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A DUAL ANALYSIS OF A PROBLEM MODELLING
A PLASTIC MATERIAL WITH HARDENING

(Y INSTANTIN GHITA

INTRODUC TN

W analyse e quasi-static equilibmon of 2 plastic body govemed by 2
nonlincar subdiffercntial constilutive law; the directonal  linear hasdeaing is
expresasd o tenmns of an internal variable: the duncosionless p].i-&zﬂ:lr ek

A body, ocoupying-a regular domain L3 of R?, is clamped on & part Iy ol its
boundary and subimiied o given forces I ooa anather part I 7wl to unilateral
contact conditions with dry friction spanst & rigid obstache on the part I s of the
boumdary. At initial state the body kas & null configumation, that is () = ' {0)=

= | § le,lrjjl!-!' a cvasi-gtatic deformnation PEORCEAS, the by 15 subjected to @ wmfoam
—F ¥

loading: body forces b in £2, swfuee inpulsive raction =Yt

the part | = of the boundary.

Then we seck the loading fsctor ¥pon | and a solation {1, 7,07 ) of the
ahstract goverming cquations mebelling the local bikavieur of & plastic malenal
with hardening:

=1, mn

, promebng cquation:
E=AdiinQ u=0, =01, ¥t [0, T];
- cquilibrinmm eaguatica;
= i ¥
Ao = bin Q, Aj(hg=7r T on [ ¥ e [0, 7]
. umlateral contact with Coulemb’ = friction:

ReidMiDon s, Fre [0, T, R= A/ a5

- constilulive spuation (with linesr bisdening )

(é‘., ﬁ] c d¥(c,0°),0° = Fnikvre |0, 7].
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W forrnulate » vanatonal weiuality on @ me-ndependent statical admissible set
of & vanational space.

1. CLASSICAL FORMULATION

Let 7 be the corrent configuration of o plastic body referned to a rectangular
carlesaan syslem  (Hualer  swslem)s {_.-'l!..:."j: = ], 2, -'!l-] < £} an open,  bounded,
connected subset of B, with a bowndary | {3 Lipsachite, bounelary is sufficient). It
ig decomposed inte three metually digpoant peats F_.,, ]_'_'1. anal | ._5; we azzume thad
on |y the displecements are given, an [ g the surfice frachons are given and that
o | 5 swbdiffanantial conditions are given.

Let &7 be the space of ::!|:||1|.|:~:th|: displacements  and i,-" the apace of
admissible velocitics, The space T patresh with the admissgble forces space Fb}
a hilinear form, expressed by {.I'.l'.l 'ﬁn.ﬁ' the densaty of extemal power. Let £ be g
gtrain Cireen space, & the dual space of 3, the Kirchhoft stress space. A strain
beneor £ 15 parcd with a stes lweosor ©F by the bilinear form [E, G_:I —E .. Fara
large deformation, wo take E the admissible strain rase space, the dual pair of
te Fando e Xisgiven (£,0), =&:0= THea) = £, the densaty
ol inlemal power

2. MOMLINEAR GEOMMETRIC MAPPING

L=t F'I::'I-"j e Elwe the Cimeen-Saint Venant tensor, E{_ ¥l = 1{1"‘ V4 Y FT+
+% l":'i';'r'l-"':'r:l. for all W& 7 The directinnal derivative of o i e {r in the

irection ¥ i5

direction v = {7
1 . Al : W i Vi =
) =1im alniia LY ?_E[] Ltim [ L :}_ B - -
v —+, = )

".-'iur.l’l-']".-'i:n-n']r—"."u‘n' et ] e - 4
e .]_ |"+'f1-—1'-"'FT—-1'-"'V"-"'t.r-'|+"'r' ”1,.,.-}.'."-"
which l:l!'l.phd:\i.lu e vl ag ek o BT R P TR TR F R BT e f TR Pl & T P

Aday: 7 E Adu)v= _’;_[lf'p-.L‘Fp""r VuVvl 4 ViWu'],

ﬂlll'l'. d'll.' I.Ili'l.'l.t:nEI I:II.'ZI-'I wallwe ||I £
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Adw)ir=Ze(u) = #{u) U Virs VaT + (Vap Vi) T+ (Viv "
= {w}“"jl ﬂ it
¥

By this we snean that A is an affune miapy W Obseree thad it does mal depeimd on y,
im utler words, El:.r-'-‘; =1, that is the sccond derivatve of The argisal E‘.I:H} 1% 5
COnEant {symmetric) locar map.

