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A relation of Knopoff- De Hoop type in
Thermoelasticity of dipolar bodies with voids

Marin Marin

Abstract. The aim of our study is io derive a relation of Knopoff-De Hoop type
for displacement vector fields within context of thermoelastic dipolar bodies with voids.
Then, 8s a consequnece, an explicit expression of the body loadings equivalent to the
dislocation, is obtained.

1. Introduction

The theary of thermo-microstretch elastic solids was fimt elaborated by Eringen, [4]
and, in short, this s a theory of clasticity with microstruciure that include intrinsc
-otations and microstrociural expansions and contractions.

This theory can be useful in the applications which deal with porous materials a8
geological materials, solid packed granular materials and many others.

Omn the other hand, materials which operate at elevated temperatures will invar-
ably be subjected to heal flow al some time during normal use. Such heat flow will
involve & non-linear temperature distribution which will inevitably give rise to thermal
alresses. For these reasons, ihe development, design and selection of materails for high
temperature applications requires a great deal of care. The role of the pertinent material
properties and oiher variables which can affect the magnitude of thermal stress must be
considered.

The present paper must be considered as a first step o a better understanding of
microstretch and thermal siress in the study of materials.

The reciprocity and representation relations that appear in our study constitute a
powerful theoretical tools in \he apsessment of the theory of seismic-source mechanism,
\n the studies connected with seismic wave propagation.

Ao, we think that this paper is a firsl alep io undersianding ibe application of
microstreich mechanism to earthquate problems.

2. Basic equations

For convenience the notations and therminology chosen are almost identical Lo those
of [6], [7]. Our paper is concerned with an anisotropic and homogeneous material
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Let the body occupy, at time ¢ = 0, a properly regular region B of the Euchdian three-
dimensional space, bounded by the piece-wise smooth surface # 8. We refer ihe motion
of the body to a fix system of recltangular Cartesian axes Oz;,¢ = 1,2,3. Throughout
this work the Einstein summation convention over repeated indices. The suberipl j
afier a comma indicates parfial differentiation with respect to the spatial argument r;.
All Latin subscripis are understood to range over the integers (1,2, 3), while the Greek
indices have the range 1, 2. A superposed dot denotes the derivative with respect to the
t-time variable.

For clarity in presentation, the regularity hypoihess on the conmdered function will
be omitted and, also, the spatial argument and the time argument of a function will be
omitted when there is no likehood of confumon.

On these grounds, the field equations in the dynamic theory of thermoelasticity of
dipolar bodies with voids, are, (see also [6], [7])

- the equations of motion

{T:'_r +rlllj:|'|j + Fﬂ = E'“Ir
Hijks + Nk + 0k = Tua@ie; (1)
- the balance of the equilbibraied forces
Yoi— 9+ ok = gri; (2)
- the energy equation
eTon = i + or. (3)
- the constituiive equations
'ril; = Gﬁjmrpsmn -+ qu":ﬁ'rm. =+ Fm'rlruxmnf + ﬂ"_f‘:r + I:!II';I;i'I'ﬂ-,h o, 'ml'.;?'ﬂ.:
i = Gijmntmn + Bijmaon + DijmneXmne + bij0 + eaap = Bigl,
fish = Fiihmntmn + DinnijiFron + Aijlmne Xmnr T G0 + fijhmom = wijsb,
h'. = dgnnjf-'m =+ s T + fﬁﬂfixmﬂr + I:.'.L'ﬂl' e ':tﬂl + Hjl:rﬂ:!-
B = =y = Er"_,"'_r'._, = SR Xk = 'fﬂ’ b di'f-',{ + mﬁ',
S = Sy + a8 + Fijhi + wAjaXijh + mo + aio; +af,
¢ = kit 3 {4}

- the kinetic relations
1
T E[u‘"’ T "'"J'ai}I Poj = i — Pigs
Xijh = @hgy I=T =T, c=p-gp (&)

