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ON THE PRIME RADICAL OF AN IDEAL IN AN (m,n)-RING

Maria 5.P0OF

Abstract. The extension of the usual ring concept to the case where
the underlying group and semigroup are regpectively an m-ary group
and an n-ary semigroup has been studied by Crombesz [1]; some ideal
theory aspects and the properties of the prime radical of an ideal

in a commutative (m,n)-ring for m-n were investigated. In this note
we prove that these properties remain true for n+m, Loo.

1. pDefinitions, notationg and preliminary resulls

an algebra (R, +, ) is an (m,ml-ring, m.,nel* % {11 1f:

1) (R, +)} ig a commutatiwve m-group;

2} (R,®) ig an n-semigroup;
3) the following distributive laws hold for all choices

of a,,...08,, 5,....0,eR and for all cheoices of S Th i SRS 1
{"":"1-' L -ra:'_lr I:.'t'l"--- - +bﬂ1':l rﬁl_:_i.l . -Jras}q=

(1) : .
=3 - "I PR - TR ,,an}ﬂh_ - ,.,f:i_.l,b“,ahl, R iy

I1f, 4in particular, the n-ary operation (fmultiplication) is

commuitative, we call (K, +,0) a commutative (m,n}-ring.
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In keeping the practice adopted for polyadic semigroups
briefly notational convenience will be used, as follows:

i o

RIS, SRS S S PRI PO e Tl E% x;
k-rimes -z fo7akel
and
5 L

= 3 1

I:x-,...,}:_I;.x,.._.,.E..:l::.l.+_.,_.,_1,---,.:-|'_lnlﬂ—[x._,. S SRRy B
i k-timoo s

Clearly that I%.xj and x7, for k>Jj dencte empty seguences.
T8

Also, in writing long products (i.e. products having

p=1 {mod n-1) factors) and long sums ( p=1 [(mod m-1} terms) we

shall omit supplementary brackets (sum symbols Y, ).

With these conveniences the distributive laws can be written

m m
i-L _di-1 Fi
L) ['511J rﬁ bj: Hin:1] =F {'—7‘1 thr&irl};
=1 a =1

We may also denote recursively (Dérnte [2]):
glo o5, altlopa; alfl=(m-1la+a* Y =(km-k+l)a
anc

. e L =10 {Jm-k+1} e
a1 =g &-u:-:t ':I\J gtk =tﬂ.i'-_1.:'lI a Il =i a ‘, ,for kek"
i L -] i L v

It is easily wverifised that

|: a{k._:nrﬂ-:.r!:-r L ’ﬂ-:}:u:- :|u=ﬂ'::k1+"'+k"|h..
and
i&{;n ez g ikria-1) +k4rr o g dTH il
for every choice of the matural numbers k, ..., K K I.

Alan we may conclude that
Proposition 1. In a comutative (m, - -ring (R, +,o) the
following exponential laws are verified
L %]
Ll - 10 &) ikl
(4) Yy ai] = 5 Ekin l};JT ! [ o T ]
i=1 .||:-_+...|H'l.|-j.'l_n-'_'l—1 Rll'"‘ M’ a

Eqkgeria-Lla-l
f=i,.3,--..x

.
K
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for all a,,...,a,eR and keN.

An element acR is called an additive (multiplicative)
idempotent if a'l=a (a™’=a)] and idempotent if both of these
conditions are satisfied. An element Z€R ig called a zero of E

if I'L'J'-’{:'-',E.xfh y =z for all X, .. .,x,€R and for all cholces

of f€l{l,.2;-...0F;
& zero, if thers exiscs is clearly an jdempotent of R; an
(m,n) ring may have at most cne zero. If R is a (2,m -ring, then

B has a zero glement.

