Buletmul  Stiintific al  Universiani din Bae Mare
Seria B, Matematicii- lnlormaiech, wol X I01W970 151158

OPTIMAL MAINTEMNANCE POLICY OF A MACHINE

Petrica PO

Abstraet. Oprimal control methods have a lod of appheations in economy, bese
this paper are used for simultansows oplanization of mamienance podicy and sl
dare of i machine. For Tinear vanant of the associared optiomal contral prohiem we
derive explicil expressions o ophimil sirarcgics

1. Infrodaction

A machme 15 10 be haught, used for productive purpose o some period. and
then replaced The machine 15 supposed to penerate a constant rate of revenue ove
the capital irvested in it However, due o the physical depreciation and
phsolescence phenemenon, the revenue rate decreases forcing the management to
initiate & maimlenance action i order 10 slow down the degradation of the
machine's capability. The mamtenance gefion hare means money spent over ind
abowe the minmiwm sperr o Sumrent Fepams, and pralves, prevenine Taulenance,
reliability equipment. partial modemization, erponcans improvements ele. The
prohiem s to chooss @ maintenenee schystule and seplacement diale so 1hat to
maximize ke net revenne associated wish the opesanea of the machme

Using the ophimal contgl methods, B Maslod  [B], G L Thompson
[10.0% Helmer [2], amd | Muntian [12], sobed s poblen ander the assumpnn
Uisl maintenance costs are oo =0 effective as 1o entanes the vilue of the machine
over previous valucs Howsver_ lon madification of e Thompson’s linear maxiel
S W Arora and P T Lele [ 1], and 0V Khandebwall, | shamoa and LW Ray [5] have
presended situarions m which the salvage value of the machine may be meneasing
very where, or relurning perodically to the perchased pnce, (g5 pectively

Cher nachine replacement models in detenmimiste o siochasnic setting are
discussed in the papers of M| Kamien and NL Sclwvants [4], 5.0.5ethy [B], 5 F
lapiero and 1T Veness [10], 5 P Sethi and 5. Chand [9], and 0.0G. Ngayen and
1 M P durthy |7)

I tns paper we denve explicn expression for oplimal stategies m Jmea



vamants, fos o modification of Thompson®s linear model miraduced I 5 K. Arara
and 1" Lele,
I Muathematical model and wecessary conditions oplimality

The macline 15 purchased al tme 0 @l prce £, 0, purindo servce af the
sne ime, and replaced &l ime ¢ @0 The residual valoe & ({1 of the machine
attune e |00 ] depends upon the folowme conironuc faciors

1% In shscice of maiienmmee action, the value ) decrcases with a

quaniity @i} A7 on the tone interval [ s+Af] where @l ~=[ - B s the
absolescence [unction

2% The depreciation rate  SrixhAs, which is due to change m physical
chargctenistics and the performance of the machine

3 The assignment of a sum of memey wlf)  for mandenance action: o

[r.i+A¢] produces an increase of &} '.ﬁrh B quandily S5 a0 Ay, where
w0, [ - R 05 a nonnepative [unction and 5 [lo==B-F 15 a piven

Fuiciom.
Taking infe aceount the economic factors. the variarion of the machines

vitlue A x{=n{f 1 AG - md) 15 piven by Ax(r}- alryAr - BUbA -0 w) Al

whence, assuming the dillerentiability of the fanerion v:|0.8,] B, we obtain

L= =g M) - ) =,

b establishing (he ner revenoe we admin thar the earnimgs  wO0AL due o
the: wperation of the machine on the interval [F 0o As] are propomicnal o the

resuduad value x(L) and to the length of this interval, 1 ¢, WAL - rofndr whers

the constant r=0 is the product rate. The ned revenioe is the sum of e fullowing
thres fenms:

| The negative of the inital prce, e -x, ;

1 The excess of carnngs WNAr  over the mainlenance expenadiiure
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i) A, which is 1o be discounted by a weht ¢ Y and summed over all the

iy
operanan period, o, J|"1H.".| affife o, where the posiive congiant § is (1T

rate of inferesl, 1=
3. The: discounted residual value of he machine ar e replacement date 1,
e, mie)e "

The net revenie now 15 given lay:

x, -J|r[r:|:r] o] T P e o i1

Pimally, Bt s denete by, the upper bound of the muntenance costs, And
suposse that 0w < vm

Atriple 5 {f e 1) 15 said 1o be a strareey associared with the ahove data,
=0, w0, |- R s a piecewise continuous fmetioni 1e.. u i3 lel-continuo s
And passesses 4 fniee right -l at each point in the open interval I ], amdn
15 contmuous on e closed intenval  [0.5 ] except for a finte sithset k. of

10,5, 11, =uch thar for each £ in .f-:]..l'lj weliave O ani-w | when Ty
andd G=aefi)] when w = -o respectively. and © |1e | E 05 o comtinnons
fmction oo [0.r ] | which is differentiabic on [0 A1 e sansfies o0)=x,
and
XY= ~alyh-BALn) - ey, for oo [ o5 ()

The components s x of a stratepry are sually sailed contral limctfon and
state function, respectvely Lot us denote by S the et of all strategics and by

(55-& the cost funciional defined as tollows
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‘
[yzh= JF Ligath i)t for x={¢ ux)e8,

il
where o[l e] =BT B s the funclion piven by

Lbasl=-[ir =M u @) -Firale ©
Recalling (2), the negative of the net revenue in (1) associared with o stratemy

F =L Hx) can b rewrifien as

,I[ [roeieh- (il e “at -] xr 2e" - wid )
e

= [~rxis) efi) fo ot _|I : i_[.r:r]-:' "l = II','. OLa e i) - £Ya)
‘:I ] af .I'l

Mow the masamization of the net revenue is eguivalen! 1o the problen. find a
strategy & =(f, .0, % ) w5 such that (s ) < (5 for every alralesny

-0 e.r) ms.

