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ON SOME GENERALTZED CONTRACTIVE TYPE CONDITIONS FOR MULTIVALUED

CONDENSING MAPPINGS

vasile BERINDE

Introduction.

The most convenient ambient space for stating many fixed point
theorems for a contraction or a generalized contraction seems to be
a metric space.However, 1n this setting - in the absence of the
linear =structure offered by a Banach space - we can obtain only
metrical fixed point theorems.

In order to compensate this drawback Takahashi intreoduced in
1970 [14] the definition of convexity in metric spaces and
generalized some important fixed point thecrems previously proved
for Banach spaces.

Recently, Gajic and Stojakovic [11] obtain a generalization of
the Takahashi’s result by meanz of a general contractive type
condition. This type of contractivity is expressed by a COmpPArison

function, i.e. a real function ¢:R -E, satisfying a few

properties of the linear functien @(t)=et, O=a<l, invalved in
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the classical contraction condition
d{Tx, TV zsedlx,y), Yx, yeX,

for a given mapping T:X—+X.

& generalized contraction is a mapping T:X-& satisfying the
following generalized condition
d{Tx, TV) =@ l(dix.¥v))., ¥x,veX,

for a given comparisen function ¢ (for a detailed study of this
topic see,for example, Rus, A.I.[16],[17] and Berinde [1]=[10]).

The aim of thisz paper i= to consider alternative conditions
for the definition of the comparison function used in [11] and to
prove similar theorems for nonexpansive mappings.

2 Convex metric spaces
We need some definitions and remarks from [11],[12] and [14].

pefinition 1.Let (X,d) be a metric space and I be the closed unit
interval.A mapping W:XxXxI+X is said te be a convex
structure on X if for all x,y,ucX, A€T,

diu, Wix, v, A)) shdlu, ) + {(1-A)d{u, ¥ .
X endowed with a convex structure is called a (Takahashi)
copvaX metric space.
Remark. Any convex subset of a normed space is a convex metric
space with
Wix, v, Al =Ax+[1-3)¥v.

Definition 2. Let X be a convex metric space.A nonempty subset K of

X is sald to be convex if

Wi{x,v,A) €K whenever x,yveEK and ALel.

Remark. 1) &= shown by Takahashi [14],the open and clozed balls are

convex and the arbitrary intersection of convex sets is a

convex sebt.
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2} If we denote for an arbitrary AcX
WiA): =Iw{x, ¥, A) |x, ¥yEA, LeI},

then the convexity may be equivalently defined in a simpler

way:K is convex if and only if W(K) <K .

Definition 3. A convex metric gpace (X,d) is =aid to have
Property (C) if and only if every bounded decreasing net of
nonempty cloged convex =subsets of X has a nonempty

intersection.
Remark. Every weakly compact convex subset of a Banach space has

Froperty (C).
Definition 4. A subset A of a metric space (X,d) is called proximal
if for each xcX, there exists an element ach such that

dix,a)=d(x,A) (di{x,A] denotes as usually the number

inf id{x,v)|yeah .
Let’s now denote the family of all nonempty bounded proximal

subsets of ¥ by 2Y. and the Haussderf metric defined on 2},

induced by 4 by H. This means, for A,Bez2i:,

H{A, B =max| d (x,B), d {x.4a}}.

xEN XEB

Definition S5.Let T:xhzﬁp and x£X. The seguence

x,/x,=x, x,€TX, ,} is called an orbit of x under T and is

dencted by o(¥])-
The orbit o(x) is called strongly regular if

@ (x) ='::1:-J]_I|"._F|'_'HETK._|_1r {illlxz.'xn—l:l =d[x:-]."n{n-l:'}'

Definition 6.A convex metric space (¥,d) with the convex structure
W is called P-convex metric space if for all x,y.2Z,UfX and

AET,
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dinx,y,l},W{u.z,ijj:5ld{x,u}+il—l]dt?,z}.
Remark.For any subset A of a convex metric space X we have

diam A=diam(conv A},

v 0
and, if we denote A :=W (4], A<X, , then we have

Qnuvﬂflimﬂnﬂ-UAJ.
=1

gsee [11] and [12].

3. Comparison functions
For details concerning the study of comparison functions and
generalized contractions we refer to Rus [16], [17] and

Berinde [1]-[10].

Definition 1. A function ¢:B —-R, is called comparison
function Lf it satisfies the following conditions
(i) g is monotone increasing;

(ii) (e@"(t)) .y converges to 0,for all tz0
(" stands for the n*" iterate of g].

Remark. In the paper [11], Gajic and stojakovic consider a function
¢ satisfying (i) and the following two conditions:
(1ii) ¢ is right continuous;
{iv) @(t)<t for t>0.