In the above equations we have used the following notations: g-the constant mass den-
sity; S-the specific entropy; Ty-the constant absolute temperature of the body in ils
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reference stiate; I{J*-E.DE"FHEIIE‘TEEE of microinerlia; s-the equilibrated inertia; w-the com-
ponenis of displacement vector; ws-the components of dipolar displacement temsor;
w-the volume distnbution function which in the reference state i8 @g; o-the change
volume fraction measured from the reference state; f-the temperature variation mea-
sured from the reference temperature Ty; £ij, %, Xijw-Jinematic characterisiics of the
sirain; 7, fi;, Mijs-the components of the stress temsors; -ihe components of the
equlibrated siress vector; gi-the componenis of the heat flux vecior; Fi-the componenis
of the body forces; (7;i-the components of the dipolar body forces; r-ihe heat supply
per unit time; s-the intrinsic equilibrated force; L-the extrinsic equilibrated body foree;
Cijmns  Bijmng -, kij-the characteristic functions of the material, and they obey the
symmeiry relations

Gli_-im — Gmn-ij i— Gj'l:mq1 -Ei_'l;ml = Dennagy
-"d-i;ihmm' — -"'i-mn-r{;'ki Rﬂlmn - -F:'J:E-ﬂ:r G{J'rhﬂ- = LTijnm;
o = a5, e =djn, Py = P, ki = ki (6)

The entropy inequality implies
k68 >0, (7)
To the system of field equationa (1)-(5) we adjoin the following initial conditions

w7, 0) = wi{z), (=, 0) = u(=),
wirlz, 0) = @ll=), @iz, 0) = ehlz),
Bz, 0) = 8°(z), olz,0) =2°(z), #l(z,0)=0c"(z), z€ B, (8}

and the following prescribed boundary conditions

w; = ii; on @By x [0,8,), (m; + m;)n; =i on GB7 x [0, 1),

Wik = Pk ON b x [ﬂ,tg}, ikt = [ 0N ﬂ'ﬂ;’ x {E,tn},

o=¢ on OBy x[0,4), Mry =Hh on OB5 x [0,1),
f=08 on @By X [0,1d), @ni=§ on 38§ x [0,tp), (9}

where #B,, #B8;, 8B, and 5B, with respective complements 8B, 8B8;, 855 and 85
are subeets of dF, such that

8B, AR =8B, uak; = éB,LaB; =8B, U8B = 8B,
AR, NAB =8B, Nak; =8B, 8B, = 4B, NAB; =,

r; are the componente of the unit outward normal to &8, t, is some instant that may
be wfinile, ], v, ¢, ¥, 0, &% o', @, &, @i% Gk, 9, 0, h and § are prescribed
functions in their domains.

By a solution of the mixed initial boundary value problem of the theory of ther-
moelasticity of bodies with voids in the cylinder §}; = B x [0,f;) we mean an ordered
array (4, ¥k, o, 0} which satisfies the equations (1), (2) and (3) for all (z,t} € (), the
boundary conditions (9) and the intial conditions (8).
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3. Main resulis

Let u and v be functions defined on B %[0, oo), and continuous on [0, oo} with Tespect
to the ¢ for each = € B. We denote by u » v the convolution of u and v, that is

¢
[ v](z, 1) = f w(z, ¢ — T)vlz, r)dr. {10)
i
Lot us introduce ihe notations

g(t) =¢, hit) =1,
fi=egwFi4p {tt.l.!'{:!} +H|EI’|:=}|] 1
gin = o9 * G + Iy, [teo], (z) +*P,?,{=H 1
I=gg*L+pnftc'(z)+ a"(=)]
w = gh*r+4 pTp5. (11}
Following the same procedure used by lesan in [5], it ie easy to prove the folowing result,
that enables us to give an alternative formulation of the initial-boundary value problem
in which the initial data are incorporated into the field of equations.

