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SUBGEROURS asD (UOTIENT GROUFS
(FF ARELIAN GROLPS
WITH DS LI

DUBITREL VALS AN

Absiract: It 15 knoem that if an abelion growp A has the direct summond ifersacinn
praperty (for shar 1050 P 3, then any divcel susnntand B, of A and A8 lsve (e same propernls
Lo thiz wark we will siwly recessary andfor sefficient canditioms fir whick snme subgranps of
sroup A Cwith 05 1P ) which are nof direed summands aid the guestionl groops conespoeding,
tra, bir have [R5 1P . Fhus, being wven an absfan yroep A, with D05 LP. and ma nom-null satural

rramibe, e will stody, kere, the folkvatny subgroups: mA, Alm], m'l A (im this casme A 50
subgroup of a group G}, F{A) the Frafrini ssbgroup of A 2and 3 -the phasic subyroup of A, far
f pearry prime number, g weell as the guotern corespondene gougs, All through thes paper By
urcip we mean absian preap e addites notaian and we wall note with P oghe ser of all prenic
nitrnhers

1. The suhgronps of form m A, @m0

W remsnd that a grosp A hzs dhe direct summend intersection - propery - (foe shor
[r & LF.}, iF incersecrion of any two direct semmsntde of & (g a8 diracs summand i &

W Regin o nestetons el b lollewng elementary resull.
Remark 1,0z 11 A 18 an elementary grop, then any sshgroup B, of A& and A hawe 125 TF In
particular, for everv me &, mA and A/mA have DA TP
Fraof: Acegrdme 1o |87 and [1%3 1 ] asw subgroup T of an slamentary groop A iz 3 dineo
summanid im A s B oand A hove P LS DD faoes (P26 |

Furghe an e wall Spady e necessry o sullicen? aomitieas Soe whech che subyreap
1o, o being a matural pomber, shoald bave 1051 F | of A e rhis propesty
Froposifion 1,0,; Lev 4 he o obeliony prowp cowd ore. A Tien the fSliomimor coafanners aoowr
al ST 8w alivees swmvannd o A, then mi ie @ diveey oommang of wd. 5 Afm] 0 s s
cvirerwrne srTery, O S BN O dliredd s 1wl A BT 8 O T Soemrad i 4
S BN or sl o aed | et et v U el el A e dhert e
[} .:'.I'.1_|'ﬁ'i','. F L P I N  B TS I TR LR TP g weefigremgan of 4
Praalt n) 1F B s oa dueat eonenend 1210 AL then A=B00 0, with O subgroup of & Sa for seey
ao A there is ueiquely a he B ane c=C sich 1t a~bbe Ir follows ar a@—emb-me and
nid T bt S snb O omed i fndkras thal mA=m imd and since miE] md o [ (=0,
1l tellows 1hizd mA=miE & el
Conwersedy, ler mA-mb md be g dueel desempostion of wmd, Thes Tor eoay a< A, e o
winguely 2 beBoand g oo ek thal ma=mbime So mda-b-oiy={ Smoe A[mi= o Fellows thar
a=bic IFxeB ] O the me emb Lol -0l so x40 Heow A=B &GO
by Lt Hobe a sobyroup of mA and ¢ = fo o Almg o B} Then De=mi.
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c) Let ¥ ard & he two subgrowps of A and o< eoumd  Then x=me=ms, with 2o T amd se b 10
fillws  thal mirs)=0. Snce Alm|=0. we obin thet 175 spoxem{ob8). Henc
i ems s ol Ve X and since wl T o 8 £ e om, we aboain the statemens sy,
Thegrens L3 Ler A be v aholian grous, weth Afmf=0 where me W Then e Sl
LRI Y ek

b A e LN

i ey LT
Proal: @)= b1 Lot 1 and % ke rwe direct summands inomA According 10 (1.2 ) rthere i 13 and ©

direcr summandds in A, such that T-mB amed S—mll Apain drom (02} 0 Bellows  Ltha
Tred i = o] 1% 2 direc) summand inmA. SomA has D5 1P

L) =a) Lot B amd © be two diress sumsnands in & Then mB, mC and ml i <1 () = sl comi” ane
drect summands in mA (see (1.2 mbcph Mow (12 ja) completes the demanstratian

Remark 1.4.: In the enuncsation of “Theeaan { 1.3, the condition Afm =0 is absodabely mecessany
We are gaing ro demansirate that iF pis a prime nemben, e aié @ioups with the propenty that
Alpl =0, pA kave DDSTP and A doess’t howe this propesty  amymoss  Indeed, e

A—dipih a:'{_ll'ill] L Lovsson proup Accosding, v [ 19, Thenrem 2], this groap has ot DUSLE,

bzt e p?lptl S .I'IL'J:I has this praperiy {it is absous et Alp] = 0

Corodlary 1.5.: et A be g oesionfree grong. Then A fes DELFE 5 and ol if md Ty U
seme prapsry, for every e A

Frosh U A s lorsim-loee proup, then for every me 8, Alm]=0 Miw we can apgly e
Thesrem (1.3 0

Coorollary 1.6,2 Fec 4 be o soesiom-free proup. Shen the foflowing Safemenrs oo

ol & A Er oo free prom fer o coweiile free group or @ free abolisr group of the povwer of i
wenriiman, dow for everp orc A md fos DS LP

i) 0F A fx o Wogromg e s o Whiseheod geoig) or @ subgroug of Wogron, ov o doecr sun of
Weprawps, then md bas DI TP for every me 3

o A5 A i competsly devompeeatle bomopenvows group, Ser e eeene moe _-’l..".. R
LEE M.

