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Abstract. Some resulis in ingidomcal depree theary are given for SRCEs wikfy
imner priduc (Fiilhers Anaceys. We give o method to externd these results i
Semerally normed spvves Wi the germi-sealar rreley imtroduces b oy Lo,

o Rreeults on exisience o etnemaiues, o fiked poveed theory amd on FutyEaivis)y for
SO RORIHCE T SPEIIEY Gire EIVEH,

Lo each pair {:ls, _|' of & real normed linenr Epace X we can assocabe o el
number [&, y] such that
bt 2] = sl [z, ) = Al b = =? Tz, ad) < el

|z, ] i= called & eemi-scalar product of the vecturs = and g, Indeed, this
semni-gcalar product s given Ly [, 5] i= . (x), with yy i3 arbitrary chosen
from J{y), for each y € X, where /1 X — X* iz Lhe dusdity sragp.

From now X will be a renl normed spRce enduwed witls o semi-sealas
product |z, y|, dimX < co. Suppose that 7 ¢ X is n hounded doTiain
comtakning the origin. Similar we can apply the next results alsg for an infuait
dimensionnl normed space, bul. the aperators which we work with moet Le
compacl perturbations of the ilentity, becauss e deal with Leray-Srhandeg
degrea in Lhis case.

For the bogiuing we give the fallowing:

Theorem 1. Let f o (I3 such that Mz)al= U on B Then there
erists 19 © I such that Tag) =,

Proof: Let us consider the humatopy feglz) = (1—t) f{x}-1-Lz U hy(xp = 0
for soumw = & G412 and [ ¢ [0, 1] we obtain, applying Lhe semi-gealar produes:

(1 = )(F(=)oa] + 22 = 0,

therefore © = 0 € G0, contradiction.



Y

Then we can define 2(l,, 0 0) and from the invarisnce to homotopy of
the topalogical depree it follows

d(f, 1,0) = diby, 0, 0] = d{hy, D,0) = d{{, 0,00 =1 £ 0,

i.e, the equation f{z} = 0 has eclution in 7. B

Crhservation: The condition ™ [ffz) 27> 07 can be replaced with * [z},
doet not change the sign on 0% becauss it can be repeated the proof for
_I_

Theorem 2. Let [ & COTF) suwch that iiﬁ! [F(z).xz] = 0 for some a = Q.

Then there exisls A = 0 such that fz) = Az,
Proof: Let ue eupposs that [_ir[:'.},-.'l;] =0, % |z] = r, which can be
wiillen as

Uthal = sl

. LArd
[Flx)a] = Allfl”, with A= —

and [f{z) — Az, x| = 0, ¥ x € 8B(0,a). The conclusicn followa from
Lheorem 1. W
Theorvem 3. Let [ £ f:'l:;f.] sl thad sup [z — f{.:-]" = M < oo, Thea
zeX
there erivls X & 0 and 22 X with f{x] — Az,
Prool: Let nn = {0 such that n — l‘_ = M. We shall proae that the

conditions from theorem 2 sre sstisfied for o — n. If we supposs that

ITE Lz}, @] < 0, then there exists Jxg)| = = with
L=l

1
[f{za), 30] < — 4+ [f{z0) — 0,0 + [[zaf® < = =
== Xl o), 2] = o~ Sl -l =5

1
=l —— - M- — M,
e 0 —

cunirndiction. Now we can apply theorem 2, because

ol [fiz),]>0.m
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Thecpem 4. Let [T X be o bounded, apometns dotiods with e 1) g
det [ o O such that fix)# fl-x} Y2 e ALk, Then for cvery A #£ 0 such
that Ar docs not belong to the bine determined by iz} and f{-0). ¥ © € alh,
here emisls og £ 0 witde _r{J:.u} = ATy,

FProof: Leb us consider the homeotepy he(z) = flzj— 4/ -z} —[1- FYRE 4
Then difig, 22, 0) is well defived. Indeed, hz)# 0, ¥z C 0D andif b} =10
fox gome L& |0, 1) and = ¢ 80, it reaulis

Az = Iw} which is & contradiction with the fud that Az does
nul belong to the line determined by fx) and f{—x). Using the mvananie
Lo hognotopy of the topological degres, we oblain
dl::_if— AL D0 = d[f(x) —fl::—.'E:I,.Li',U:I # [ becouse = odd (from Bomsuk
theorern]. So Uhecs exists g # 0 with Jizg) = Azo, W

Theorem 5. Lot [ & (3] and a = 0 such that M =Ibiluj_.l [ Flzf = e

7| =nt

Then for cvery A € B, [A] = E, Uhere exists xg £ X with [Veg) = Az
il

Proof: Let us denote 8 = B{0,a) and consider the homotupy

() = tf{x) — . I t(z) = Ao fox sowoe [l = 0 =+ (3]0 < ()] =
{

|4 = %-, combradiction. We define dih,, 12,0) and obviously
d{f — AL B 0y =d(—A B,0).®

The following reeult iz a varant of Krasnuselski-Shinbrol condition ol
fieed point (eg (6.p-77).

Theorem G, Let 17 = B{0,r) and [ & C[D) such that [[{x),x] = I
of A0, Then [ has a fivsd peind,

Frool: We shall use Leray-Schauder fixed point theumm with xg = 0.
Tndeed, if f{x) = Ax for £ € @77 and A = O, then [Az, 2| < Tl =
= Azft s = =210

There is o well known surjeckivity el in |21, p.19, for Lhe case X — B
More generslly, we have the following: _

Llrl_u.- I:]

Theorem 7. fet fe C{X]) be such Lt ”:5.
I

Then [ iz ondo K.
Proof: Let pe X and (s} = e+ {1 =[x} —p. At ||=] = r we hnee

+ oo a4 frl] — oo

Wkt =0

|-||I.-|_|:-:l.‘!::l.,:l':.' = [ ".;”"! . |::'| . L}LI"{_-.,-], :|.!] — [j'.lI x| = :'ff:'-l- [1 i IEH.'-”
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fur £ & [0,7] and r o= |[p|| suffichently luge., Therelore, dif, B0, v,
1 # 0 for such an r, ie. the eguation Fix) = p has solutions, @
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