Buletinul Stiintific al Universitatii din Baia Mare
Seria B, Matematica-Informatica, vel X1 (1996),169-174

Dedicated to the 35" anniversary of the University of Baia Mare
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0. Beginning with the paper by Barnhill, Birkhoff and
Gordon[1l], the interpolation problem to boundary data on a triangle
wag largely studied. Important contributicns to the development of
this theory are due to Gh. Coman, I.G8nscH and L.Tambulea [4],
[5],[6]1. 8o, in the paper [&] Cthere are constructed Bome
interpolants for a given function on the sides of a triangle T and
on one of its median.

In this paper we will present a slight generalization: we will
congtruct some interpolants for a given function on the sides of a
triangle T and on one of his cevian. In particular this cevian can

be a median, a bisectrix etc.

1. Let T be the standard triangle T =l{x,y)eR|x=0,y=0, x+y=a)
with the wvertex V,=[a,0), V,=(0,a), ¥,=(0,0) and with the side
oposite to V, denoted by E., k=1,3 Fig.1).

Let £:T <K be a given function and

let L, LY be the linear

interpolation operators along the
parallels to the gides E,

regpectively E, of T,,1.e:

(LZ£) (x, y) = 2 X3 f (2,00 + £ (x,a-x)
a—x a-—x

(LFE) (x,v)=2XYe(0,y) + £ la-y,y!
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Tt ia well known thar sach of these operators interpolates the
function f along the two sides of T,:

(L€} (x,0)=E£(x,0), (L¥£) (x,a-x) =f(x,a-x}, x£[0,al
(L*€) (0, y) =£(0,y), (Lif) (a-y,y)=f(a-y,y), yelD,al.

Now, we suppose that o,£€(0,1} and we dencte by I¥ and L;, the

gquadratic interpclation operators along the parallels to E
regpectively E,, that interpolate GChe function £ in {x,0),

{2, 0f{a-x)), (x,a-x) respectively (0,v), (Bla-y) . .v¥})., la-¥,¥}
The point (x,ola-x)) lie to the cevian V.M., and the

point (Bla-y),y) lie to the cevian V.M, ..

We have

. _(a-x-vy) (oa-ox=%) yv{a-x-v)
L¥ £ ; = Eilx, O
(1.5 (x.¥) a{a-x)° x }+cr{1—|:r:| (a-x}?
+Yyrox-oal gy a-x),
(1-a) [@a—x)?

fix,xa-ax)+

and

(LI E) {x,¥) = fa-x-y) (Ba-By-x) £(0,y) + xla-x-v) L

N x[x:%;iéihnfia—y ¥ s e
{1-E) (a-y)° ’
So
{L! £} (x,0)=£(x,0), (L £){x,a-x)=f(x,a-x]}, (Lt £} (x,ala-x))=fix,ola-x)

with xe[0,a], i.e. L¥; , interpolates the function £ on the sides E;
and E, of T, and on the cevian VM .. In a pimilar way L .
interpolates the function f on the gides E, and E, and on the cevian
VM, ..
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Theorem 1.1. If £feC{T,} then

r @Lf=f on IT,UVM, _
L: “@Lif=f on ATUVM,

L\

Proof :
Taking account that

(L BLre) (x,y) =L £ (x, ¥} +LE(x,¥) -1, LE (x,Y)

and

(L I*E) {x,¥) = (a-x-y) {oa-ox—¥) [3a"Xeig g)+F£{a, D:I}+
ola-=x)* a a

yia-x-v) (1-o) (Aa-%) ¢ x
o (1-a) (a—x)? _Tl =) &t (0, aa~onc) + (1-o) a+ax
g S AREEEY ca) fix,a=-x)
{1-o) (a-x)°

Y

£ (1= a+ax, oa—ax) ]}f

we obtain:

a-x-Y[oa-0X—Yeiy o)+ Y _F (xraafmc]l+

r Prx Y=
(L JOLIT) (x,¥) L = =Tl
L1 S " ~ (a-x-vy) (oa-ox—y} x
-ET?Ha x-v) £(0,y}+x£{a-y.¥)]- T E{0O, DJ+ f[a mw
_ yla-x-y) s _ P e % l
STiaT (a=T [{i-ala+ ][{1 o) £10, oa &}:J+a_xfi{ o) a+onc, aa-ox) | -

