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Abstract. 1In [2], W. Walter introduces a Banach algebra of
power series and gives two applications of this algebra, one for an
exXistence and uniqueness proof of a solution for am initial value
problem and the other a proof of the implicit functien theorem.

The purpose of this note is to show that the method from {21
can be used to prove the existence and uniqueness of power series
saolutions of some Cauchy problems for first order differential
equations and system of differential equations with linear

deviating of the argument.

1. THE BANACH ALGEBRA H,

Let be r * 0. We consider the vecter space of all functions
u: [-r,r] + K allowing a power series expansion which is absolutely
convergent for x = r. We note
H = {-a | u{xj=§2£;,r* » the power series being absolutely

convergent for x = r}

Obviously, the power series is unformly convergent for %}z £,

Let be | -] & notm in H, defined by
Iui=i |C|r® for ue H,. u[}:‘}=if_‘kx"-
k-o k=3

Then H, becomes a Banach algebra with a norm of a Banach algebra.

That is Juv] < |u] |v] for all u,v ¢ H,.
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The following assertions are true:
{ay |x* = r* for k = 0,1,... , in particular |1] = 1;
{B) u g H, implies u* e H. and lu*] < ||u]®* for &k = 0,1,...;
(C) If (u)),1 18 a sequence in H, such that

L l<=, then w=Xu, belengs te H and ||e,.|-s.}_.fu“|

el ol
(D)} For the Lntegrathn operator I:H, -;}L, defined by
(Tu) (x) = EL",, qu for u ¢ H,, ulx) EPCR x*, takes place
the inequality |1u" < rjlull, with equality for u = 1. Hence | I|

REMARE 1. If w € H., u = u(x), and 0 < 4 < 1, then {i where

A{®x) = u(ix) belongs to H, and we have
|dl = [uf

2. & CAUCHY PROBELEM FOR A FIRST ORDER DIFFERENTIAL EQUATION
WITH LINEAR DEVIATING OF THE ARGUMENT

Consider the problem
{1y v'(x) = £(=x,v{Ax)) , ®* & [-r,r], £ =0, O = X = 1
(2) y(0) = 0,
where £:D - R, D = B¢ , £ = E{x,t) and

fx, )= E a" x<tF, with aj, € R.

We Eaﬂrch sﬂ¢ut1mns in H, of the problem (1) + (2).

The preblem (1)+(2) is equivalent with the following integral
equation
(3) yi(x) = [y" f(s,¥(As8))ds , x € [-T,r]

Lat ba b > 0., Consider the bhall
B(O;b) = {u ¢ H.| |ul = b}.

We have

THEOREM 1 We suppose that:

(i fix, tl= L a,;, xit? where a,
d.5=0

i € Ri

{ii) r > 0 and b » 0 are so that we have
M= L |a4__,|rht::' g

and 2
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{iii) r <« b/Mand r < 1/L.
Then the problem (1) + (2) has in B(0;b) an unigue soclution.

Broof We consider the operator A:B(0;b) » H, defined by

(Ay)(x) = [ £(B,¥(As))ds , =x & [-r,T].
Each solution of the integral eguation (3) is a fixed point for the
cperator A.

We show that the operator A maps the closed ball Bi0;b) into
iteelf and that it is a contraction.

Let be v € B(0;b). Then ¥ ¢ B(0;b) where §(x) = y(Ax). We note
(Fy)(s} = £(s, ¥{a)). The function v, defined by

vy (&) =1+§raﬁ gi({f(s))?

belongs to H, and from (A) and (B) the estimate

v,| s X la..|ribd
I Zrl JeFuk J._,ll

follows. Since X|w| = M,
k=0
if follows from (C) that Ejﬁk: Fy belongs to H. and |Fy| < M.
0