The element & will denote the aditive querelement

of ack, i.e. & is the sclution of the egquation (m-1l)a+x=a.
It is easzily seen that in an {m,n) -ring we have

(2) iaf'i Ay, Vag. .- 8,ER
1=1 =1
(1) (e}, = (al ™l F3, afat e ¥ayeeaa 3,60 Wie{l,....n}.
Crombez, in [1], defined an i-ideal of an im,n}-ring R a8 a
non empty subset U=k, such that (U v} is sub-m-group of (R,.+) and
[1+1] Im-4il
R 0 R ] o7, where i has one «f the values 1,2,....0. If U i8

ul

an i-ideal for esach I=1,2,....T then it is gimply called ildeal

of R.

An ideal U of F is called completely prime 1ff (x") €0 imply
x,ell for some ie{1,2,...,n, and primary if {x") e and
Xiieeoa lq,ﬂa+1,...,anU. imply the existence of a natural

number p such that x;¥ €U, Hence, each completely prime ideal is

a primary ideal. An ideal P ig called prime iff for any
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ideals U, ...,U, with (") cP == U;eF for some fef{l,...,m}. Bach
completely prime ideal is a prime ideal.

2. The prime radical of an ideal

pefinition [1] 1) Let (R,+,% be an im,n) -ring and I an ideal
of R. The prime radical /U is the sel

JO-1xeR|x*® el for some peN}.

21 An ideal O of E 1S ralled a radical ideal

Remarks. 1) UcyT.
%) The intersection of an arbitrary family of
completely prime ideals af an (m,n}-ring is a radical ideal.
Propogition 2. The prime radical yO of an ideal U of a
~ommutative (m,n)-ring R is an ideal of E.

proof. Let &y, .. 8,640 1.8. 3., ... Da€N such that
a;”:)eﬂ; i=1,....Mm. There exigts k€M, K=p +...+0,tk, whers
u=[%% ‘ if n-1 ig a divisor of m-1 and r:=1—l i—_l] atherwise,

Tml

1ml

tk
m o
g0 that [ E ai] e/, hence E a;el. Indeed, DY proposition 1, the

equality (4} holds.

) L)
In every long product [ By i Ay } there is an I.,{%,2.... ,m} =0
fal

that ;'rin'zpi__.llrl—l] +1. Otherwige, if k;<p;{n-1)+1 for all

Lo m
i=1,...,m, then Ek,i{Epi]{n—lhrm. i.g.
i=1 I=l
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m
kin=1) +1{[ b D =T, ]fn—l] +m, hence &(n-1)<m-1 ; contradiction to
=1

the choice of e,

If r:-r=ki—p,ﬂtn—1] -1, because U is an ideal of R we have

(k) tky,) (gt | k) leg,) _— LK
al,...,ail_,...,aml= Ry poees Ay By, Treens Ay e Ir
A

Ao

and [ ¥ a, |** e,

If aey U, than a'* el for some peM. Since (U,+) is a

sub-m-group of (&, +), we have 2P el and a® el. But, by (3) we find

recursively for k=pin-1)+1 that

3P = g,

hence ael.

Also, far all X,,....X, €k and a€/U, since we suppose the

n-ary operation to be commucative, ws have

(01,2 )P = 57,0 xB,a% ) €U, nence (xiTa) €V

Then. it follows that U is an ideal of R.
In the same manner as in [1] we may show that in a commtative

(m,n) -Ting (E,+,%) holds the following

Proposition 3. If U and V are ideals of R and U¥ <V for some

patural number k, then T = 4V.

Proposition 4. If U,,....0, are _ideals of K, then

o] o
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The following proposition can be proved in a similar way as
proposition 2.
Proposition 5. If I, ...,4, are ideals of R, then

m r [ix]
LI:-=4 E Hmi.
Jm i=d

Proposition 6. The radical of a primary lideal U of R 15 &
completely prime ideal contained in each completely prime ideal

containing U.

Praopogition 7. If U and V are idealgs in a commutative

{m,o) -ring R, then U is primary and V=y0U if and only if the
following conditicns are satisfied:

mw eV
xeV = dpel; x"# el

# {a™,e U and a,,...,8, ¢V imply a,€l.
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