Theorem 1. The functions , w, v, o, 8, Ty, My, M and g satisfy the equations
(1}, (2}, (3) and the initial conditions (8) if and only if
g* (i +na)y + fi = ow;,
q* {l‘-‘i_fi,d' + F'J,'L]' + e = -rh‘lﬁ';"”
g% {Aii— 3)+ 1= gra,
h*gi+ws= pgThS. (12)
In our following estimations, we use the above formulation of the problem. We
wich to find the behavior of the considered mediom when embedded in & there is a
discontinuity surface ¥ for the displacements, the dipolar displacements, the stretch
and the temperature. The sides of T are denoted 2~ and £*, Let u; be the components
of the unit normal vector of ¥, directed from (-} to (+) side. Then on T we have the
conditions
“? —u; =U, {."}T T ’?}:}"’5 = [T; +1'3';f_i}1"1'r
Pin— = i, el = pin,
ot =" =¥, M=y,

0" — 8" =8, =gy, (13)
where f* and f~ are the limits of f(z) as z approaches a point on the side (+) or (-) of
¥, reapectively, and I;, ®,;, ¥ and @ are prescribed functions. In this way, we consider
the equations (12) in B\ I
Let us consder two different sysiems of loadings

G{u] - {'F:i&]: Cj:;:]i r‘{ﬂ]r F{“]; “‘EH:I:- '-'ﬁl:a}

ij ¢

o), e, 6, Gl R, 4, g, &, W, E:-}, a=1,3,



for the body, and the two corresponding solutions
5@ = {u, 2, o, 6, o, 4

Bjor dig o
TEJ“:Il %?}1 XE;E: ;"'Eﬂls 8¢, ‘J::’ﬂ}}- o =12
By using the notations
f={m; +ming, Ti= (TE;'J + {;."}) v,
win = g, M= i,
A= -!'-jﬂlj', A= .J‘lj-*.}l.-"j,
¥ = 5%y, qugﬂy_f. (14)
In the next theorem we prove a reciprocity relation of Beth type.

Theorem 2. If a dipolar thermoelaatic body with voids ts subjecied fo fwo systems
of loadings G%®) then befween the corresponding solutions S there is the following
reciprocity relation

/ (..*‘f”I ul + gl w P + 10w o) le* wi) E{*’) dv +
= ]
+[ - (f?"'*1AE=]+PE}3*WE?+AM*”[=}- %h*q{a] *ﬂ(:}) dA —
=t E] a
w10 0T+ MY 0P 4 AV 4O TR0 aa =
B W]
=J[ (}'}E} el 4 Hr;i} 2 EF'_[;:;[.}'H-'{::' e ﬁ’l_g » w(ﬂ}*ﬂ(lj) dV +
B i3
+f g (tE’” ol 4 @ ) AP 0 o) i g tem) dA -
ag a
- f g* (T?} « UM 4 MG @1 + AE 0~ Tlh * Q12 4 aﬁil) dA  (15)
b4 o

Proof. In view of symmetry relations (8) and with the aid of the constitutive relations
{4), we obtain

,,Ejl} - EE:E E ﬂE;J 2 qé}-’_ﬂl.‘r 5 #EH % xﬁ & AE” n 55?} PR A ) B EE{:J +59 =

o w P ol 4 20 x4 AP o 4 o) P SO (1)
Based on the identity (16}, it is easy 10 see thal

g = Iga, (17)
where we have used the notation
o= [[ g5 [0 P+ o o+ sl e it

4 Al 4 ﬂrf} 4 oo g gB) _ plad o S':‘E']] dv
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Wiih the aid of the equations of motion and the equations (12), we can write

o= [T!:;] W :Ef} + ?j-'l.:c.‘:' # -&f} 4= J_:.E;.ﬁ_} * {'EE+
+},E"'7' * ﬂ-tf? + slo) o glAY — pgled 5"5-'9?] =
=g+ {5 +nf) o o 4wl s e+

FA) 4 o) %h*ﬂa}*ﬁm] i
a

P

P P g gl 4 B 4 o) P *rlg 5 o) o g0 _
a
~ [0 w4 B w ) + 0o ¢ o#)] +

f

+I.Lglh_kijﬁ|:;?}*3{ﬁ_ (18)
a

By integrating in {18) and using the divergence theorem, it results

L= f (f__{':] * u'E'B} + QE:J * q:rEf} 4 o) g oA — ,]l_,g » 1wt té":ﬂ]) dV <+
B 0