Lemma 1 ([17], Lemma 3.1.2). If ¢ satisfies {i) and (ii) then ¢
eatisfies (iv) and @{0) = 0.

Lemma 2 ([17], Lemma 3.1.5). If p: 2R, satisfies (i) then (iil} is
aguivalently to the following condition:
(w) ¢ is right upper semicontinuous.

Lemma 3 ([l0], Lemma 1.1.2). If @ is a comparison function then @

iz continuous at zZero.
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Example 1. If ¢:B ~R, ie given by eit)=0, for ¢te[0,1]

and :pf_r}=%1':; for £»1 , then

1) ¢ is a compariscn function;

2) ¢ doesn’t satisfy condition (iii).
This exanple suggest us to consider general contractive conditicons,
=imilar to those in the paper [11], but with g a comparison
function, i.e.p satisfying (i) and (ii), instead of (i), (iii)
and (iv), as in the guoted paper. We alsec obtaln more general
invariance theorems.

4 Invariance theorems for multivalued mappings

The main result of this paper is given by

Theorem 1 Let (X,d) be a complete P-convex metric space with the
continuous convex structure W and K a nonempty closed bounded
convex subset of X with Property (C). Let T be a mapping of K
inte the family of proximal subsets of K satisfying

H{Tx, Ty) s imax | dix, Tx),d(y, Tv}H g

for each x,ve€K and ¢ a given compariscn function.
Then there exists a nonempity subset M of K such that

T(M) <M.
Proof. For any xcK, we may construct a strongly regular orbit at x,
under T,

elxy=1x/x €T, ,, nzalh.

We shall prove thatlim d{x,, Tx,} =0. (2)

I}=m

Let us denote dix,, Tx,! by £, .Then,from the contraction

1l

condition (1) we have

¢ =dix,, Tx,) sH{Tx, ., Tx,) <@ (maxi dix, ;. Tx, ), dx, Tx)h (3)
If (,_,<C,, then from (2) we obtain

Cose (O,
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and from property (iv) of a comparison functicen we deduce
sl O,
contradiction.

Hence €, ,2C, and from (3) we obtain

Co=gl{l, ,) <& 1
that is (C,) is a monotone decreasing sequence of nonnegative real
numbers.This means
limC =C

—ea
exists and Cz0. From (i) and
Cn = "F' {Cn-l:l
we deduce by induction
Cﬁl 1 Eq:'n IlI:':l-:I.:I
So, from

0sC, ., s 1))

and by condition (ii) we ebtain C-=1lim,=0.

L1
Altheugh the remainder proof is essential identical to the cne in
[11] we repeat it here for convenliance.

For cach £»0 let us denotea
H-1x/d(x, Tx) <el

and A, =T{H}.
From (2) we have that H,#¢ for each &»0. We shall prove that
conv A,cH,, for each €>0 .

Let v&A, and let 48>0 be given.Then there exists ¥'€ conv A,
such that
div,¥*) =b.

Since ¥*e conv A, there exists n €N such that

L

=g
ViEWN [A,) .
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This means
.nc.'|
VEWIY ¥y, A), with ¥, ¥, EW (A,) and A €T

and further v, =W{(V, V2800, Vo= W{¥a0s Vazedyz)

==&

 igo X €T 314 ¢ Fror Va1 s Vaa €W {4, and so on.
After no more than n, stepe we shall obtain elements belonging to

A, .Let denote them by {_1.-';-'}”__ (Obviously I, is a finite set).
Iel,

since V¥; €A, 1€I., there exists v.EH, s=uch that _y;ET{T;_.[]I.

But Ty is proximal, hence, for every ieI,, for somne z, €Ty, we

hawve

d{?::zi}={itygaqu'

How let z be defined by Iz in the same way as v* by i)

1el;

ter,’
obviously zZéeTy. On an other hand
diy, Ty) =diy, ¥™) +d(y*, Ty} <8 +d(W{yy, ¥ Ay Wiz, 2, M) ) <
sd+A, diy, z) +(1-A,)dy,. 2,) 28 +A, d{W (V. v Al
W2y, Zogehyg) )+ (=R ) AW (Yo Yoz hae)  WUZp 0 Zaga hip) ) S
<8+ A A diyy, 2y )+ (1-Ryp) g, ) + (1-44) A, d ¥y, R

+{1-A) (1-X ) diyy,, Zph 2. .. 8

=8 *E o,d(yi.z;) =b -; e, diy;, Ty) s

R

<b+ Y o HITY,, Ty 5-'5+E @ (max { diy,, Tv,),dy, Ty)is
iEd

isd

56|Z w,p maxl e, diy, Tv) .

d &

where ¢« 20,i€ed and £¢1=l {(J iz a finite set).
[
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1f diy, Ty r»e, than
diy, Ty} <&+ (d{y. Ty ).

gince &3>0 ieg arbitrary and ¢ satisfies (iv) this leads to a

contradiction

diy, Ty) =g (diy, T¥) ) <dly, Ty¥) .

