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OX FIXNLED FOINTS FOR SURJECTIVE MAPPINGS
SEME-NALSDOREEF SIPAd ks

Valeriu POPA

Absirpct, I the present paper feoa fixed poiot theorems for surective sappinss
vt seri-FasdortT spaces have been ssiablished.

Koy words and pluass sonecive mappmge, tixed point. semi-Hasudaor® space
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Monmmnber ol sutln Bive diecassed CoRmRetie mope mmappngs o @ meee sy
whtick are pencralizations or wall kuown resull of Edelstemn (3]

Coonstantin [1] exrend rhis eesulr fon g por o mappanges of 2 noncomplets merne
space. Fisher and Bay [4]. Popa 5] and athers extends the result of Edelsten To
mappings on A HausdordT space. Recently, Dubey [2] extend the result from [5] o
AP s o a ssen-Hinsdo i1 space

It 1= knovwn fhar @ inpolagical space X s said o be senni-HasdortF i and aniy
ey segquencen X fas at mosr one Tma Fvery HaosdorT space s seom-Haesdordt

buit nod conversely, Lvery senn-lausdorf® space is T hot nor enversely [2).
Lol B dendde e se ol all pon-negarive neals s ber aod 5 fhe set ol sl

pusiree migzers, We derode 2 the set af 2l fanction & & witl pregniy,

il w0 ape such
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Ex b a(f.0.0) - [orf s bt -t 20 -4, v 'Y where
a*l, beda 0 Lel a=giv v b, then we have
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Fov=0, then w=v=0_ [f Fr O, #en Srl-rT feeal (a=hi=0, where
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f-—. AS L) -1l-{g1b el Bt kxl be the ol of equeation

v
Fey=0_ Then fir)=0 for s>k andthus wodps e
Sinlarly, wegivoa ) implies wev

U Bttt = "-"l'-J'Il‘\-n';“i'n'.l']I"'__ wliers
K=l Dsbh,ecl gud o> Let wopiv vl e, denwe have
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The purpase of tis paper 15 1o prove twe theonems Qo SURjeshive mappings n
semi-§ lausdod T spaces

THEOREM 1. et T he # SUESCEVE coniim s anappng of sem-HawsdoolT
spces Xoanto itselland ier f he g ST continuas mEppIng of X = X5 [ nan-

negative reals such that
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H] -'I.l:-:'-.l-'.:""' n , v A *PLE ":[-r
I} Therc is we % such that

(L1 AT Tyl eyl fixtx) v, dvd) forall o ye X
e Tl megualiiy

(02 20AEL A0y )= x, ), holds [orall xeyed.

[( for somme 5., X, thesequence Jx_ ), whene « cd 'z om-1.2.

has a converpent subsequence, then T has a unegque fixed poan

Froof. Lot x, ¢ % bhe Smee s sugective, there exsts an element r 0%

atisfying 1, T7'x . [nthe same way we can take x =7 "5, ,m=1.7,
L 1 n B e

If %, -x%,, forsome mo, then x s a fixed pomt of 1. Witheat Ioos
generality, we can suppose & =k, forevery m-FF, Then from {111 we
e

Flx s Y= (Te, T y=pll s a Yo x, T Hx,  Tx  Ns

=g fx 1, LA  hflx o .10)

AT ]S

By () weohmin fix .x b= v, 0 andthos te segqueace LN

i5 con wErment o u

Agmim X s # erereent submegquence v b awlich comvenmes b sones

ee & From comtmuiy of [, we have

1z =Vl o« =lim Yx_ - hmx,

Tx=TiFry=F{hm gl lim ¥x_ | =hm s _,

& L]
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By comtinuiry ol | we have

Fe Uey= Filim r i 1 gl=0m #ix, c 1=~ lim fiz o
¥ W (] LT ol LU
Al x| limox, ) =f(Tx,13x)

Thu=
(1.3} fla Ix)=FfiTe iy,

Mo wz prove That x 15 fxed poind of T IF v« Ty we would obtain from (o

ALz, Ix) =g (. Tx).J(x, T'0) AT T2x)).

By (05) wehave fiTs Vir)=fx, Tx) aconteadcton of (1.3)
To prove the uniqueness, kel v« v be ancther fixed poimt of T. Then by i1 1)
and [ 1 2 we have
e ¥ =P, T =g (e ) e, a0 0y, Ta)=

=gl yhlaa), (k. r))=Flxx).

a coddraduznion.

