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EXISTENCE AND PROPERTIES
OF NONOSCILLATORY SOLUTIONS
OF THE n-TH ORDER DIFFERENTIAL
EQUATION
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Ahbstract

Necessary and sufficient conditions for & »-th arder differential squation of the
form

s f

(pﬂ_uir} [pu--zlﬂ l: - (el W (0))" ]I) )I +f (o (A (2)), ..y (Au(t))) = 0,

are given such that the equation has nonoscillatory solutions with special proper-
ties.

Key words: nonlivear differential equation with gquasiderivatives, nonoscilla
tory solutions.

We consider the n-th order differential equation of the form
Lag(t) + f ity (mlt)),- . u(An(i]}) =0, (1)
where PR
Lag{t) = mithe (4t
Liy(t) = m(t )} { Leay (). for i=2,...,8=1, (2]
Luy(t) = (La—1p (),

gl [0,008) — R, 0 R—= R, f: [0,0¢) x R® —» R are continuous functions, pi(t) = 0,
hit) +ocford—oc,i=1,...,n-1,3=1..., m, @R = R, sgn a(u) = sgnow and

if 9y, ..., Y are positive (or negative) then f{t, yy, ..., ¥.) i5 also positive [or negative)
and nondecreasing in g, .- P

Throughout the paper we shall assume that

o
1 ; 5
Jl"—_mnf.'_-nu fori=2,...,n—1 {3
t i)
1]
and s
k ; .
et = || dl = & for all constant k& £ 0, [4
f £ (P1 ':f_l)‘ 3 J

]
where ' T — K denotes inverse funclion of w. By a solution of equation (1} is meant
a function y(1), such that Liy(f), 1 < ¢ < n exist and are conlinuous on [T, o¢) and
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yit) satisfies (1). We resirict our considerations to those solutions of (1} which exist om
some ray [Ty, 00} and satisfy

sup{ pit] :h St < ool >0 forany i, [Ty, cal.
LeMya 1. [ y(t) is nonoscillatory solulion of equation (1), then there erisl an

integer [, DS { < n and ¢, > 5 with n + 1 odd such that

v diglt) >0, 1<i<l,
(3]

(~1)l)Ly(1) >0, 1<i<n,

Jor all L 2= 0y,

La(t) =00, fori=1l,...,1-2,

litn |y(4)] = lim
Lt [ HE Y e
L11_12 L) £ 10, IH.T; L.git) &2 oun

il

+|il?% Lit)=0, ferp=141,...,n—1,

Lemma generalizes a well-known lemma of Kiguradze and can be proved similarly.

A lTunction y{f) satisfying (3) is said to be a function of degree [ (see |2]). The set of
all nonoscillatory solutions of degree { od {1) is denoted by AT

If

NP ={y € Ni:lmLu()£0), AP = {y € N lim Ly() = o,
then A7 = AT LAY,
No=AL=... =A% =1 [or = even

and
M=MAN=...=A%%,=0 lor me odd.

We shall nse the Tollowing nolation

T l ET J_
4wli:th,---,pj;t‘.l=f¢“ ,Ir
Fa i) pafsa)
I
Sl : 6]
j _ds;...ds; | dsy,
£ pilss)
Gelpry.. . pii bl = Prolpr.- .-, piadls for j=1,2,...n = 1.
Using (3), {4) we have that
lim |Bsi(pr,.. . ;i) = oo for all k#0,
[Eerlpe, - omibl| = |Prip. ... m:t)|  forall [k =1, Bl =0, (7)
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THEOREM 1. Lef vquation (1) has o nensscillatory selution y € AL Then
(=
f._f[i,cﬁh.-lip:,- cami (g e®ulp, e A (D)) dt < e (%)
o

Jar zome constants k£ 0 a e > 0.