We define its conjugate GpraElnr A;{ i) by a Gaussian Imnsformation,
{ﬂ;{!r:]f!1ﬁ.}fj_=[if1ﬂ:‘[ﬂ}ﬁ];—!, _
where {3y = [ (e, (L) = [ (D [, s
Bt [, {3] Vir+ Va7 + (Va)(Vip T+ (Vi V) T} - vidx =(raking imso

g o
account the symmctry ol siress fopsor) = . -|-5'J I{(f-l-{"ﬁf.u:}'r)f?ﬂ-laif?
' ™ — i J
"J-E' I\_!r+ [?H}IJU 1 ds wher R ois the outward normal vector on [ then
Ar{u] E = F s defined b ;‘l:{u}rj = —{f.l l:"l:-"'u}r)ﬁu_'rﬁ in {1 =
J o
= Lf b {R‘IE.I'J ‘I)I 5 on [ in the =ens of trace spEe,

1 SUBDIFFERENTIAL CONDITIONS FOR
UNILATERAL CONTACT WITH DEY FRICTION

The dsplacements on a art [ ¢ of the bonndary desl with an nerpuzlity
forrnulation. Let K be a subset of U, adnisdble displacements of cvery hoondary
print on I 4. We assume thar there exists a scalar function I {5— B osuch that
any desplacement u bulongs to K, if and only if gled} = 0, for all twne of Toashing:
For a displscement f © K ol boundary point on [ g we associar: F,-;-{n]l e
st of adrmissible veloomes ol 5 ot sinl,

‘il ) = -:1;-:: f_.-:-""nf.{_ri.rrh'c R o i) l-R.;-.

We remark that & © Vgl a), if and only of there exists o £ R e Ry, such

that :".:g(nﬁ:} = () + b, dat is g ) = (ool a0} + [y =L
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An index ‘I or N for the velocty i or the reaction R desigmate the tangentisl or

nesmal component.
Suppose, for istance, that peneralized Sgnonei-Fichers boundary condition

bold on g, expresang the contact with a unilateral =uppodt, having a nonlines
infensity g

AW 20 Rlw) 20, sli)Rol) =0,

whene 8 = (J+ V)31 is the traction vector on the boundary |, 2 reaction of
the ohetac]e.

If Coulomb’ s friction law hold in Iy with given normal forces Ky, then
’Rﬂ = j.llH,-.,rJ. mare  precissely, af |RT| = “iRﬁ.‘I, then &r=10 and 3f
IR = u| R al. then there exist & = 0, sch that iy = —AR 1, where |1 is the
dmction coefifcent We take

Dot =0, i 1w 2 ), = +o0, otfierwise

and seek o displaceanent & for which

Coglw) =sup {(gu),Ta) — Di{Ta)} = sup (glud, T
Tl Tisfa
where 1 is & convex subsat of F given by fjy = {“I:;.,qlr Ty =D on l',;}, thi

subset of unknown adimssibde boundary tractions T .
The contact conditions (2.1} are sunanarized in inclusion fomn:

Ry e 0D gl)) =yl u) = 0, if gl an) = 0; = 40, otherwise
Also, we ke
G ylirr) = [ u|Rul| it ds

anel i."‘i*.:.m]u!ul.c lanctional is

Dt =0, it < ulRo: = +on, otbrerwive e (T,

where Y oo the indicitor functon of he subset [0, Hers
Fi={toltel < p|Rran T ¢
then the Coulomh’s fnetion low is equivalent wilh
—Ry e Ab{ity),
For vur analyvsis we put Y/ v,y the indicator function of the subset Vid 1) o
admisgsible veloobies. We have
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Lemuma I Lel I E Hﬂ"{{ﬂ, :.T];R3_}|, then the contac! conditions {2.1)
are sepuivalbent the: subdiffereatial expression

—Radu) € By vl i),

In the sequel we emphasize Uhal Croulomnb’ s friction law take a variational
fomnubation

Fropwwaivon 4 Let 8 & WA ([0, 7 Rj_] a displacement of a houndary
point; then Coslenbs friction low are equivalent to a variational mequaliry