o 8 A dw ment realvced theer A S LR E O el oy 5 et hav she same properly, for e
e N e B0 b pedveced ey af 4

i I A x edecompesable, of finive ek, ther for every indey ser Dond evervm e N, the growgs
P ot Fueve £1 501 cuad che e o ensfiennepdism af mA (= semi-heredivry i

AV Flee prenaps A fwas SIS T i avend |.~'l-:‘|' o rhe e |?|'I".'r"|"-€-r|'!"'\' e e cviives WD e el
sy af A o e A

Froof; 31 The counciation resales from [19.2 2 ] (respectively (15 24 Jiand 00 5

by We can apply 1928 | and {1.5)

o} According ta [ D5 Ihearems 5 | A has DUS P Baose wee can apply (150

di Lt AR he 3 diresl decomposition of group A owith Dedieesnble and Borediossd
Agcmdieg e (19,5012 A bas DSLF o and goty of B has this property. And agam 11 50
compiezes tha proar

£] The emengibtion rosailes from [ 1] Teeorem 4.0 ] 00 1 pand (1 5.4
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11 The pure subgroups of mA esincide with the direct summands of ma i and n'.'-. it ned has
Lol P vses [19507.]) Accardiog w (1.5 1, this is capuivalon] walk Lhe Facr ifar A bax |15 |7
Corallary 1. 7.2 Let A St g g, he Fallowing staremenrs ane sgndiereny
al A S PR F
A i wvervnr e A medl Py NS
Proel: Mecasse the implication Bj—:al i ovdent {we consder m=1), we me 2oing 10
deinanstinte onby aloxb) 5o ke A beoa pogroup with 105 1P, aod let m be any natoes! cumber
Adcanding b (15, Thenrem 3], we have rwn eses

Cased Theye s ns ,-"l,-r- L Each that A= "?l.ll:'l-.l I = lll'.:ll,.I = [ then

.!FIE{.-’I} - 3[-Pﬁ'_:|.-'.f-r' a1

-l:'_l.lrll. &

M -

I followes thet. i ihis case, mA is idecomposalble arel sooma has DS 1E 0 m - ‘l-_u".‘ll i

Jg'.i'."{j_'..'1 .}L[.i".r R 2 ._! .-:"{pw_:l,f.l' JEa—-1

ST HLUR I

{p.gi=1, then
PR T .I:
wed = g [ .(.'lll'f,-' [y
In this case .-"!|I_||'_:I.-'[r_|-] = 0 {in facr, in pevssal, e b _.'||."1 Lzl a1, e Llafbf=0) Mow

LAy anmpletasthe proal

Cmell A= B &8 winp =0 0w =2 p] 16 5" divides m, 621, then

ma".'f_-\'r has  DESLIP I e every & =1 ‘f]" dos . motoodisdde o m hen
Alml= 4 fen] 07 ] =0 fsame (2.1 b And nnsin (1.3, completes the prond

Lorlary 1.2 Lev 4 S forsion gratgs Tle foftawsngy sofemeniv are squvaiig

il A dan FLE S 1

Bd Few pvery we ,'I."- wed Py DOVRT P

Proof: Siciar i {171 i is sufficient 1o prove thar ..;|_'|-|:|J Let A be 2 tarsian goup with

DSTP Accoeding e [1953] 4 - n'\-.._.f ';'B 3|+ ah '!a-ll.,,h:u oo
L= s APED §
for every pef P 4 b o Wovmpoable pgroun, and o eves ps 000
ﬁ'l = IEL:I:'II-'-:I [mr, = _l'-\."'] { 1 o I:I_‘_ .:':l r-'1| I'hen
md- Himd T P mf |'l'-" o -'"If L auoarding g L2 ak Accanding a6 ),
(ST 4o Neamp Lt

every direel summamd from the above dm*-pumvur pl'mA has DA 1F and is fullv mvanant {see
[78%2 00 Now |12 Lemma 1] completes Ew proad

churL L e 00 b aced (1B ) che universal gquanblics ¥ has 2 fiundamemal iode s glbserce
maght imply the absemos of the enplocation bkl za} For cxample. i A=Edp= 0040 then
ZAZEIZPE ECI) has 5 LE. and A dossn't have s property smymare
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Avcarding te |19.6 2] & splitting mixed oup with 135 L0, takes the fors.
AT

i
| |
& -'"L] & @ [EE\?'[ﬂ .=El[$§:"@ "
Lp 0, ol m,
where, P g P ore ibseds af the se P of ali prit; numibers and 2 o B2 - @ ,{ i
reduced, idecamposable, for every pe P oand B iz reduced 1orsion free with D51 F {if
AL, =0 then I3 i cosnplelely decomposable, homoseneens, of Raie ek ), DU EE is fally mevariant
in A then the comverss i frue, that is cvery griun of form (1) has 005 LF Combicing fisse
rezalis with whar we oldain 00 5 bamd (1.8 ) s have,
Corallary 1.00: {f she divees swmmand 5 from the £ dsaampentiion o5 el fovorion, e e
fresige A {fram the (1) decompasition), kas D S00F, if and oy if for eveey mo N ml b
nELe.

