applicalions having Fiwed point in respect with the
composlition or alpgebraic operations he have approach. In this paper we

sugge=at =a subject,

2. DEFINITIONS AND EXAMPLES

DEFINITION 2.1. Let X be a nonemply set. A mapping f: X —¥X iz a

Bessaga mapplng 1f Lhere exists x e ¥ such that F B {x*} for all k « N
£
EXAMPLE 2.1. Let X = [0,1] and ©: ¥ - defined by
[ 0, = € [0,5/8]

=] =
2x-5/4, w e (574,1].

Then [ is a Bessaga mapping wilh F K = {0}, for all kK & N,
§
DEFINITION 2.2, Lel X bo o nonempty =et. A mapping £: X —¥ iz a

ix*.

Janos mapping if n £
1=
EXAMPLE 2.2. [et ¥ = K and {: X —X defined by

[ 2%, = & Bn[-3,3]
Fix) = 4
L}:.-f’E, x € [=-3,3].

Then £ is a Janos mpping with n FHX) = {0},
nEM
HEMARE 2.1. A Janos mapping 1s & Bessaga mapping.

DEFINITION 2.3, Let (X.d)} be a metric space., A mapping f: X —¥ is a
Fleard mapping 1f Lhere exisls %' & ¥ such that F‘f = {x} and the SEUEnCe

[N
EXAMFPLE 2. 3. Let X = [0,1] and £; X -—¥ defined by

[i‘n{}f ¥ converge to W for all = = X.
a I o

[ xﬁ. x € [D,1)
tixl =4
| 172, = = 1.

Then £ 1s a Pleard mappind wilh P = {0}.
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DEFINITION 2. 4. Let (X,d) be a melric spece. A mapping £: ¥ —¥ is a
g-contraction if there exists a comparison function g R, —m_ (1.s.

monoton Increasing and [¢n[t}JnE caonvoerge to O for all t = 0) such that

M
dif(x), fly)) = pld(x,¥y}) for all x,y € X.
EXAMPLE 2.4. Every contraction is & g-contraclion where @ 15 defined
by @lt) = at, with a € (0,1).

REMARKE 2.2, A g—conbtraction i3 & Picard mapping.

3. THE MAIN RESULTS

Let (X,d) be a complete metric space. We have the
THEOREM 3.1, Lel Py Py -R+ —J-E+ szl Lhat
(i) Py is monoton Increasing for 1 = 1,2
{11) wifL] £t forall t >0 and 1 =1,2
(iii}) ¢, 1s continuous at the right for 1 = 1,2.
If f',_;: (¥,d) —i¥,d) are such that
da(f(x}, fiy)) = wl{d[x,y]]

dipgix], glyl] = wa[dtx.yﬁl

for- all %,y € X, then fog and gof are Picard mappings.

Proof. We have, for all x,¥y € ¥,

dllfegl(x)lifegl(yi) = Lwlenwzl[d[x.y]}

and  for ¥ o E, holds the conditlons (i), {fi), (111), Thus, fram the
Theorem 3.3.3% [13], we gebt that Feg 15 a Ploard mapping. Analogous we
prove that gef is A Floard mapping.

REMARK 3.1. If the mappings f and g satisfies the conditions of
Thearem 3.1 then fog are Bessaga mapplngs.

THEOREM 3.2, Lot Py Py H+ —:H+ comparison functions such that

W EP,= B P - If : (¥X,d)] ~—({¥,d) is m -:pl—r:nntr‘m:tic-u and g (¥, d)] —3[X, d)

is a wp—unnLrauti-:ln then fog and gof are Ploard mappings.

Proof. On can prove easily that fog is a ¢ uq-r?—-:_:unt.r'a.-:t.inn- But FyoP

1 s

15 a comparison because ¢ o, is monoton increasing and L{@lu@E}n[L})nEm

1 "2
is a sequence which converge Lo 0, for mll t = 0. BReally, we have

[¢1np3;|“[f.; . :qa‘,l'ﬂq.-g]m = w‘;rwgm] —0 88 N -
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The mapping gof iz a q:a,junp:a--:unl:ra::tlan teo. Thus feg and gof are
Picard mappings.

THEDREM 3.3, let wl,ﬂzr H+ —ﬂﬂ+ such that wi[L] =0 for 1 > 0, when
i = 1,2, If f.g (Xd) —(¥X,d) are mappings such that difix),fiy)) =
5 d[x,y]hwl[d[x,yhl and digl{x),gly)}) = dfx,y}-wgfd{x.y]] for all x,v e X,
then fog and gof are Picard mapeings.

Proof. We have d{(fog)ix), (fegliy)) = d{g[xl.gfy]]—wl[dtﬁ[xJ,Ety]}) =
= dtx.yJ—ﬂztd[x.y]}"ﬂjfd[g[x].gny]] = dtw,y}—ﬁg[dfx.y]]. Therefore fog
saliefie Lhe conditions of Thearem 4.3.5 [13] in respect to the Minetiaon
Y,, and such fog 15 & Pleacd mapping. The mwapping Eefl Eatisfie Lhe
conditions of Theorem 3.3.5 [134] in respact to Lhe function ﬁl' therefore
gef i2 A Picard mapping.

THEOREM 3.4, Lat w1’¢é: M‘-—+[D,1] monolon  decreasing. k3
F,g: (X,d) -s(X.d) are such that, for =all ¥y € X dif{x),fly)) =

= wl[dix,y}Jd[R.y} and dlgl(=x), gly)) = wPfd[x.y]]dfx,y}, then fog and gof

are Picard mappings.

Froof. We have di(fogl(x), (fogliy)] = wl[dfg[xi,ﬂlyj]]dfgfxl,gfr]} =
= w1[d[gfx].g{y]}3wﬂfdiw.y]]dfx,y]$ = Jﬁfd[x.y]]dfx.y}. How the thearem
result from Lhe Theorem 3.3.4 [13].

HEMARE 3.2. Tf the mappings [ and g salisfies the conditlons of
Theorems 3.2 or 3.3 ar 3.4 then fog and gef are Boseags mappings.

REMARK 3.3. If the melric apace (¥, d) is compact and the mappings f
and g satisfies the conditions of one from the Thecrems 3.1-3,4 then fog
and gof are Janos mappings,

For others resulls on the Pieard, Bemsaga and Janos mappings see [5]1,

(9], [101, [13].
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