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A DUAL ANALISYS OF A CONTACT
PROBLEM WITH FRICTTON

MWicnlae POIF

I INTRODUCTION

Fram she variational farmlation ol the comtact problem wilk Gosbon ane ol-
Lizie & '.'hrjﬂ]..\,ll,ﬂ'_lul uLEI_II.I,.ﬂI__q'_H_ -q,l[ |.||.' s ksl |_'\-|,|-r|l.-|..-||..||l-l:k wan-differentiafile
Leeprnr Uz of Ll vossd ig=eal gicthowd tee revncsve: the ditheultios doe te ihe nan
diferenrinhle term is the doalisation melhae.

By chossing appropoiate Leangraopeases gene can transform the original
problem of minimization, inta 2 saddle point problem on 2 conves set ol L
forn & = A, where B denoles il vesdyasnls sel and & Bs the |-\.-\.||I.II|.|.||"'|'.1'-
enulhiplicss, This pew fennilatiosn enable ua bo vze certain knoan algarilhime
in order b compute the sefution and to avoid Lhe constouctzn of conapheatsl
T b A H||-q_| B ITIR RTINS ] aii-<| Ferentiahle Fanctionals.

It is impertant 1o siress lhat the Langrange's oallphers do have e
chameal migmlicance and vy e duent Ty appeocimaned. in L framework of
Phae el arabdem

The paper canlaing Lhe liallosog s bms -

- eadaner af r.-u_-;u.mp;ﬁ'-: |'|'|I'1ii'\l|'i."':"-

rriseemee and aniciiy of e saledle soanl ol Hhe Lanprsopiean

2 VARIATIONAL INEQUALITY ARISING
FROM VARIATIONAL FORM OF THE
CONTACT PROBLEM

Thie varatvowal lorom el L vapleel p willeva with friczicn is the '-:.il:.-'r\-"ll_l:
vantatinad mnesgitality of the secorl Rine:
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Find we ¥ osoch Ml

Hu,v—ul 4 frle) = i) > Lin - w), YeE ¥ [
with B, 1] = i, ol + anlu, 21, where:
o Vo Juc (IR v -0 on Tal s the functions spane,

e DO R A =2 o d =3 s an elaslic body whick ovcupies an open
boumded Lipschit: deorain , that come in conlact wath the rigid funda

L
w [~ {0} T_;. I T_\' ] T'.g- ia bhse I||'|:7n.-l'||1.1' cantirnions IHIII{IIEJIJ'_I' of the
I,

s ajow,v] = L rlukeiv]dr is Lhe virtoal work prodocsd by action ol the
whiezas o o0 Ll =Lras

® falu, vl = fp o cal, — @17 veds s the virtaal work produced by normal
[ArsRRIA T Y P szl |H||||'|||u.r_l,' Tl."'i

® friuj = By, cupr | x| 45 ia the wirtual work produced by tangential
prozssare vn the contacl bovenbery Te; with py = {o, — 9177 0 2 0
the initial gap betwen s and the fundation, jr is the non diferentiable
(o taand;

w Liw) = fp Fede o Tinds s the vietnal werk prodeced by che voline:
fupce I in 81 e by the surlace Lrsclion T an Uy,

# Ao, e aco material conseanis deperding an boundary conlace
mrepaEtes, snd O-)e = maxl-, 0

Wi denetes 1l ||.|||:.||'| SIEETED
& = |,:|_ L |'.£|:r: I-\.'—| ] I: | wen Ewijs pl—.\..]. Il iz r;_'\- Sl '-'."—}
[}
am Lhe mslraime se

B ={vsWin, =}
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Thee existencs of & mulviplies S 2 prablen (17 s given by
Theorem 2.0 The function o V s the sslitine of the problem Q1
anidl voly i Lbe ewials w L gnech that

Hu, =) pJfr crprivrda = Liv], Yoo 4
Fer

A= .'I.: .].I::r —I ™ |.| B ]"._'\- |'1'|

Frool let moe V be the silubmn of the prenileleng |_1_: By taking o =0
anel 2= Zwin () we whilain

Bl o)+ il - Fiud 151

Thiz, Trara (1 we have

E|:||_ -!|'| 4 i :|: :, ) I:| W I N

HEIICI!.

| Lic) S w) !gJIuI' erpr vy [da, Ve eV

Theselore, then exists a continmens Livcar laneiional ko § R Y

Logal

Efer) = Wi, v) o By
TN LT | IR | PRYP e

By Haha-Baswmer Thesren, we haye the combenee ol a 50 0 a0

WA e =
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Eur} - -'IIIL crprveds,  Yep s BV
e we have reation (51 By Laking v=u in (3 we chtain
oe, w)+ fr_ opprdurds = L)
which, vombining with [§), pives
ireerprlder ep|ida = 1

It then folloaws that Ay = fop| ow Dy Cogservely, lot u, & satisfring 3],
(45, To {31, wi replace v by v-u Lo ablain