Lot Admd —ﬂ%{ﬂfm;f} Be the divect decomposition of Admd in it peswbyrogs

L -

(N a=

avrreling fo fTR.SF From FE3 Thorem § A folivees st Admd faw S5 P Al el 5 S

Feery BER widk i, {.ﬁf,-r.rr;l_.-]‘} i o pogroug with SLSTP i we ko the follmwing
F

e

Theorem L0 Ler A e an adbelion Erengy wilfe LAN P avad fet o e oy sorvarad movbee Jo
c1) s the following: sitwations, Admd Reas 005 -

a) A v P=proar,
&l A~ ..-"L CN O BTN B, st vl do (T84 e B o
= 5

rr

ol A=
¥ A s e
)T I8 i e b,

Prood: a} Let A be a p-group with DETP If A-2[ p'|, with ne " and B divides m (i 2 1),
then, Feam (1.7 ) it ollows that A= 2{ p) ¢ 2{p ) 2. 2] ) 1F P does nes divide m, then,
] g E. 1
again fom {17) 0 faliows el Adma = 4 OAMA TR DARLP Now we supnose hal
A= B_‘:'-_'lf_'_"l__, where B - 02 p). and . o=0ary” - .E'l._ll'.l.ll Thexs gitber mA= (0 l.l'.'.
8 b

diswies iz 1), ar A=A oF i daes ool divids it 0 folloss thar Adud s O3 T P

Bl Lot A=ED) d be a toesion uroiip wath DFE 1R Accordivg 1 hepolhesic and 1w 712 5
7

mA= ) A wheze F il dies ned diade ], and s AdA kas 10500
P '

) Let me j|'1'|rJ ,D‘:"'. .p”' ke the decomposition of mom the pradug ol power of prime mimbers

i ||'-:I 5 8 M e |'I|I|I'- . Wi= L&, ko _IIII-'-‘ k aml AT Then .ﬁ.-'m_-i—z.-'m?.'—?{mj--
" ] . .Y

-RI:,I'J"'_.'&EZ[,I:.C',iﬂ BE P nd it has TSP, avcoeding, 10 19,3 5 ]

A ICA is diasible, then mA=a a0d AdnA=0
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el I pis a prime member, then A4 = an clementary preroup, and wohs cass it complelcs
[1=.2 6 ] the demanstratian

2. The subgrowps of Form Am], moi

We remiml chal i A s oary groep and mos o2 not-null sateral aomber, then
.-1|.'r'| E |_:.I < A = fl: ;
Froposuliom E Lo e A e ooe ailsecdiis povaaps cvewd o = l",,"- T idndi i lI'|.l\.|'|'-'|I|'|'.II||':' AN AR

al {0 e @ avresd samriana o A, S Qe s avreed sonand e A fag:
A IV K e .:u.':g-m-.-_l-a-c AT T PR Y P R T
) A oy poare swhpriug v o alirec amirand (i A0 ane U i@ direct s e Afmy, e
Hhere i H-cfirect sroweered Be A sl thed e 00
Peood: Ler A-B#C he any direct decompostian ol A, We ane gooe Lo demonstrite 11ax;
Afis]=B[m ] {Tm] IF ae A, then rhere is b & 8 ard there is oo 07 such b a—bric and
ma=mbrhme=, Sipce fo0" = 0 i Felfaws thar mbemi e = me=0: that s b e #lm] ard ce 0 m]
flass Al Haw| B0 becase Blm] ] Feadi=0 S
Hima ]+ O [m =R m] & Ol m] o Aln|, we aldlain the stalemenl agqualiny
by Let be xo 'ﬂ]_.ull-":.':.‘[:rr] Tho ged wih o=l and e with moe=0 [ Jidllivas Lhat
v e[ F1 Sm] and so Tlm) o Slm] o 001 3)m] Since (1 S| flemf ] S| i follows that
the satement aqualiny oouss
Gl IE neA=0, tien Almi=A and ary direcr summand O af Afm) is & dies sumsnamd m A, and
Clm]=0 FmA=0, then et beae A with Gedm] =0, and B=07 2} where (s 2 subgroup off
Alm] We are going oy show that Blmj= 10 o &, then begtra wb ¢2 07 and ne 2. The
cquality mb=, mvnives mna= 5o =0 and Blmi= FTm) s a divect somessad o A[m], then
tonm |7,79.0 ], o follows that B @ o8 pere ssoproup in A According tn hypolbess and 1o
[T27.5 ). 1 is a dicect summamld i A

From {321 ja} i resules rhat the problem of determining the groups A& walls DS T
wehuch Alen ] bas 15, LF confines nsef 10 deternane rhe groups foc which Ajm) = 0.
Theoreni 2.2 Ler A Be g raruon grain 7 A hae 50 P than for svery o N Ay i
Jupn 150
Praali Ll & b a tomsion praup with U5 TR asd ler a—Ef A, he ihe direct decimpostion ol A

F

in s posubgroups. accoeding 1o [ 784 | Then Alm|=ER .-f_rlrrrl. gueorchoe to 77 1 al We ars

vy 1o clewomsbgie thar S L e B f=prronte auemher, __':r. |r|'|'.\I hns DAETFP Sinee l.-']I_ (B =
pravp with 12 5 EF  we bave twen cases

Crze | w6 reddaced Weceraposable eroup In this case there oo A sch rha
4 .-'-";: I.'_'.I.: and Farevery me N A im] Ras DELR

Case 11 4 - E‘ 1'{”.-' where - A i) and f"_': = or (- .-"| II"| I il came, bin

)
evEry Pl subaroap Goal’ ,.-1'_. pli—=del p -I ~1al }.l:_-1 I:'_-\I . r,r__ O, then O i oo dinsd

Cthen O contains or does ool

s - =

suminand o, accardeng o 2205 ] and G -'-"lF'
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canfain E[Jl_'.l-? (hocause i-_’[][.l-] has nod pure sabproups excegt for che dnivial woesosee

