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LOCAL NUMERICAL STABILITY OF
THE COLLOCATION METHODS FOR
VOLTERRA INTEGRAL EQUATIONS
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1 Introduction

Gl papers (2] and [3] we bave presented a method for che vorstoneien ol an
-":|:'|-:-\-'I"':II'I-11-iI-'I v L slution af the folles g nembinesr Visllerra in Legrad ernatia
ul 2he secomnd kind:
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b b the space of pulynenoal splioes ol degree o+ 0 whoss elements poses
the: knoie £x and are d tives continally ditferentizblean T d = — 1 Lhen e
eleqmenes of -‘l'.l.___Ji' [Ep ) may have jump dscenialy sl the knals ¥,

An element w € S8 (2 has far all = 0, N — [ and for all t & o, the
fallawing torm:
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Fram |: --?:' T Aree ﬂlll- an alEment b £ Sri:lid l.'d:.l,lll 15 well fedizusd wl;.-g“, w
kuew e coeficients Vo) g forall = 0, W — L Jo ueder to determine:
theme wefficienle we consider the set of collpcation parameters fo, ] = whers
Ul 0 i % 1, and we dedine the sot of oollocation prints by
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XN =[] Koo with Koo [0, = la+cih,, f=12 .. 1)
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Ie a;hprr.-:rimal:r- anlution w & _'QE::_‘ I'E:'\j will he determones] inpsize Lhe
aomehilion thal w satisfies the Valteiea wilegral sygaation {171 on X |: |"|l'.| 3
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Fon vvery choice of the eollncation parameters ferbimgs with @ < o < 0 «
v @ % | and fer all quast-unifeem mess ssqoonens (M) with sofficiesy
small & = U che above algoritho determines & nnspues approsinsle sciution
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2 Numerical Stability

Ir ey Lo discuss nemerical stability we stonly b lehmveur al e metbad e
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1o avipeenel sl Lhik klage Lo prk i e sy qeape peal Al e ¥ e lar
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(2.2] O = [fuq g where n, 2 =
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With thia nedation an alemest o © e () has for all m =l .. 1 and

far any ¢ = (o + The & Fn, Lhe fﬂ|L‘l"II!l,5 Teeme:
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Fronen (227 amed (2371 wer wbssrree: that the sl ol ool o determemed
by the smoath cosditions and the coelcientg A, we deteiarined by cnllocation
vinatis. Mareower, lor n = 0, Lhe values al 55 a0 determined e Che values of
the epct solation ¥ and its derivacives e he initizl paint * - 0
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By direct dillerentianme uf relarion {200, Tor the sizooth cowlivsuns we met o
relatin: between virLor Mopr sl verlars g, and 4, resperhively:
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whern g, 1= ..:'::1 sad @, and By oare the [§ - i—sfements of the matioes A and
L.

Fram the lorm of matrix ¥, it results et Tor & sl wnough, thes mateis
Possases o nierm inverss Lar all be = L) [0 =0 A — 11 aned o all
cullocative paramctors {eit, o with @ 2 vy L @ o € 1. Hener elnmination
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znd Ihe & are eonslant matTice Lisdes s resstrier s 1 stahility problem
was disvussed in paper (3 wlene we Biven Lhe leilemong stability eriteria

Theorem 21 The pelymoniial splive coliveulion metiad 1w sfopie f umdd wndy of olf
vigewrnues of malrit M o= A+ 5V W are o the st desd, e any e sonfues
with (] = 1 hefongs do o L x | Jaovfan bacd
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From this cribers o aselis shals tar o = I che swetbod 55 stalshe fae allze 2o
anel Tier pvery choice of e cofhscation parameters: lor & = 7 e oethod iz stable
H the collacai-m [ AT S B |_1;|||u|=||;|'|.1.|_.. chasenz fur g = 2 U meshod i in
E.-_-,-.u,-..ﬂ iimstable.

The aim of woe peesent paper is Wb meentigazion ol the pridili=n of lacal
FLTEEETiC o 3|..|||||_|_. o the spline collscation metziod

3  Local Stability

I the: mesh sequertes {Tx | are quasi amferin, f.e there mosts a fnite canstanl
+ medependent of & such that B dBoc, € 7 bor sl ¥, Hea the makciees A,
depend on m Jo thes came oo may interprel G sladaliey conditions il Lhe: aloeee
criberia a= lorel capditions and Uhwerefare me detine the potzn of local monecal
stakility {see (1)1, =