COROLEARY 1, Let T be a continuicus surjeclive mapping of a mefric space
CAE Y o wself such fhat
d (T, Tt v 1 holix 0 0dl e Tu e
a]
N S L R o | o B

whers oo b, o =0

5] T, Tl ad r_y) +.-‘.'r.l'""|;_,:|:_'_-'_'|_'| ‘ .;4"'[| v,

where k2| o>l Oshex]l, forevery v+vo X,
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Ifforsome x e, thesequence jx ], where x & L g e

has a convergent subsequence, then T has a umigue fixed point
Proof. Follows from Ex | oand 2 and Theorem 1.

THEOREM 2. Let S and T he confinuous surjeciive mappings on i semi
Hiuscor ¥ space X into itseil and let Fhe a symmetne contineous mappmg of X0« 4

il men-negative rests such thar

i _|rl;.l:__|.-:| wl) P oaspF .-II"-_

by Theres g % such that

it T T B A N 3 Sl I S
forall (xovlc X=X lrx):xeX omd Sx-Txt)

el The megualiy
(22 pLOE L b e k= fx, vl )
halds torall 5« ws ¥

o - By i 1 ol I -
If for seme 5, .Y, the sequence  {x ), where r,  F58000, and

LET Iy for @ =0 1.2, hasa convergent subsedguence, then ethes 5 nr

T Iias a Tixed point z. Farther, of 7 i3 a commun fised point of 3 ad T, tlen 7 s thy
imgue cormenen fived pomt of 5 and T

Proaf, Let «, & % be Smee 505 surjective there is a pont v 0% Ty

Sinee T 6% surjcctive there is & pomt &, ¢ 7 "5, . Contmuing, in thal mannes one

ohtains & sequence [} with x| £5x, wnd x5 Tx., . Wihee exists
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a #EN suchthol x,, , =1, o x, SEyqip Mt 3 -k =8z

and x, 05 & fxed point of S o Nt "%y 3= Tk, and x, o isa Foocd
pount of T Without oos penerality, we can suppese thal 5, e & for every n

Then we have by (2.1)

feix =f(Sxy e S P P I ol Tonst WX T35 o0

=£-'L"t*;.,-.~-’-’_-..--.]-l'r“1, ,:x”],fr_rh_d.x._v_i 1.

By {(5,) wehoe L T SR

Un the other hand we have by (2 1)

fir x }

im0 gl )

=8y, L Tx, Rl x SRS N[ S T £ P e T

In-2vN)

=g|:.lr.{'l:""-.""":l'-‘u -..Ir||l.[".1|.| _i'r;" .:].lf-lj'.:ﬂ-i'|'.l'.‘:n _-,:I.I

By (&) we hawe fix pRe g, e 1 and thus the sequence
x50t s covergem to i

Agan {x 1 has a subseqenee VAL L Comverpent B Some X Mow, we
choose & subseonznes v f such rhar i, Vooare all even as all odd Let all

ia, 15 becoven Also fx ) ois coavergent fo X By contumty of 5 and T we ave

fx=T(hinx, )-lim Tx, =hm r_

|, H

ST -8l ix,

11 = lim F-'If:-__l Y =1im z,
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By continuity of T we have

fix, ¥z i lim £k h = Sk ) = e =lim A, .x, .)=

4

= f{lm T,y lm X, =0T 8T

Iy

i2.3) iz 0x) = Fx,8Tx)
Let suppose that 7% »x . Then we lpve v (2.1
T ST = (5. Ta) =i #( T AL AT RTx), flx, T

By {0} we bave that ({2r 50%)> i ¥v.x)  a contradiction of (2.3
Similarly we can show thar if all i b e oddthen v = Sr

If x-8x=Tx welhave that there is no other point o« x suchthsl XNy - Ty = ¥.

Simee gtherwize we would have by (! 13 and {2 3]

XY= PO Ty)o pf x, py S O N T

plfr ) ) i I B

a conrradicien .

COROLLARY 2. Lei 5 and | be two continuons surjechive mappings of a

metnic space (X &1 o itsel such thal

) d 8T Vizad e v - At htiE Ny
aj
el vl FV el K i v, vl
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where o>, ke, or
I} d (S, T a-d®(x, ¥y + b (x, 5x) + ed %y, Ty)
where o= Gcbhe<] forall

(e p)eX=nX-f{xz)xcX and Sx=7%)

If for some  x,c X, the sequence {x ), where Xy 6 8T AT e

"

Vi ® 0 Ty o =02 Tas a convergent subsequence, then either § o T

has a Lxed point = Further, if 2 15 8 comman fixed paoint of 5 and T, then 2 15 the
unrque conunon fixed point of 8 amd T

Proof. Follow from Ex | and 2 and Thearems 2.
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