LURTRED ..'|-.-J|: crprdergs — friuf— Lp - w] =% C ¥ [l

Hinoe .
| % ') H
I|I .'TF,—.-'.I.r\d.l "-:\. .lllr iy ||I;|II.I-

I o

Lhe pelalicn (6] tmplies LB

3 VARIATIONAL INEQUALITY FORMU-
LATION A5 A SADDLFE POINT PROB-
LEM

]'l'.l"l’.i“'iﬁ,!; F-.'-Cll'l'll e Fraea Ot arul |:i::w-|lx|\.i ||| o defizpe 8 1.1.;'|.-|.|||:.|_.-||| l'
an M9

Thearsm 3.1 Lel = & K b & A satastving (50 and (40, Then, (u, A} i
Lhe III1:-!'|I.1£! sadile _l:.::l' of foom K o= A

Froof W firsh prove chal il fu, A] satislv |31, 010, then (w2 i o saddle

point of L on & = AL e

Llwog] = Lo A) < Liv, AL¥r.n £ W = A v



Thee first inespuality in (71 Lalds vrivially, T

_|'| Ok '||l|::|q|'.a = |';_< LT IrJf | la = |I:'. -'-.-r.l.-.:'.l.rﬂ'.'\. "II'|_| FA

As fr Ahe aecond ineguality in {7, we muest show that

|
é.'u'u_.;.]_f-mejl':. erpepdierds = :Je{'u. ch— el I||r crprirpds Ve e 1
' (&
s doom (3,
Jop Crpe My —vplis = Lo — o) — Wa o — ]

it eanily seen Lhal (8] bolde

W have proved that Cu b s o saddle point of Loon o= AL Lel as now
prove the uniguensss ol a saddle poinl ol L Asawe 2y, 3] s e saeldle it
af L. W neesd to show that . by = A From the Fred insgaalivy io (7).
we have

o orpeueds L CrppAueds VRE S

In particular, Laking p = b e vihilan

||r pemelh) — A :'II_-|II."- ek (i3]

Similazly, sinee {oy, A0 e s skl pmion af 5 ower fuvee

repre b s WMl A

.!I |':r_I|1-|_I'I|'r..'.< u
]u |:«ﬂ|-‘.|l_‘|l_|3.||_l.-|.|{ill:1; - _'. [ |r'!||.|.|||

{ rpgrda = Rajuerds <4 (1

A

|‘II.Iiirl|:. I_'I'|'|'| and i |:|.\, W prl
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[ crmrld = 0y — arlds < 0
L &

Frum the seeoml inequality in [¥], we see that

Wo,v] -~ Mei4 I|II crpripda =0 ¥e o K
M-

TH-IS.ID,E E — Hy — i, 'wa Enl_

Bl g —wi - Ly — ) + -I||_r trpy My — wrlds = 1

Yimilar, we nave
oo} = L{e) 4 J{ crprhvrds = b Yy e K
L
Al
B vy s = i = e N sl
S
Subsstracting |13) bram (UE), w0 ablain
We — Ly - w) = I|I' Srprid = Admr el =11
Jre
whicks b PUOT v wonpesitive, [Tenea, we st e
LI
Tigieys C1240 (140 2ndd $111, we shiaiin
JII: srppldy = Mupds — Wur € B

Iram whick, we then have
A =4

f1L)

I

14

IL3h

(1)



ek

4.k,

Aon ranaequencs of Thenrem 200 and (L1 s
Proposition 3.0, For the sobation o ol the problemn (00, Lhene cxisis 2
||1|i-||l\.u' AL ."-lwill: .!|1l-|- =} o I: wacly Lhat

Ha v = Liv)+ ‘Ilr cppy-Adegady Weoe K
I'e

Hanarks.

Tha: :-c'|.-|.'.i|u|l-'!|i|| Lot wesn Lher sabioin of ||||.||i-"l|' |: I] deznitial |.-_l. LT T}
a hand | and the saddie point (o, A7 of thee Lacprangean (81, By the abbee
leanal, g grvem by

1 FH] i rle] BT e I 1Tl

| Gereiore che contact problem with given foction can be approxinated
by selvig e saddle poanl problem (75 This means e o nucnmsatan
|_.|'.|'|.E|||"| which comtaivs 2 non-diffevest alide T lional has leas ||'|-|.-|| i Doy
an pther ane o which the Lagrangean is repalan il respect ta ewch variable.
Fruen [17) we cap deduce a very important mechaneal inberpretation for te
Layreargs’s mnltiplicrs.

Cine ot tier benefit of this formalation conzists in the possisibility of #x
|||-|i'.i: Pl amensl wne I'I.I:'-:II b Fane Ll wed wlpan ol ilies It e 1 Tomleeh
¢ well a5 che contacs L

have b simulbaneonaly compute the disslacemens

penl T [ SR
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