ET28 (L) Se pl5-1 ar pli- ;f|llr.l’:|. m kolb cases G55 8 derect summand in ,..ir Moaw ket T and
& be fwo duwes! summands in ,..1'__|||-| Avcarding to (21 o) there are [ and Vedirecr susmirarsds
m 4. such thar Ufm|-T and Vim}=5 Since A s DAL ir follews that UV ois a2 dinec:
Aammand in 4 brom {200 ja)and (21 follows dhat (T o8 ) fm]=Ufmies Vim)=T o § is
# direct asnmand of o [n] Henes A lm] has BE TP Since the subyroups A Iml pe i,
s fully imvanants, | 15 Lemmn || conspletes the demnnesirarion,

Corallary Z3.: i7 A iv a spiovag wesed growp witk DLRLP. then jor every me N Afwef fam

nELP,
r ),

'y Y
1

Froaf: If the gronp & s as o the starement then A=l ﬂ'—h_;ij E|| B G E (e 1954}
hoa O T

where 4 is o reduced pogroap with BSIP, and B B n reduced wesion free group with
DUSLPF g, = 0, then B is compleely decoanposahle, homogeneous, of fnite rank} Ir follews
thar Alml=E5 4 lm| and now 22 ) completes the demanstration

-

Corellary 2d.: Lev 4 S am abelfian growp with LS mmd me N In v iy rhe foallanigs
wsatici, Afef s 0051

N g T

A0 A rw o deiihile grong,

cl A i3 er borrasm-free promgs,

dl A v ol Trngr mraxced o,

2f The awhgrowiy Ted)-the sorson pavd of A, v enther Aownded or fiweiely generamd, and

(PCAD -0 e f12.6.6. 30
) A 15 2 waiveed groeys and 475 4 bory YL
Remark 3.5: The converse of 022 ) is enerally false 0w, Uyre i e A with the prope Ly
et Alm] has DS LR bin A ducen 'L have this prapeny ansment. b crample. Se2 p be a priee
mumber and lel be n—?.[lrfju. .-ri:l.';_|. Then Alp]= 2ipidk 200 According to [13, Thearem = |,
Alp] s DB TP ard A dusant have D5 1P

We chige s parageanl witks thw S esut
Proposition 2.6, For cvere ms N e reom A-Afm ) fere 50800 3 ced ondy i mA hax s
ety
Proof: Let m be 2 not-null natiral nember and £2 A e srands Tor e mralisplication By m in

A Then the kool kes @2 of @ 15 Alm), and the image Im g% of @2 15 mA. [ fallows that-

U= Almj — 4 e sand o 00 i An exac] sequance, and 5o 804 | 2 md.
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A The subpruups of Fnem A w0

Let {3 he & abelian youp, A 3 wheroup of G and me N .mz2. It is kiown that
nt A= E;I_' ] ra'l.'-rly € A# 15 8 sabgronp of G I rhiz paragraph we will sse gndie whet conifitinm

A bag DELP | if A has chis oy
Froposition 301 £ 4 is o subserong s 0 s ALl B ol © v gu suliromes of A, N
i donl e A RTNERRCIR 1 T
Al Ben O B,
MO w0 e W ixa swhETiNe o A e dvere o SN AEreNE of (L sucd gy
Fopr ¥
Fruof: a) Lot be xepy '.-':'."-_r;.-]- 0 Then mxeDB oamd mxcdi s mme B amd
vem (B0, N follows th i l-'?"".!?:l'. Vo (S0} (00 6 yepg (500 i
e e, wn mweB and my el that iR pegg R o Hence
#i e LT, ..tl'-"um"t' (2h Fromn relationsbips (1) and (21 we obtain e statenenl
By
bl let be S-fmbc?}-mT  Then, accerding 0 (TEN] we  hawe
M=yt T = F 4 Al = hecaise Ajm] = (Hwm] =0
Pheorem 5.3, Lo 07 B an opbefion Lecirger warly om0, oy op g ] 7 and A a Sune ST
of e Vi A= gy '_,g. aned A B o and ey if g A = m"ﬂ:pm T
Frouf: Since: gp omd) - 44 (]m] - 4 and A=Az Fronm (31 &), e oblain

= Gl = g Ao = g (o A) - [ L1~ 4] =

[ —mﬁh"l:..r:l-;l :..-J] =iy ":."."! .-1.;| -mA

Mow the Iost statement fom the coaation comes st from the fare thatl i© B 12 3 chrecr

surmmaisd Gl A then B s a PR Sulgrin in A and in G see [7.25.0.0a)]
ﬂ-l:lrutlnr_'f Ed e fhefer b coka ey o (320 tha swehpreme A Ros DVNLE o sl if
" I.-'l M Ay gy

bR Fl A fras Eromge ool A 0o e sal w0 T o bicalon i o wcd Kumesegd o
Crn B o Bppe 715 0 0 IEaed oy 2t e 4 R AR

Remard, 3ob: In 052 3 and (355 e crodivhns Ola=0or Acsabgicap of & vl e o
thal mAa=mdiw A, are fundarenial  1h wor mne o these conddions v mes fullilled  1Fess ghe
ceewssant fonn 083 120 miay Labe mo [lace. B e ampos

D G218 R0 A<Fi-is a poes sitpenp of G 0 A= G0 7 |0 I s vemarked that A
haas TS0, aceonding 1o 193 1] but 7 A doesn’t have this propecty

20 BF G- 0 R D E 3D and AZRL2), then 200 and M~ A =1 The subgioup A bas
DEIF but 27 A= Z(21E 2D deesr have [ 1 P



4. The: Fraitini sabgeuup

Mo we will study the canditions tor which the Fratrini subgriwn of an abebian proup with
ISP, has U510 P 100, We reming that o Subgroup M of A is called maximal fin A) if -4
el A= < A imgles M=E, and the Frariim subgroup of A, far shuet FOA)L is e imiersscien
af all proamal subgronps of A