Hence we must have d(v,Ty) s€, i.e. YVEH,.
This proves conv T{(H) CH,.

Let B={conv T(H,) /e:0 ! Jhen B is a bounded decreasing net of
nonempty closed convex subsete and in view of property(C) it has
nonempty intersection:

axNBN | H /ex0l.

This shows that the function w o dix, Tx) attains its infimum over
¥ and due to (2) this infimum must ba zero.

Now let take M= H/er0! and the proof i=s complete.

Remark. Using the proofs of Theorem 1 and Theorem 2 [14] and the
game arguments as in [11] one can prove:

Theorem 2. Let (X,d) be a complete P-convex metric space with
continuons convex structure and K a nonempty convex closed
hounded subset of X with Froperty {Cl.Let T be a mapping of K
into the family of nonempty proximal subsets of K which
satisfies the condition:
for given €>0, there exists §>0 such that for any Xx,¥<K

@ <max | dix. Tx),d{y,Ty}} < e+d = H{Tx, Ty) <€.
Then there exists a nonempty subset M of K such that T(M)=M.



188

REFERENCES

1. BERINDE, V., Error estimates in the approximation of the
fixed points for a class of g-contracticons,
Studia Univ."Babeg Bolyai™, XXXV (1950}, 4, 63=63
2. BERINDE, V., The stability of fixed polnts for a class of
g-contractions, Seminar of Fixed Polint Theory,
Preprint nr.3, 19%0, 13-20
3. BERINDE, V., Abstract g-contractions which are Picard mapplngs,
Mathematica, Tome 34 (57), No 2, 1592, 107-112
4. BERINDE, V., & fixed point theorem of Mala type in K - metric
spaces, Seminar on Fixed Point Theory, Preprint
nr.3i, 1992, 7-14
5.BERINDE, V., GCeneralized contractions in uniform spaces,
Bul.st.Univ. Baia Mare, vol IX {1993), 45-52
6.BERINDE, V., Generalized contractions in guasimetric spaces,
ceminar on Fixed Point Theory, Preprint nr.3, 19393,
3-8
7.BERINDE, V., Error estimates for a class of (&-¢)-contractions,
ceminar of Fixed Point Theory, Preprint nr 3, 18994
(to appear)
4 ,BERINDE, V., Generalized contractions in og-complete wvector
lattices, Univ. u Novom Sadu Zb. Rad. Prirod.
- Mat. Fak. Ser. Mat, 24, 2(1994), 31-38
g, BERINDE, V., On a homeomeorfism theorem, Bul.st. Univ. Baia Mare,
vol X (1994), 73-76
10.BERINDE, V., Generalized contractions (in Romanian),
Ph.D.Thesis, Univ. "Babeg -Bolyai", 1993



12.

13.

14

15

18

17

GAJIC, Lij..

GAJIC, Lj.,

ERWEED, H.,

.TAKAHASHL ,W.

VTATLIMAN, L.,

JROS, AL,

.RUS,A.I.,

190

» remark on Kaneko report o general contractive
type condicions for miltivalued mappings 1in
Takahashi convex metric spaces, Univ. u Nowvom Sadu
zh. Rad. Prirod - Mat. Fak. Ser. Mat. 23, 201993},
67 - 7B

On convexity in convex metrlc spaces with
application, J.Natur. Phys. Sci 3 (1989}, 39-48

A report on general concractive cype conditions for
miltivalued mappings, Math.Japonica, 33, 4(1988),
543-550 . —

,A convexity 1in metric space and nonexpangive

mappings I, Kodai Math. Sem. Rep., 22 (1970,
142-14%

Fixed points for condensing multifunctions in
metric space wikh convex atructure, Kodai Math.
Sem., RHep., 29 (1977), &62-70

Brinciples and applications of the fixed point
rheory l(in somanian), Editura Dacia, Cluj-Napoca,
19749

ceneralized contractions, Seminar on Fixed Point
Theory, Preprint nr.3, 1983, 1-110,
Univ."RBabeg-Bolyai™ Cluj - Hapoca

Recelved at: 02.09.1996

Universitatea din Baia-Mare
Facultatea de Litere gl Stinte
str. Victorei nr.76

RO-4800 Baia-Mare
ROMANIA