Ihis 15 am optimal contral problen with integral cost fres final fime and free
lmal state. We derive necessary conditions of optimaling fiom the well-known
macimum principle of Pontrjagin. To thes end soppese tha the fanctioss o & and
farz eonilinuous together with ther pamial derivarives of first order. and introduce
the Hamiltonisn of the problen

P g = We—r =B a - w-oft) + M) e “rp| -aft) birps =560
Mow suppose that s =if .y v 1F % poan oprimal siralepy e i s a
santion of the abowve optimal connol problem Then, by the masiman rrnciple of

Pontrjagim,  there exists & comtivsous  funcricn poltor -5 which s

differentiable en [0,0 1% 4 such thar the dilerential equeanon.

B - -'_:—H-:I'.r-ll,.":l,,.l._-:_n'j,,r.llf-l']'l- {3
ar

—

15 safisfied lor = [0 ]V the maxinnem principle
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M e (), p (0 s FICe, w (i (0, 0003, e le ]V (4)

lalds for w ¢ ['::'.l.'._| when a, = ovee gl lor w o 10 whaen T Y aned 1l

transversality condions

-
bl |
e

Pl =0 and Fif w0 e 31=0

iare fulhlled.
Mow we suppose that fancticn & % a constan! lunpction, 12, hi(f) b for CRCTY

Fe [0 ] and sines: g s comfinuons, The wisgreion of (3 wilh the Doal condiben
B =0 a5 leads o

_I'-i":.r]" :lrr_h [I:_ 1544 & l,l'lul.'_i & |.|- iE rll_f_ 'I

by
sy Uead Uhee wadoe of the Hann@eoaam o the left sicde (0] can be written as;

L R R T  IETT  I T R F
wihere
git]={r¢ -Mixine L SRITE -l e " -]
it k=2 Y]-wrgie)- Mol ]

arud

LU R

Wesupposs now thas A o0r and inis clearls thar 200000 G oo e ]

Mo The s o |l||||:"|l|-.: 1] b

CDLIS IO R o R A (U 1
fin u!_'j'ﬁ.uu] when wces and lor wad when o = e the egualies
i 5 ) omply

(r—i=lw o - {8 1-alt 1-F0 e if -0 ]

From (&) we ses that, for cach oo [0 305 the walue w0 ol the

ophineal confrad e masonons pomt Lor the Twecton @ - Wowd on the interval
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(O] when g, <=  aad on the interval [, -«] when o, == Henoe it will

bie useficl 1o search the sign of the partial desivative

.
i r W e AF - :
-L—'_'I'_J,.v} LR -':r[-'!-+r—'l-.’l'.h.'] -'-*Iﬂ.f.]'“':\ )
(e} 5:{'. ':'IIH .

ez the poing - w=w (¢} Here the funcien 82 [0 r) - 8 smiven e
Gy ==L 9]
20
15 persdive continueas and stictly inercasing smee
dGin _ -gin
dt - fe(nyf’

Relations (83 und {8) facilitate the study of the optimal muintenanee policy  © o

*A forevery refle ] .

e lengrh of the tme interval [0/ ], and equatica (1) permits the conpuialion ol

L replacement date ¢

Phe optimal strategres will be mvestigated for the hnear vanant of the upumal
contral problem

LLincar varamnl
Admit thal the function  {7,a) - F{s w15 hnear with respect o the sseond
vaniable, 12, F has the form  Siral fr)a . where the funerion

Fl0. =] - & 15 contmuous msether with s frst demvatve. [ s case (e
differenil squanan ¢ 2) takes on the form
an alil -hein - faw

il =x,,
SATHEOREM Suppose w, <+« | 15 decreasing on the  mierval

[O =] and & {7, @ %} 15 an opomal strategy. Then the opimal conrol

a, ean he detsmmined ps follows:



al If fep=ra0) forall o= |00 |, wehave o (0-0 when e 000 ]

by IF perd=depe) Gorall de [0, we bave o {}-w, when ve [0LF ]

c3 I nemther of the cordiions b and B)are satsiied, we bave
J o, when fe|0r],
TN
| o, when e r0 ],
where 1, s the single roon in the open interval [0 [ of the equabion. 50 - AL

PFrood IF the condition in a) s sabstied, from (80 we oel

ﬂ{,l,‘]._-r_""[_m” + )= 0

di 2l
sl ef 10,0 ]0F, andall we [0, ] Therefore, the function el w) s
stvietly decreasing on the mlerval [0, a0 ], se that if attaing its maximon value at e
pomd g, Henge w (=0 when re [0e |VE, . Smee £ wa Dole sehaet of

[0 ] and w15 continpogs Tncticn at the podne =0 and Tefl conlmuous on

the imnterval [0 Lo follows that & (00 forevery  so [IL7]]

In the condition in b} 5 satisfied, then the function w0 = fr w) s srcely
increasing on |0, w0 foreach o= W07 ol hence this tenciion atlaims ifs
maxioben salue 3t the posel w8 A abowe we bave w00, Tor sach

fe ]

If the concdion moe) s fulflled, there sxist a poast ¢ om0 7 | and a
pomt ¢ wm J0, ¢ | suchthar fe%e (007 and A TR

Simee the functien 0 = L0000 = 00 s atvierly decreasing and conbmucus on

[0, ¢ ], the incguality ¢ <0” holds, and there custs a single 1, om
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[¢%, 6] much rliat =100 Conseauently,  fin) = 0 for 0= £, and

K8 () B Bt = L Mo, we fake oo pceouni (41 o complore (he sl

of Hhe theonem
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