W baegen this soction with U proat of the Brllovsiog slementany yesuwhs:

Fropasition 4.0.: for any shelom rraugn A, vhe fodlowiig siclennears oo
af Yo sbgramgs M ux mercimsed i A 4 amd iy of i o oA e e,
& The e eseciion o ! g SbgreRes o A cof e s prome e pispd
chiidl- [ pd
(s

d} A is i viridle o aowd ooy of A - YA
) I A ix torsivn-free and B and  gre e Rubgrens of A, then FUE 0= P FC)
BT i o sarbgrom i FYA) phere fs fi-s om0 A, such o BB (7
oo A forstanfiee o B oed O s suligronps of A weth KEVERTY then
KB = G more o A af group ).
Prool; a) Les M be 2 maxmnal submroup of AT A0 i nes wpclic, then there is 3 generatar «h
of AN wath the propenty that {e A0 & A this canrradicts the maamalicy aff M Sn Ak s
eyelic. IF AW 1 indinice, Ohen, auniit, Lhere is * A ™, with the property thar (r A e 4 I
lollows thal AN 55 Garite T21 |4 0] = & B fhe infen of M in & and .ﬂ.-'_"-1—l$ll:"-']',." 1”_ the
dmect decomposinen of AR g ds P-sumoups, accoeding 10 T840 IFk 23 then e i 2 0.
Prune pumiber such thap A - A= AL which is 2 conradiction o hypushesis. %o b B o prime
indexpin 4
Conversely, we suppose thar |4 5] = p, whwere P s A prime rumber el B s g swsberoup ol A
Wit A6 < o4 Then BM is & subgroup of AM amd |8 M| - in which case M—H.
VB A = b i which case M=A_ I Folloows thar M is maviraz! i 4
by Let F {4) be the intersection of 87 mxdmal Mibgrouns of & of the same prime index p. [ M
is a aEErcop of AL wilh A4l =p, then wred s s pAc M Goffows he
PAL 7 (A) and hecsuse A CpA v abtain thar f° {4)-pa
cb The srrtcment equalsly resehy from whatr swe Foveral mocase B oand from e fact rha
marl p 44

F
A1 A is dvasithle rhey PA=A, B3 every prinie numbes BoLE lalleis thel A=FLA) Camesssely g
ATHAL then &0 pa for CERTY PO QUMBET B S0 A 5 pecvisibie e evepy neEl Avcand e
W L300 LA 1 drvisibde:
el Let he 5o FEBI B Theis T every pel,ochere s o0 B sl thers is i, =0 such Lhal
::-',l='|":|__ =80, From bepethesis o follons  ha h - Cpooand e TRLCE o Mence
ELHEL Fic s o | ), &l since the comverse mousion 1= dlways valid, we nhiae the striemen
equahiy
f) Let C be 2 sihproup of FEag- | F’_If.-ﬂ. and B=jac Al ¢ g PEC], L can by easily

,
Shywn that Besa alggroun of A and F{R=0,



23

st Lot be bt aed n=p-beight of B e B, so o= f7ik} Then b f2 (0) and g 00 () Siece

I:E_II'.:' {pdY and b 'f_.? {pAd, B foflans thm I;___[Lhr'.—l it sesulis that, of be FEAY ard
X !:.I':,. o .5 is thex charactensic ol boin B, then the chamaclomstic of the same b 2010
50 . 'I_.J:_ A J Mo wep gonseder e e R aml v B0

et PR AT i R R SRR . S il P 'J_|" £ ) :l the 1vpes of  elementr o
resperlively « represenied by ane |:|'I'II'I|:|-E'rIF|I:I|: af thesm In sccordancs wih whal wae |_|r._-.--nJ

ahoee i follows that § =4 (ul- |.l’i"i'|' Leop, = I, '!. and g o=f v |'.' Ll e

L]
Accarding to hyparhesia il followss thar § o< L5 g = T geere 21
i devdiopments we will use pxtensively she fallowing, resub cwding, o Dial
Ce Theorem 2 )
Theorem 4,2.: 8 4. (60 i o Samife of adefian grougs s

@A -@FA).
W will ey present the solaten Gl Gur poalden,
Ul 430 0 A iy g wiiy DL e FTAY ey FANLE o

Fronl: Acoardieg re [15 Thecranr 2| st hyee e Cass.

Case 15 the wrrap A is reduced idecamiposabie, then thers is s e Y sochigbar A -:'l_lr_fll Ini

Ung gy #0AN = Iﬁl.-i' - pAl : | e .-"'!“f_'.' 'Jr A - .-'-"l_.l:l I_l hecause foar overy g-prie
LEL L T

o hilergnt lzom p, we have gA=A So FlA) is 2 idecompasable poeroup anc il has 50 F
Casc? A - [ ] . with E_' = E.:-:'[lr.l:l . and 1':'; =0 g l:-'F B .?_'ll'f.- | accondiop ogzs ),