Hence by (D) and (iii) we have that

layl = |I Fyll = r M 5 b.
This shows that A(B(0;b)) c B({0:h) that is

A:B(0;b) - B{O;b}.
Now, let be y,,y¥, € B(0;b). The decomposition
vi=¥d = ) T e T e

implies that

lyy = %'l = Iy, ¥all ] B . o ol B
and hence

- - -
|1Fyy -Fyal < .E_I__ll"f":j“-H My -53ll =
.7z

e "r-_"nl'azjlrijbj_ll-"""__}’:l - LIF;“F:I.*
L ]
According to (D) we have
Ay, — Ayal = xLlly, - ¥l for every y,,v, € B(0;b).
By (iii}, rL < 1, so that the aperator A is a contraction.
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KNow, the theorem follows from the Contracticon principle.
REMARK 2 The constant M is an upper bound for |f£],
T = I(x,t), in the region |x| = r, |t| £ b, and the restriction
r 5 b/M insures the invariance of the ball,
The consider r < 1/L insures the A is a contraction. Here [, is an
upper bound for Lg§|in the same region [x| < r, |t| < b. If the
condition r < 1/L it not satisfied, we choose r, such that
O <1y < 1/L g r. As in REMARK 3 of [2] one can get rid of the

conditien r < 1/L.

3. A CAUCHY PROBLEM FOR A FIRST ORDER SYSTEM OF DIFFERENTIAL
EQUATIONS WITH LINEAR DEVIATING OF THE ARGUMENT
Coneider the problem
(4} ¥'(=x) = £({x,¥(ix)) , X ¢ [~x,r]), O < 4L < 1
(5) wi{D) = {(0,0,...,0},
where £ = f£(x,t), t = (Ertars eyt i, £ = {(f4,55¢-..,£,} and
filx, ty=Xa, xtp, with 4, € B®.

feb
Bl

We introduce the Banach space H" of functions W={Wa, Way oo, W),
where w, ¢ H for every i=7,n and use the maximum norm
v, = max [w,]

i=-T.r

The following assertions are true:

(E) u e H, we H" implies uw = {uw,} ;7% € H and

fuwll, = Ju]«Iwl, ;
{F) For we H" we have that, wPf=wl'...w" ¢ H,, where p = {p,;...,p,)
is a multi-index with |p| = p, +...+ p,, p; = 0, and w* satisfies the

following inequality:
I = [lwiI®!

(G) If wy,wy e H" and |w,l, < by, |w,l, ¢ b, then we have

Iw® = wrfl < w, - wl, |p| bylel™
REMARE 3 If w = (WarovayW,}) & H" and 0 < 3 < 1 then
W = (Wr.e.sW) e H", where Wi (%) = w;(ix), for every x ¢ [-r,r]

and i=1,n.
THEOREM 2 We suppose that:
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(i) fix,tﬁ=?%aﬂjxftp, with a, e K", where
Az

et1u]
f= (£,£f.. cpEl) and €= k.. R I
{ii) there exists b > 0 such that

M= E I"?‘Jplr ]-blr'-'l % oo,
L b - P - B

[Bl=py = o

where |.| denotes the maximum norm in R".

Then the problem (4) + (5) has an unique power series solution
which converges (at least) for every x so that |x| < e where
& = min{r,b/M).

Proof The proof runs as in Theorem 3, [2]. We use BEMARK 3,
Let 0 < ¢ < b and r; = min(r,c/M}. Then

P
since |p|cl?l™ < plPl for large |p]|.
We consider the ball
B(O;e) = {w e H | |wl, = o}

and the operator A:B(0;c) + H, defined by

(Ay)(x) = [5" £(s,¥(As))ds, x e [-Ta,T;].

Using (E) — (B) it is shown as in Theerem 1 that the operator
A maps B{0;c) into itself.

For wy,w, € B(0;c) the following Lipschitz condition holds

[ Bwy = AWl < T |wy = wal,-

If r; satisfies also r,L < 1, ther A is a contractien.

The Contraction principle guarantees that an unigue solution
y* e H. of the problem (4)+(5) exists. Since ¢ can be arbitrarily

cloge Lo b, the theorem follows,
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