Proor. Let y(f) be a nonoscillatory selution of vquation (1) belonging AT We may
suppaose that y(f) = 0 for £ = {5 = ¥, (the proof for y(t) < 013 similar). It follows [rom
Lemima 1 that

.[-1_3,!'[:} - “." - 373 -'r-'-'!-"lit.:l?s"':i] =L |f_.-|'+1:i‘,l'|:t] < [i,

1_:1; Lpit) =0 >0 and Ly(t) = e, for every £ > £, > 1,
We can easily find out that
:I;.'l:l!-] E ml’."_..h':_ir"'h 1E -._i".':'!jl
s0 themn exists a positive constant e auch that
y(E) = e (po,- . mit) forevery t 2 4 > 1y, (4]

Integrating (1) from ¢ to oo and using properties of the solution wit) we obtain

= ]

[ Flsuhats)) oy (hals))) ds < 2.

k3
From the last inequalily in view of {9) and nondecreasing of f (%805 - - - W ) We obLain

f.f (#,e2®y (pro-- o miala)) ..., e3P, (1, .-, Piihea(8))) ds < oo,
4

which i lies rﬂj for e =0 a es = 0. This completes the prool
THEOREM 2. Suppose that for each fioed E 20 and T 2 ()

Drip,- - P t)
(=000 Py (py, .o Pt

0 (10
uniformly on any inleveal of the form [T, 00}, T = T. Fquation (1) has @ nonescillatory
solution y(t) € AL . if (8) kolds for { = n — 1 and some & #0 and c > 0.

PROOF. Suppose that (8) holds for some ¢ = 0 and & = 0. As {10) holds, there
exista Iy, k= | = 0, such that

B (p1y i Bamii ] < eQpilp, oo pacyit).

Let T 0.0 = 0 be auch that 2{ < /4, < k and

e e}
[0 lp o pe B Bt o pei AN < L (1)
i
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Let ([T, oc) be the space of all continuous functions which are defined om [1', na) with
Lopology of unilorm convergence on compact subinlervals of [T, oc), We define the set

Y = {y € C[T.00): uripioeee.Pucrit) = wll) < Barlpry. .o Paait), L2 T (12)

and Lthe mapping F : ¥ — C[1', s0) by formula

t ' 1 51 1 az Bn—3
f_ﬂg}:f;;i fr —ff—] — {1 (13]
= Piis1) ; Prifal g = Bl F01] '
s f Fisuthals)) o pha{a)ds | dsaoy o doy)din,
Ay ]

for every ¢+ = T. We will prove that the mapping F fultils the assumptions of the

Schauder-Tychonoff fixed point theorern.
(i} F maps ¥ inlo dtself, becanse if y £ ¥, then for every v = ' we have

b =]

1<t [ Fisy (s, p (hnls)))ds €

-

< [ 4 ffk-i Bor (Prs- - s P Rals)] ooy a1 honls 1) s = 2L,

i
* TR S S
j i,'_‘-'_l ’[ f rdiu )Ir T T dh'-r,__j e l!iﬂlg |"||I.“'1:-|_ E
= Fylt) =

i ET) ] Hi—3
1 l 2
= [:F:'_1 (_lz _'-If {32) j{"‘ f |: ~ds, . --d"i!) il
! mis)d palsald L paealaa]

The last relation implies that Fy & ¥,
(ii} F is continuons. Let y, be asequence of elerments of ¥ converging Loy in topelogy
of (O[T, oc). The Lebesgue dominates convergence theorem shows that

j.‘r (Lun (R ()Y, - oot (Rm{2))) A2 — ff{.[_,y (A () .-y (hml(t))) dt form — oo
T i
and so

[‘,I"[,s,y,_.[n't][.-::lj....._,yﬂ {hn(a)))ds — ff- a, vy (s)),... . u{hm(s)))ds forn — o0

uniformly on [7, cc). It fallows that Fya{l) — Fylt) uniformly on compact subintervals
al [T, 2, which implies convergence Fy.(t] — Fy(t)in [T,02).
(iii] F(Y) is relatively compact. For any y C Y we gel the relation

+

LE T

0= (Fy) i) =" (14

I 1 j 1
PJ[fJ-T’!(PJ':-“;-:J T j,’_lf P 1{Fn—J:|
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Jf Fla,ulhy(s)),.. ..y (hm(s)))ds | ds._y ---d-“zj <