HA=Hple ) HB)-@ A2 -0, ) -, oo 14 Lt

Larrallary #0004 sy o dorsee sooonee el PO Ster A Faw il s (e s
Frood: 1T 4 e e om e crmaation. then A=83 4  where &5 2 poerip with 05 11

aeggating fu (784 amd |13, Thescem || Trom i4 23 we obeain thar STA1 30 1) wbee

fimevery o B g v has 005 VP Geoc 14 3000 S FY Ak B everss o 1 are Hally insanianr in

il e dit FLA s TP 50 F D accwmdigp o i3, Lemona i
leemprk 152 The pomeeree of 115 3 50 of 14435 ) s genemlly 12060 For exgmple
' ] R s rl : _ - 1 -] _
- 2 i |:"::-’-’|_P.'-'J3|P J. tien Bl T 2 I wwd LE S L and A daani L Dave Uis
ey
':-Illh.-\.'l'l:l.'IE_ e divisalade [BLCETI IO Proen (4.1 Jan Balisrass Ul vassd Lo il
Bemark A6 1A s 2 divisgble groap. then A kas D5 1P ifand caly ifFC AT Raz 125 11 poa
i FOAI, frem (42 0 0 laliows thal FIAI=D, b every fiee proup A Thersfore,
arcardang t [ TR ], b iree groaps wi v o snalogous wsult walh ha fom G ) o
Srow s wll comsnder,



b A=Eg 4.
-l
3 rovsin Ares gruap I A has DS.LP. and @ 8 reduced, owardiog v 13 Fhenrem 6 (o
[IS5 % |0 every o | il s either compleraly demnpasahls Irmn:uu.em-.-, ur it sanisfies
canditiens fieen [19.Lemma ] for [1954]0 and o A w ;e reduced,  then

f L
A-feged | |, whersd 15 4 recuced proup e mank gne
. i, ] LR s

4

Thearee 4.7, §f 4 1 fenrnioi=frey decompres oocanding i redoitaeine e it O dgee JAYLE
e A Bt ropmiedy o

Frood: 114 iz a5 m the emincation, it ax we apecil above, wa have thres cases
Case | The uroaip A4 s ondicod zmd every AL 1L s complerel decompozable hoencaenemas

Then 4 = ':'E' "‘1_,.' , where, L.I'I.} : represenrs g paridion of [ and far sy .'I = __.-1), are
R R ] i ;

el of rank ane and Enmnrple. Acenrdiog oo whal we proved alove, L I T 1'1 .-"I,n 1k
ied,

eilicr & ar g reduced comglercly decompcasble homossssaus EITUR Lo, Ko fl:-"-.:n—lﬂ%n' [,TJ
and acvording 1o (1954 ), g has DS P rrn

Lase & Uhe erowp A s redicsd. the sel A | afall tepes of slemenls af A conlaing b zmalles
chnet f L Ror which e st f o (p iio] '.I.-; AL b Bt subser of 1 ared f vy
Bel p ) g, o _4,, and -[,-I Jare camparable Foom (2000w ic follows thas
theve e f a the smallest element m the s Ad L, o all iypes of clemends of Fidp with fha
prapeny pha _,!'F__d__{f;j—ln: T Wk 441 is a finite subse ol Loand for every
T IS R .{4‘ ri‘r;: and g -'r,-j' aois metitjarable. 1 resalts Uhial togeiier
with A TP A sulisfies [19,5 5 Tig wall, 2nd s it has r:l S0P, fon

Case 3 The proap A i pot reduced and A |{-._,5;_}II-’F.:{|l][ | where: C s 2 redurccd ol rnk am:

i
et ] . |- R P & ~x

group. g and n being twa mar-ndl mabml anbers Then Fid g ':!-”."I SRR | i
R K , N

FUC i reduced of rank e A= e e LTS8 I herelore, and n o his case, FiA) Ras
[N

Remark 4.8 The converse of 147} dumererally filse, thet s iE A is g ceesinn-lhee EICRIE wilh
pn.rp-errg. ||li’l| Fiaj I-as D 51 l-' i I]i.'lH Pl resuh dba A has DS LR e Fog example lep be

|$? where p1,. nand gy e N, and C s eoesion-liee. reduced and
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" v =
of rank ane greup, Then, Fmr-llﬁc_f'i EquB Il '1J bas LH LI, bui & dossnd hawe this
i, "
[EERTHETERETHS wH
Loy what we obtainin (2.4 ), 447 pared [ 19,04, ], we have,
Corollary 4.9, 50 A v o spdiviing miesd grevgs with ST den Feai o D38 s
From ¢4 8 i resalis
Teemark 40002 The converseaf (490 s pereraliv Celse, <haiis e ame ahehin ol Broups, A
wilt propery thar FlAJ hes D05 P welbout A havng 25 1P
Let A he nopeprovp. Inchis case, as we proved o (4300, FA-pA, and 5o AFLA) 5 a0
ERTNCNLATY |- Zrnm
Meay we will congider & ne Being 8 torson moug, aed el A-ED "“. Be phe direc
i

deceanpeestion  of A a8 psubgroups,  aceording 0 [TH4 ) e ot cnse,
EVEH .’f,l Do, Fa cAFArD A AWe 4 ) thon theras ke N and there
- il ’ = L3 L - L

- "y

B a2y, & "'5'1-_|':" lin every i1k . such thal d =g £l -i AT A, |, and the arder of o is
T = (-2 +a . T g

P2 1 follews thar any elemens from ACFCAD has e ondier 2 syquare-frees integer. S

AFLASLATIAL (5000 heing the socle of prown Gl and ATTAD is & demendary group
Synthetizing what we altumed m ths paragraph, concerrise ATIA] we have the

fidierainp, reslrs

Foopadilion 4.11.: fei A b an abedian arenied gried 74N iy st :|'|'|'.l'|l|;|-|'_|||:|l:l, i @y r:'.l' fh

e fresrenr siEmaons, AR R PN T

ol AP ae SR,

Al A Vs i L,

ch A iv free prrong,

oy A L ar ol g

e A rs fhe divest suw feiwsr o free groas and o Shaoble geoag,
8w e alireey sum Botesen plemsiary proug o i sl prvernge sl @ Srew e