Ruve— irg)+ plRul(lvel = lirrd) 20, % v e i”}:fﬁ}_-

The Last melation i an cxplicit witing of the snbdiflerentsal melusion

~RAUN) € oD i)
Swnrnanzang the last tao results we decduce the following

Proposition 2+ The behaviour of the body on the part [ g of the boundary I

taking wnto account bath the umilateral contact and the Conlomb’ s friction lew, 15
caracterimed by the inequality

wa) e K,
Rl 0)(v— i) + pl Rl (| vl — il ]y 2 0,
Fve V() ae (e |0, 7]

Remark: 1 we take the functional O( Tf'}—]-r KRl | vilely as am

catemal power developed on the I ._:,', wr v subdifferential conditions on | <,

~RH c D). Fre [0, 7]
This last relation iz srpuivalent o the following

i e BRI Y1 e [0, 7.
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4. CONSITIUTIVE NONLINEARITY OF A PLASTIC BODY
WITH STRAIN HARDENING

Dreanste: hk ) an intemnal variable, say a time function, for example we may
take B{#) = r[.l.'.t:r-} I: (ev, AS {H}U},I!‘ﬂ ']ﬂ]:l' 00, as a dirnensionless plastic
power, where O - is & materal constant, ssy the vield threshold at @ deformation by
traction. Let © be the spuce of admissible hardening factor and B the space of
a*, comjugate function of 8 € . For o material with linear hardening we assume
0% = D, where #is & positive factor,

Let K= Zx 0" be e convex meoneanpdy swhect

={(o.0") c T8 fp(o,0%) = 0in 0},

when: o, 8%) = ) N0*) — oo, Tis a convex lower semicontinuons

functicn nf the stress fensor - the plagtic. vielding function, T is a ||ur\-:l-e'.|1j_|1g
memelone function. We introdeee the indicator fisschion of convex, set &,

YWilo,07) =0,{5,8%) e K =+, otherwsse,

ey convex, lower sermicontinuous and subshiMerentiable, and 1'.:-|1|-'_f-;'{|.'5, [}":I i% &
eonvex subsct of Fx G, W e is so-called cornplementary plastic superpslential
The: duality between & x & and L % B iz grven by [see also [EI-I

({0,070, (5,~0)) = (o, Ak iy + (0", -8) .

wliere
2 s EY
(8% -0) = [ 0ol (D | dr = —0(DA* (1) + (07,0}
Cuonsider }VK the sugsport funcien of the convex u.dcu-;raﬁlﬁc '-.|.I'R Er & —I~ K,
UME —U] sup 1<|:_G1Ej }( J>-- Wl B° }IJ-

i B i <
= sup -'(ﬁ "1r{l'.!}|'J}+{H H H{’J’}ﬂ‘{’f}j
(G A" 1K

The definetion of Lhe complementary plastic superpaotential

o, 0% = ygla, §7)
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HEigpesls in g greater gencrality the constifurive cquation of the hardennyg plast:
mialerial written in o subsdillerential inclusion form

3.1 IL:':, llfl') € M9z, 8%) = (l%l%:] il 8% < 0 and
A2 0= (0,0), s, 8°) = 0; = +on, i (o, B*) = O

Then, for a grven displacement & € ) the constitutive relation may be written as

Al = ). T(c); =0 = An’(0*), iff the constrints o(c,0) =0, L=0
are: satisficd,
W e some considerations: of convex analvsis: the subdiffercntial inclusion

(3. 001z equivalent to dwe follovwing ersepuality:

2 (AL T—0) +{ 0,4 - 8 £ W1, 6*) — e[, 0",
V{t.¢")c Lx @,
under the same constrannts: (05, 8° ) must be on 1he vield surfice e, 07) = (;
Lagrange multiplier iz 0, there exis

(Adaint—a)+(-0,4"— 0°) = Pegr, by,
a peneralized Drcker” s postlate, and i (T, :} e K, we have the prodelen-

find I:t'_':', ['}'} & K, such that
(Adwint—a)+(0," - 073 < (§"(T) -8 NYO(T),
forall (T,8%) = &

A THE GAFF FUMCTION AMD THE MAIN RESULT
We rcoonsnler the incquealing 7320 sl ke

S={(vT,¢)e Uxix AN Vit = b, in ()

—.i
A(vit—vi,v) 7 =0lon T}
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the time independent statically admissible set | hese the loading intensity i
associated with the field (T,v). We take o= v+ 8o, ¢+ 80" =8",
assuming teat 1, 11!‘ are lime independent.

