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SOMNE FIERMITE BIVARIATE DNTERPOL AT IO PROCEMITRES

Dan RARBOSE

Abstract. A hlending operator of Henmite D s constructesd by nsing the
PRTmg e xS ol the nnrcaate Flenmie peopeciins Thess extepsioans ge
preseted i the first section

I the west section. the product of these extenswn: s considersd 101 pooved
U s neeabedt i< oan mtermalancs aecaccica and ite mecisinn set i dererminated

The main reselts of the papes are contained in the last secton, where is proved
that the boclean sum operater of Hermete parameine extensons s an mterpolaton
:'_“'r_'-il,-:"l:_'\-' (lrenren 4 1y g detemmned fhe mreciaion set o thes grigpgcton (Hwoeen 4 01
and are deduced the expressions af the comespoading remainder operator ithearen 4.3
and thaorem 4.4).
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1. Intraduction.

The notions of “paraineine extensions” and “hoblean sum operator” were
mitrasduced by W, FGordon $4] Tl “boolzan s opeaior™ allows gs o construst the
s cilled hlending aperator”

The obpect of this wee s fo construen some blendmg opevators of Henmite
pepz The expressiong of the Blending approximants. the precision =cts and the
remainders pssociated 1o hesse approsamanis are detgmmined,



L. Parametric extensions of the Hermite projeciors

Lt o oo Be real nmbers so thal o= 8 aisd <o I mom anc posilive

mtepers, one denotes by Agr ] k=000 o the knots satisfang the
condibons x; ¢, fovamy Jas {00 i es andby vEled] f2 000 the

knaes satisfving lhe conditions ey fovany poge 00, ) peg

et e ety AN onnegive infepers, one defines the integers
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Nexl, one considers the spaces of functions X and ¥, defined respectively by
(2.3} X e LAY b))
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The Hermite projector A X - ¥ associales to any fanction = ¥ the

approccimant A5 (1 given by

o

(2.5) H_Fiey=}k Z_‘_ B LA 'S
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In{2.5% #y, (x) denotes the fundamental Hermile polvnomials, § e
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I sialer way. the Henwile progector /- b - F associles 1o any fimetion o ¥

e appreximart & (5] . defined by

(28] H ot} 3 B (ebe )
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i1 bemg the fundamental Hermae polynomialz
Let  be a bivanate function /=0 ™ "y Ja b~ [e,df]) The parametnc

extenszons of the projectors f7, H_ are defined respectively by
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Froof. Taking into sccount that A ,HJ“ are mterpolation projectors, i

resulls (see [3]1 that their parametric extenssons are interpolation projpectors
Theprem 2.2, The precision cooy of M E‘: e grves resgrecvely by
i |
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Prowl. The precizion sets of fhe WAL le projectors H,  H  are
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Applving & well known pesyli due 10 FJ Devals and W Schemp [3], one obtain (210
and 2 12],

Remark 2.1. From the theorern 2.2 i resultsthat S F'  have the fallowing

interpolaony Propemies
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where ve[a hj, yo [e.ef].

Hemark 2.2, 1t S B RE T R R f,= 0, the prgecto

Hy  H, are cedoced to the univariate Lagrange projectors. £, 4.

or more details, see [1]
3. The product of Hermite parametric extensions

Let "% 1a k] - [ 11 be the following space of funclions

G0 BTN Lanb] = fe.d])

- 1,/*. €L A oy 2L (%1 I--—ﬁtiu‘._r], Je0,m. R TS
dy A dyfdy s f



Clearly, O™ ([a k] Tcd])  is & subspace of the linews  space
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Theorem 3.0, Tl progeciors

HYOH DM e [od -8 " e, b [e,d]) commine

E ",

Their prediuct HI HY 5 an imierpolanon grajecior

Proof. The first pan results by direct computation. For the sscond part, the
peneral resull from [2] 15 appleed

Remark 3.1, Tle product projector  Ji, ' assocsles oo any

Fo @™ A [a b) < |ed]) the approximant e H' (1), defined by

(3.3 g MM p) =}, E 2o A AnyR (VPP x, 1)
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Thenrem 3.2, The prodfues intemodation progecior H.:I M hae the precision

set P{HT FH'y, expressed iy
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Proof. Taking inte account the cxpeessions of :P[H_'rl] PR ) and e

general result |3] PYHS B -PIH PR, 1 it follows (3.3).
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Bemark 3.2, From the theorenms 3.2 it resuls that the product projector
H J'-' has the Tollowing dslerpolatory propenies
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Bemark 3.3 In the particular case o Tak PR Tl R S
the: Hermite product projectoe. 4 B reduces 1o Lagrange produet projector

o Ln [0 the particular case  m =0.n=0 onchas m =r . n -7, and the

Vo £a g

unreatiate Hermire projecenrs ase reduced 1o the saramemic extensions method, on

o

generate the Taylor product projecios. 7' T For more details, see our paper [1]

4. e badlean sum of the Hermite PRErAMEINC CXEnsmng

The boolean sum of the Hermite purametric extensions is defined b the
toilowing couality

4.1} H DA -HI ] -H: -*.f.’.

In this section some approvimation progerties of ' E-JF*;I will be estabifished
Thearem 4.4, H,: I:TT-"H:; . on werpolotion  profecior an

DTNl b - [e.d]) .

Proof, It is well known [see [31) that the Boolean sum of fwo miterpolation
Projecions s an interpolarion projecton. YWia the theorem 2 1, it follows the conclusinn
of the theorem 4.1
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Thearem 4.2. The precision st PIHT @} 15 grven by
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Proof. The precision set of the bookean sum (see [3]) H“'I fFH;:l i

i4.3) P BTy U )

[roms the thegrem 2 2 takme mio accoind- (4 30/ results cthad 03 20 halds

Remark 4.1 The propector & S50 assocwmles 10 any  funclion

fe ™% a.pk]r [c.d]) the approximant -’l'.:,ff?.f.f,;lf_ﬂ. aven by
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From the theorem 4.2, o results that the procecter, G0 077 has the followmg

irterpalation propercs
4.5} [H: @R (" ix, ¥} - FUP 2,00
(4.6 [(He @ (1] ) = ree i)

where .l:'--lf'llﬂﬂ”r=lf'i--.r1,r e, p=00r,,  xefab].ve[cd]

The projector Ho @1 s called "blendimg opesator of Herinile type”

Mext, the blending mterpolation fonmala
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will be considered and the renwinder term. 4 o LT Wil be stadied.

Theorem 4.3 /o b Eminly v oy R-maviy v £l
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Froof. The renuinder Operalor associgled 1o o) boolean sum projector

o S H 15 e product Ky #. ot the remainders ussociated 1o H)  and

" Taking imte aceoms yhar
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imsd
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It followes that (4 &) I3 brug
Theorem 4.4, 5 re i 1 "{.'u,-‘l} Lead [ ). then
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Froof, By usmy the Peane theoren, o resulis tat the resnainders associaed

BT R are respectively

A
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arul
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Tukang mte account that #° =R f':‘,;_ Lot folloos that (4.7 1) bolds.

Cifaliy, one sernark hal tie Diciede blemdoinge mterpolation formoia (4,71
contains as particilar cascs the blending Lagrange interpolation Toomela and the
bientine Tavior nterpolstion amode More detwdls about these formulas are contained
i cur maner 1]
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