5 The pelasic sabproaps

Let & he an abelian goup and poany pome number By a2 pehasic sdoroonp B o & we
meEan @ sabgronp ol A salabving the lollowiny thres candinians
i1 s o dieecs soe o0 vyelic poeroups and indinile avahe mooaps,
i) & i5 ppuirc i1 A,
nd A i pedieesikle

Fram [2 4273 4% % |0 fullosss Lhal every grnen comains bas s sahgracps, lin g een
prime o, a'l p-base: subpnvops ol 2 pooop ae sememhic

1B e e p-basie ashigraup of & then

(=] f=-H & o &5

where [ = 0F and JT = il'.'.-".'Illr.i"l| foar ewery ne A7

[Freims thee abioe i TollGws
Kemark %.1,- Tl mroup Als P Basic o A and only o A s e dieecl sam q.ll.l_':lu_'lh_' [ LroLps and
ustinte Cyclic graups
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Hemark 5.2,; The subgrenap O s hasic in A, iF and onby it A s e viglle
Bemark 550 From (3.2} it follows thas it & i divislle, then it pohase swharsup is O and o ir
has D05 1P, mndi¥erent if A las ar fas il chis progwrty
o our developments we il gee (be Todloramny resi) wery muich
Pepusition 5.4, (Fwchy, (70000 1 1t i wofuronp s A de 8 thes B A e e

By sl o £ A

Proal: It the relanonship D05t o vvere B 0o 0 then it i5 e o £ 0 o Let w s

T
1

any clemess [am |{3_’JE|| ;.{&_,f.:! { (B H_il E._rJE] ,:,!”I (ser (1.2 12)) Them rhege i
- ! E LT - s . W a

ne AT mich thal ox - bi+rb —pa, e 4 bPa, () where g2 4 and
.ﬁr- “ JI'i."l. Clorevare ko= | Wrnting, 1he: relaticmatng (5 in Lhe shaps:
1 -

r 1] " i
L, U [b-:. TR '!.".-. _-'u"]'.-_:! gt

i als i il -‘[’.-. = Ry k= 0 Ther b, o 'E.- Lo, P L, boxause

H, are p-pure sasbrenss i A fin every i1 Tt reslus thar e is f"'lr L E; k=17, such
' :
- -.
e b eb, i el o )ed@p]l e g
4 v et W

{ﬂ:l H_l' ,'ILEFJ "‘",-i [ ,.':PIET}‘.-']'| This mchusion sheaws Jlat B isa ppurein A Mew

let e ¥ sl ¥ fwes chements fiom B A4, Fand 7 their cossts medula (6D {7 3 Wo will consider

the enualan
2 pi=gp,

= l.’:T-;l_.-]'l.-TEE:I 0 Then © g TS U ‘_1_',’Jl » where m,one 7, X E-"I.i.'

k=L _'I-:II A b= L and the equatan 2 beeires

LI BB =y, oy, BB,
o Elivlent
41 II'_.:I = 1 wt'.l __|- IR

ahd /. F - Thiss we cold write the cyuario i |

Sty + Bo=yp H, k-

Sivwe A4 0 ame pedivisible UECRE, Fi e there 15 i, v, k= Lw such b

Mt s the speations (5] have sulutivas i _.L / -H.- By sonrzminge yll 1he refatnships (4} s

abLxin
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: F
(M pa - ra, |_':E_* H.JiJ -y B4

I '\'I
Ir tallws thar e aquabien (25 has the spdubion o =a [El H.i- where 2 i P

i A..'-il:!j § b pdeesilie Thus we proveed thar the relanisash ps R0 Trom e et

b e basc “.;."!.'ll:‘.lr!:- 2 zlsn rrae for H'_.:l H wliezh s a subpreop ol l:_r_'l L Theorelore ,:-:j Illg =
| 3 ad

e pebasic sibereap of B0 4

We will pode froom this point oo wizh ff ) the pebasic subgroup of A

Pragiaitem 5250 500 00 s pepecngs weth 205 TP dese 1T Ras SY AL E e
. Y l" 'hl
Proof: £ A=Z{ | ne A then A= B, acoacding w0 (5 1) IF A= D7, |#C then
ot L, s
v %
B -BZ  becsuse B &7 p] - @2 p) amd By =D Gse 10, 052 e (540),
i A, A m, B

Cordliry 560z 50A v o darsn grvaywadd) DU D P S H_‘ e f2 5L e

Froof: Let A=0 4 b= oo forsdon gronp with 70500 Then aceonding e [543 el 15 %0,
H, '? H.-1_ - wlierg gegr H-:. e pograp with DS1P Mew [13 Lemma 1] compleres
e Gemonsbiation..

Flevarem 5.7.2 500 = 2 0o revfuced sermion-fres of rand e prong shen 02

Peol: 1047 5 ns i the comioates, Bren O s subigroup ol O Sicce Ue rank of 7 s al the
must equal with vere and Jf has the Fams from 0%, @ follows that either =0 or B F 0
B e E s prpanean O thal is pF = Z0 ! {*7) W08 conaing a0 feast oo Gackion il

Ui denomimanes p, ther the squaliey {**}is o e and 2 s nod pepurs in 0 b s suppaas:
rhint O deaes ol Comtan are saiwnal Facbon with the denemirator poand thar O3 is podivisible
Then, lor every v oo O rhe eguehon platfi-vtd has s soluhon s +E-C5F thae .

e
TeeC e w7 sueh lwy paev=hoo & wfere if Gillves that xo- VL 7 I yed ihena s
o

ratienal Facricn with the coammata g liom C-wlich s om o coniadsiion with car seppesine:
avi F o2 7 dben =0 Theretore F czaned he the p-basic sobercap of U