Definition 3.1 The spiive calieenions ranitfeed £5 caflen locehiy abubdic ab &, '.lI ali

cigenzalves of muiia ML ore in the ami! Ak

P s sequence of penle i, e Chey imply salaling
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IT these conditions |
im Lhe rappe [fe. ta - Tho
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Fram eyuation (2H] we ohbeove that the A, iz & (o = 1] = d ¢ 1j matrix
As in paper |3, fue afl matrices Ko € {An. By, VWL ML we desate by XY
e mateie X with & = U and by 5 and p. the eigenvalues of MY and M,
.-\.":1prp.'.‘li'l.'=|:_.', L then Teallossss izt Hy — }.IH +|'_:'|-'-':l

Caner iy the farzl nuznenical stalnlity of the spline valiseslion mathod we

hiave the lallosng resn'l

Theorem 8.2 (0 0 d = 1 Mhew the polyoemiel spline colsealeon method i
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F rieisf. I ""_I:l. 1zl the |, e heebement of the malmx MY s "W, imthe el
clement o Ui snatiis WY whers by MY we denate the madriz 8 fon Thenrem
A0 with & =0 Jsee 450 then Fraem the dedinilion al Ui moarrires we have:

na, el = 7 |-|I;'_. _r-.-_ul all fr=01, i
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Thas, pll = | an eigenvaloe of MY, for all o | In Lhe case d — 0, this i Lhe
ane and poly eigervalue of 405 barall n = 0,0 & — & Now_ the first assertion
ol Thegrere 8.2 Tllows Tronn this remark. Far prove of assertion (i}, we alseres
that i thez case o = 1, the sevacal |'i5¢|||.'.a_||;-g of -'I:I'"E' in e by-

(HAl Jlg_l =~ '|"J.|:. Tor =0, N -1
wheoe ot s bhe sdgenvalin of MY and it may be caleolated with lormalz (= 1501

R TR - S‘“_ 28 1 350 +- +.I;:- D mS) + (=11 e 2 1]
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From I:T Ip o reeulls that foi <, < 1. the stahifity comiiene ablained in
[4; miied ] 3] amply the lecal staialiny -_.: Lhe medhond o all points ¢, Beczinse L
value of off degends an the choics of the: collocation paransters b only,
EY LD and TR pesnlte that lor eack set of colbcation parameters £l
uxists o conglanl 5, such that | T | -_=_Z I Tlnes, chiz remask eoads the proed of this
Tl grsan,

I thw case in which the vallocsiiva parameters {"'JJ'.-'-T.r'-i are fhe {adan
¥ poonds for [, 1j, the approximate sofuticn » & .'Jlﬂ {1 &x] abitamesl Yy Lhe
pelyncanial splue collocat i wethod, has the bese I-u'.nl MRV ETERNCE ATk
U — 1 [z |2 and [#]). This apprevinestion is in general monereslly unets
Bale e 4G T lollowing resnll prves ke condition in which we czn have the
siluts w locally nerwrncally stahle.

i ﬂT|‘|I|u ry F.3 0F e radlondae pavameders {r:} I the Hedau _.'.l'r.d:...-.uf.-_-r
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and [H4] b resalts thar {see |57
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Usivg vl oo fas ol Legeenedre s poalynomials soed oedniuan L) we altain
I.ll!‘II = e, anel L= l:'-'l'l'l'lilll.lll."!l P8 Tallives Troen RN
Anatber resslis reganfiog loval numerical stability in the pmnt {, . may he

abdainrd T o 2]

For instance, we cananker Uhe special case d - 2, m
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Thesrermn 3.5 Ifd = —1. ihen e podgwomial spling eoitlocartion methad s leaily
numericolly glable f0 cvweey poiml 4, Fy for wwery choe of the coilocodeon
porumelers Yol — mth ey 0 S, 2 1L

Proof.  Iu lhis case by Jocal numerical stability we usdorsiand the boumded
prapagslion of dsolated Ipn:rt.urhntim v Thizs, if we hiver a perin rheatiom of appras-
imalive solution u & S5 (200 00 e paint £y, then fram {3 1] it easy resulis
that thas perturbation g boanded prapagagion i Lhe next prant al ewesl s IF
S — | thew [rom (3000 we obiain:

(3.1 o [ty 1) = [1+ CF (ko] f oo i) 4 (1 4 Dhal] ranm
ey < 1, chen an approximetion w = "-'{'_:, ',' [Zx] can b wrilten:

U [ty +rhab = T L (o) - unllns) |
f=1

(317
farm =41, N—1,rcdl 1
w here o
Liri= E':-f_. : ;’I‘; .
are Lhe Fandamwental Lagrangs polynomials of degree me | sl {i:_.f-;_l_I are

the collocabion parametens. From relations (5100 anad {312 3t resulia:

L}
(4.13] Un [ lagi] = [1 J-I'.:-'I'-l-'.__l:{(h.. ||'-'_.,:I+EI._.I:I:|-'..,~:).
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Tlhiws the asserbion of Theorem ¥ 5 lollows from (301) and (R sespectively,
sming the eapression of the vercbor -,
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