In a similar way:

= - _a-x-y[Ba-x-8y o £
(Lr BLrE) (x, ¥} P £(0,v) E{ =3 (Ba-By,v) |+
1 i ) la-x-v) (Ba-x-£y) =
e ) E{x, 00 +y£ (x,a-%) ] - ey £00,0) + L0, a]l
- x (a-x-y) 1-B} £ (& 0) + £ (Ba-By, (1- &) a+B !
E(1-B) (a-y) [(1-B) +13'=:.-']l[ RV E (Ba-Bys0 (Ba-By, | ) a+By)

The proof follows by direct gubstitution.
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Theorem 1.2. L @1rf=f and L; BLIf=f for any fep! (the set of

all polynemials with the degree less or egual to 2}.

Proof:

as L, BL; and L7, s are linear operators Che two equalities
mst be verified for the test functions &.. i+js2, where

e,. (x,y)=x'y!. This way the proof is a straight forward computation.
We consider now the following approximation formula:

£-L BLIE+RY T

where R* is the corresponding remainder term.

Theorem 1.3. If £ € B,;{0,0) [7,p.175]1, then

(RIE) (%, ¥) iw (x,y,8) £ ts,ﬂﬁds*LH;. (x,y,8) £ (5,0} ds+

+£Kn{xayaﬂif“”'[D.t]dt__[Jﬁu[x.y.srtlfuj'Lsrt}dsdt

where
= v iy ox-aa) g e Ty
K, (6, ¥, 8) = Xy aos) gy (7Y e
Lxla-x- ¥ {o@-ax- ?jta-a}“+ xy (a-x-y) [(1-c) a+ox—8]]
2oa (a-x)° | - Sail-o) (a-x)? [{1-o) avox] i
y (o +y -oa _ :-:}' Xy - i
lx,y,8)= TT_ETTE_ETQE =3 [a-y-8]. ia—x}[[l—ﬂ}a+ﬂx][il o) a+ox-8]
K”xx,y.t?—

s S -_-rr{.a.—z-:_--}’] o - -
E = _ —_ = t
Xy ,e, e =X &) {y-t); I]”:l_[”[a_:lll:]:{:-: 5) " (ra-ax-t),

X iaaegm)? (Y- xy 1- -g]° (@a-ox-t
a’yia y-s). ¥ t};+w[l~&l[[1-a]a+ﬂx1Ia—x]’li a}arex-sl; (aa 5
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Proof :

We have that R¥® f=0 ¥ £fep]; and the proof follows by the Sard

kernels theorem in triangles [7].
The expressicns of the kernels are:

POl - 3 B - R . x-8)l
E_-i: [xr}rrﬂ]_ﬂ?:.-:[_ 2_]__2_ [L‘:r.a JllT [}EI}F]

K, %, 7. 8)=RyY ((x-8) ¥) =(x-8) ¥- (Ly B (x-s5) ¥} {x,¥)

K, (x,v.t) =R§1.,[—I:F-3t_“]= x}’;tL Lg_,EE'I-ij %] {x,vy)
K, lx, v,8,c)= BT ( (-8} {y-C}.]=

31, =

(x-g) ¢ (y-t) - (L BT (x-8)’(y-t)_ } (=, ¥

pemark 1.1. With the approximation formula f£=L: @IfE+R7E  an

analogous theorem can bs given for the remainder RI'f

Remark 1.2. If a=ﬂ=% rhen the ceviansg V,M, ., and V,M, , are

medians and we find the results in paper [&].

p
Remark 1.3. If u=E=i§ then the oevians V.M, , and V;M; . are

hisectrix. In this case we obtain interpolants for a given function

on the sides of a triangle T, and on one of its bisectrix.
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Abstract. Some interpeolants for a given function on the sides

of a standard triangle T‘ﬂ(x,yltﬂ|xaﬂ,?aﬂ,x'yaa ¢ and on one of its

revian are constructed. The properties of these interpolants are
given in the theorems 1.1 and 1.2. The expression of the
corresponding remainder term is given in the theorem 1.3. In
particular, we find the resulte from [6] and also interpolants for
a given function on the gides of the standard triangle T, and on
pne of itg bhisectrix.
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