Corgllary S8 00 A v vvdooe Soe greag widlli PLA S the ,n':-i' Van SIS e
Frval: 1A s an unrehieed sorsion-Free weaiep with 105 1R then S |':'|'-5|':"_| !-_I:II:I:II_ %

[1%a 0 ::l. wINAT 7] and A are von-null atuzal norsbers, and O e s edesad ol s o wroon

From (533, (32,0 and (7 1t Goliows that f§, <0, F C 2, and W C-E, then (D2, am

A, hes CF S LE, avcescioge |03 2011 A s a educes] greap Bien A s acher @ hemageneis
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proap completely deccmposable. in which caze Hl_-l:l__ ar i il srtisfies conditions from [ 14,
[%d 1], Lhin EI o o H_ ]
Corullary 9.0 04 spdiorions moivesd peoup w150 e e NS e
Froal: [1A a5 in I.htl.ul.l s, thin

..-l'll--'l"{ |'_,||:-B|".| |-|-|—:.

[

where 4 are reduced poproups with 005 1R for every po Pamd g0 oand © hgve e sse
marnny s L Applang (34 303 8 L 45T Jand (2.2 ), we abdain the saiemen

Uiz rizmarkes imponse thensselves haere,

e i

Remank, 500.: The corverse of 10050 o geremally flse Tidesd, _J.—;f|;1 | f']"u J. then

B, =0 bias an brivinl way DS.LP., and A daesn't have 0.8 LP, {5ee [ 13, Lensia 2 I
Remark 5.10.: From (5 10 3 and (5.2 1L fallows thar the eomvese of (3 5.1 is gererally false S0
thers is an abelian p-groug wath the prooesy that B, has DUELP, withar & havieg VS 1P
Remark 5122 Fram (3 010l follows that the converse of (5.8.) is generaly felse thar 5.l A o
atarsion-fec group and | bas (08 P, o does not resull that A has tns pronery 100
Bemark 503 Froam (3 100 (or {5 12 30 folows thar the converse of 199, 13 vererally falzes

I the end we present some classes of abelian proups, B wheh the cuatiem sroup
A kDS
Thearean 5040 Led A b oo wbelew L TC A AR P | l|'.I.I'|:.'i'.lq:' ey el _H L e lrl-\.l'xr_-».ll
st AL 00 o of W following smiusiis, the growe A0 B, b DNLE:
A s pepren wa L8P
LT T L T rempr widly LR
ool i feoe Lo
i A iga afinvnily g wat LN 5
el A ER A s arsion-free group wek 1080 which dees sl satidy [0 53]

S A dn _'ll.l.";' o it __|"J,I'|II'

u}1|**1:1$.,f-.;|§;163-"

m 4 ..-' L

where-fin evere p LB A 05 @ pogmon itk DUNER,
=50 e fale FTA,
Aol gL d LS, cere B onny i sy,
U N E S, I:'- I_ Peodd dREANR- PO CYRMETRE alap el Iy e st

Hran
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Froof: a) 1F A= J.'{p'}, it N ity B i "ru—.lqjg.zi,,.]}i e

-|"__ =0 . {' Jr;.l' ]' then Hi={-BE[I::+_ Henoe, = this case, either A J =0 or
w82

i F] A b ] l-:'.b1‘a|l.11| E;l-ul.lp with nE1LE and lei

[E?'é ﬂ””“l’ H—j |E|.F"[,|:|1,I Jl&Fl [—E’I {”_'" | be a direct decomposition aff A, winge

P.cP on e N, m, €M and f__' Fave the same meamng as above In this case

{o4r)s|

1hs ezl s

o FA ma free group, then: =4 and A/ [, =i

) [T A o o divisihle group, ﬂrt-l'l A s p-divislls and, sccording te (52} B = This, in s
case A Jf oA

£l AL ﬁr:r.'.-.'p suppossd that the gruop A i reduced. Tn ghis case, aecondmg 1o |19.5.3 ], for eveny

il A 5 homogereous groap, complecely d-:a:,-.unpur.d:-]: Let be icl and: f = ,:fi_
L

l@-z{p}” and .-'L-'B'M—.IH‘_IH;:}:a.f'_"lr Maw [19.4.4.] comphoies

Jllﬂl

whese Il[’r-'F is a parition of L, and fin evey _,f._ - il -"I_.- are af mnk ong and semmplie,

From (545 and (37} it fallows that Hﬁ, =B B.-I &g & i ":I'.li'l ed., ‘_-IJ-I—.I._ w
g et T

ﬂ_l,l-—l.'.'.rJ"l.-'_ll'--: i _,-','--.-‘E.SD ﬂ i eilher 0 or a free yroup Tt be J =ficl| 4 ==

frea aroup]. 10 resshis ko, an chis case, = E:_[':I_H"l' :.'?‘.{ and A M} 'ﬂj A Mow, we

@1..' | H:]I' | whers 43 a radoeed Eaup ol rars
Ty
ang, . el o heing ten not-rll natera] sanbems. 1 fllows that sither HI =L Tz, m

B, MO, 0 C=E S, in this cose gither &/ Ao isomorphic with A, ar @05 2 wrsion-ires

suppose thad Ao ool reduead. Then, A=

diveaible poup, s aceording to [194 0] A0 B bes D510
I} The stalement resuls fom {540, {55, (513 (52 1and (57
Froo [1%46.4 ] and {5 14 ) we abdnin:
Corallary 515 14 & o apdittiegr mived grou with DLE and | o e pofursic swbsrenp
o o, where poos o prae ausbes D _.-1:_.5‘1 s A
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