We finish this section with a simple caleulus of the Gateaux desivarive of the
st Tate tensor B v+ O 0), it 1=

e(u) = () = (v Bu) = Ad v+ S (= Bii) -
= -.'-ffvam VauT+ VEUV(v+ Su) "+ VB V{v+ du | =
=g[Vour+ VELT + VBNV v + VEu' V] + 2[VEING s+
+VH VN = AdvIbu+ A (Gudis,

wher _.-'"I,_.lf H:-:} = %ITJ{“ H.-’T+ Vi T"l._-'r l.{"_‘i (B LRI RTIARIA) CfRerafos

G VARIATIOMAL FORMULATION

We reler o the compensatory operalor we take

HVEUNELT) = VEEVELT + VEEVELT = 24,5 )b ir, and
O 2fJiABwbi, Sy dr = [ HVEuTELT, §), di =
= _Iﬂ VNG e 1 Scdx (515 a vamsh tensor o1 initial state] = q;.'&&, .S:l

(= (- v, ). that is so-called gy fencivon associated to the compensalony

nperalor,
Cowrnng back o the: constitutive inequality (4.2} we can [omuelaie

Theorem I: Suppose that FF! s o positive definite matrix, (7 s
=¥
s AgEative @ap funchon, |L L7 | J = on r.-, then
vezw(vT)— L’UD e, d) + "-!-",r.-{—Rtfﬂ}_J. Yiv.T,0") € S.,.
e [ﬂ, 1"]-],

where P s the complementary  plastic soperpareefial with leardenzng.
ol =0, iff |t < ulta, Ta 20 the complementary  superpatennl
corresponding w e cuntae with dry fiction, ‘L-'{ ¥ T:l i an adinszabde mlensity
factor on the part Ty, ¢, 15 response fims of quasi-state loading on the hoancderye

I

Prowets Taking inte sceount the weguality (52 we have
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We(r.gt) - Var,B") = (Ad v+ A v+ BN T— o) +-Jr 0, F.i":l
|:.-"|;{ F}hu’, T}+{_ﬂn{ﬂf£}ﬁﬂ Th— {_.-'1 [:r;l.;‘_l-ﬂ {SII (heaviag s mand s linear
hardening 07 = A0, 6= H4° o (= - H150") -'-(.” L&0*, ﬁ'ﬂjw"

v an nitegratioa on LT using the Ganss-Ginesn trenslomriaiion, we obtain

[ Frim g ey~ |, ¥uo)dx = {A,I.‘if]li‘:u,z}ﬁ+
HANE B T — (Adw)bina) + |, LH B0, 80" | dx =
= (B, AT (VT + (Bin, AL(w)), —(Bin A (), (B A )
4]-” {AMD B, T)dx | jn {H 'i‘iﬁ‘,ﬂﬁ‘:j dx= [, AndBu)din : Tdxs

o R o ; el
H B (v(v, 8- v ) ! 1 + (G, AT (T — (i Ar(uhs) - +
+(rr 1807 a0 1

Hy peafooming the time inbesratag in the I]'l1l:1'l- l [[] f_r_f Wi have

e r_ﬁfj” v, Thdx — L: fff_lll Yo o)dy =
[;" .:.".f_[“ A (Db : r-:.EJr—_[l'_.'l’ Lff, (W S —v.) I}J et +
i AL (T - Al(ua) . des [ L&0", 60 It

Mo we ame -n:.f.;_-.ring to the compensatony operabor wi evaluate the term
expressing 1l contact conditinns with dy friction on the boundiry ["s. Finally,
we Fncies atleabon to differenial incleaon (3 5]

[0 i, AV = Al(aa), | = =] (i R Rl ez
o ]-I: =Rl I':I" R o N T
W havve o nid the amalyin capression of the sipeerpotential e amd ehar Mg
satigfice  the conlact  and  frictican comdihiens and \pref Koyl = 0, L
l:_J'_L i, G} i .';i'_., Thizn I:.'D"[y‘ G:I' — U alsn T, -[tll are time itqie*.;:-r:l:l-:klll fizld= and
T, 7, ¥ are vaned at the initial stale. Sununartzing we have
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.t,.-]-ﬂ AT )dy = Av— 1)+ (viv, 1) - vf](u. T) +
i
T -0, H (6 —0%Y),

It % a1 simple rearmapement which givies the ineduality of the theorsm.
The lut mesult gives an fenor bound for the mlensity impulsive factor on

the boundary ["¢. which a tractio ETR T
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