+f g* (t{.-"}* w4 p) % o) 4 N 2 g ahx g s ﬂw}) dA —
a8 Ta

- Lg 4 (TE"‘] « T8 4 M 5 8 + A« 9P - Tl,"h w ) w e'iﬂ') dA  (19)

Finally, by using (19) into (17) we arrive ai the desired resuli (15). It i casy to ree that
in the absence of the discontinuities we obtain the generalisation to the thermoealsticity
of dipolar badies with voids of the previous results established in classical thermoelas-
todynamics.

Based on the relation {15}, we now calculate the thermomechanical body loadings
equivalent 1o a given dislocation. To this aim, we assame that u?}, E"E, o'® and
are (B x [0, co)) functions of (x,t), (x = (z;)). When the u(”, @5, o and 8@ are
given then by means of equations (12) the Fa Gﬁ}, L%} and r* can be calculated.
We restricte our congiderations in the case when H}E] = '@ﬁ} = ¥@ = @@ apd S
corresponds to the faulied medium. Then, in the case of identical boundary conditions,
we obian

f o (Ff” wul+ G4 e o + L0 w gl — i’l‘h w it 9{3]) dV =
s b

=f E‘( ii}*ﬂ?]'|"Gﬁ}*'i"§:;]+ﬂ‘i}tﬂ'{”— ]i_,-fr.# rm}*ﬁuj)lﬂ"—
B

a

- f q* (T.-(ﬂ * UEI:' + H}:} * QE-E' 4 A g gl %—h s LN g(l'.l) d4 (20}
E 1]



In view of {14), we have

TP = [(Chima + Tigom)Emn + {Fnnis + Bijom)fna +

HFomnris + Dijomne mne + (a5 + bis)o + (digi + eisidon — (a5 + Fi;)0]v;,
MJI;:] = [Fijtmntmn + DnnijhTonn + Aighmns Xne + CijhT + frnijh m = wijnb]wi,
AD = [ditan + Emnifmn + frnridmnr + dio — ai0 + Pyaglus,

0P = ki v

Taking into account the definition of the Dirac measure, §, we can prove the relations
of the following fype

w6t = [ hix0sx-oav,
g
b6y =~ [ i 6,0x - O, (21)
H
and then the relation (20) can be rewritien as follows
[el(F0+5) i+ (6 +0:) =62 +
+ (LM £) %o — %ﬂh: (1 + R) + 9{3]] dV =

= f e (F:-‘“ ) + G ) + T o) = Zha el s eiﬂ) dv. (22)
B 1]

In the above relation we have used the notations
Fi= —% L [{G,;Ta. + 2G;iek + Bjiok) U+
4 (Fiimei + Dygi) 8] + (o + 050) U89 8, (x — £y,
o=~ [ {{Guus+ By 805 = €) = (Frsn+ Do) 8 (x — O] U+

+ [Drjinb(x = &) = Ay jiminb,p (% — £)] B +
+ [ b3 = £} = frimBo(x = £V widdy,

fmes é—ﬁ {[[ﬂji + b;) 8(x — €) = (doji + €ris) 8, (% — O U+

+ [cim8(x = £) = frsimbol(x — ] BN +
+ [d86x = €) = Py (x = ¥} uydlA,

L %f {Tn [(cvj.- + B3i) U + wjim 1) + “:'ﬁm] Lt
I
— k@5 (x — £)} 1 d A,
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Tn view of (22) we deduce that the effect of the discontinuities acrose L can be rep-
resented by exira external body loads and heat supply. Although these are supposed
to act in an unfaulted medinm and cannot in any sense represent real forces acting in
the real medinm, they may nevertheless provide, as pomted out in [1] and [3], a usclul
theoretical tool and this because if two dislocations have the same equivalent force, they
also emii the same radiation.
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