L ¥ A -3 o
1 I 1
“::.-'\-_1 T R f... |!1| iFS.'i"- ST _:.F .-.Il'-II
il {l'-:'ll._fj { P!{HE}T Jf Pu— l'|_-'='11 J_n' ( Jlr ; |: ! ET{F1 -1 J-j_[_-ﬁ_l_l

1 |

s @ Py oy Pt A (3))) d5) iy . .. dsz)

Therefore, applying the Schauder Tychonoff fixed point theorem we see thal there exists
an element v € ¥ such that y = Fy. Consequently

m_f# ( (5] fﬁ'ﬂ(ﬁ]f f}?» 1f~n-1II:I_'

]

o [ F (5w alsd) e () )ds) dncs oz | ds.

LE T |

Differentiating the last integral equation we obtain that y(#) is a solulion of equation (1]
and yit) € M3

THEOREM 3 [lel the assumption of Theorem 2 hold and | = n—1. Then equalion
(1) has a nonoscillatory solution y(1) £ A7_, if and only of (8) helds for some constants
F£D and c = 0.

Theorem 3 follows from Theorem 1 and Theorem 2.
THREOREM 4. Fgualion {1:| has a noeneactiatory solufion y{f:l L= .."'n"‘l% if and only if

el

(s ] ] e
el fils,cyenn edsds, ... ds
f‘ﬁ piit) S palsa) : TR J

I

dl < oo (14}

for some constant o #£ 0.

PuoofF. Let y(f) be a positive solution of equation (1) belonging A and et
lim y({) = ¢; > 0. From the equation (1} using properties of solution y(t) we have

wit) —yite) = ff' (Iﬁfi}j:m[]-'izjl f (15)

]

_ff[g.,y(&ll;,._:]J..-.,y(ﬁm{s)}Jd.-_-,d.aﬁ_l._.f{sg ds,

1

Because ¢ = g [B:(t)) = e &2 2 y(1) = e and fit,pno. . ] i nondecrsasing in
P Y, we obtaln

C fitien ..o € = Fltay (e oy {Bals))) 2 —flt e, e | 16)
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From (15} and (16) it is ebvious that

[?5. m plq}{ f fls, e, e )dads, .o dsg | dE > —oo,
202

Ap—1

We have proved Lhat the relation (14) holds for o
Now suppose thal {14) holds for some ¢ = 0, Then there exists a T %= 0 such that

't e ]

i
] _:a-ff:- pﬂ“jﬂ'-a ”];{fr E[ fia, oo odsdsg g oo dsg | 4 ~5
Define the sl g
¥ = {5 € {] [, o) : E :t_,ll:fjl'c_:r'.'? L= T}

where ([T, 2] is the topological space as in the proof of Theorem 2 and the mapping

==

‘ —1 |
() =E ! | ——
Fult) c‘+Tf"T (ﬂ:fﬁﬂﬂ e

.fJrIZ&,y[}11-:3}}_,-.-My[h,,._l:s:l:lfldﬂd.ll“..l-.-elsg dsy,

for every t = T. Proceeding as in the proof of Theorem 2 we get, thal for the mapping
F the assumptions of the Schauder-Tychonoff fixed point theorem hold which implies
the existence of the continueus function y € ¥ such that

' -1
'i'f'l‘l_ﬁ'l'f'_] : 2508
yit) = ; J prla)d palsg)

ET] =1

F % f fia,uihi(s)) ey (bmis))) dada, s ... dsy | ds
n—2 n—'

Fn-2

Consequentive differentiation of the last relation shows that y(t) is the sohition of equa
tion (1) belonging AG. This completes the proof.

REMARK 1. Theorems generalize some results from the paper f1land [ Froactly
ifn=3m=1 hit) =t we obtain Theorems 1.2, %4 from the paper [ and if n =12,
mio =1, hy(t) =t we oblain Theorems I from the paper {1/,
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